Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



I 




I) 

^0 



1 



^ 



Physics Libi 

5-S3 






7 ^ •'■.■/,; 

Bmetican Aatbematical Series 

E. J. TOWNSEND 

GENERAL EDITOB 



MATHEMATICAL SERIES 

While this series has been planned to meet the needs of the 
student who is preparing for engineering work, it is hoped that it 
will serve equally well the purposes of those schools where mathe- 
matics is taken as an element in a liberal education. In order that 
the applications introduced may be of such character as to interest 
the general student and to train the prospective engineer in the 
kind of work which he is most likely to ipeet, it has been the policy 
of the editors to select, as joint authors of each text, a mathemati- 
cian and a trained engineer or physicist. 

The following texts are ready: 

I. Calculus. 

By E. J. TowNSEND, Professor of Mathematics, and G. A. Good- 
enough, Professor of Thermodynamics, University of Illinois. 
$2.50. 

II. Essentials of Calculus. 
By E. J. TowNSEND and G. A. Goodenough. $2.00. 

III. College Algebra. 

By H. L. RiETZ, Assistant Professor of Mathematics, and Dr. A. 
R. Crathorne, Associate in Mathematics in the University of 
Illinois. $1.40. 

IV. Plane Trigonometry, with Trigonometric and Logarithmic 
Tables. 
By A. G. Hall, Professor of Mathematics in the University of 
Michigan, and F. H. Frink, Professor of Railway Engineering in 
the University of Oregon. $1.25. 

V. Plane and Spherical Trigonometry. 
(Without Tables) 
By A. G. Hall and F. H. Frink. $1.00. 

VI. Trigonometric and Logarithmic Tables. 
By A. G. Hall and F. H. Frink. 75 cents. 

The following are in preparation: 

Plane Analytical Geometry. 

ByL. W. Dowling, Assistant Professor of Mathematics, and F. E» 
Turneaure, Dean of the College of Engineering in the University 
of Wisconsin. 

Analytic Geometry of Space. 

By Virgil Snyder, Professor in Cornell University, and C. H. 
SiSAM, Assistant Professor in the University of Illinois. 

Young and Schwartz's Elementary Geometry. 

By J. W. Young, Professor of Mathematics in Dartmouth Col- 
lege, and A. J. Schwartz, William McKinley High School, St. Louis. 

HENRY HOLT AND COMPANY 

NEW YORK CHICAGO 



3 7 

ANALYTIC GEOMETOT 
OF SPACE 



VIRGIL a<YDEB, Ph.D. (Gottingen) 

PitOFESBOR OF MaTHEUATICB AT CORNELL 



C. H. SISAM, Ph.D. (Cobnell) 



NEW YORK 

HENRY HOLT AND COMPANY 

1914 






GOPTRIOHT, 1914, 
BT 

HENRY HOLT AND COMPANY 



J. S. Cashing Co. — Berwick & Smith Co. 
Norwood, Mass., U.S.A. 



PREFACE 

In this book, which is planned for an introductory course, 
the Erst eight chapters include the subjects usually treated in 
rectangular co5rdinates. They presuppose as much knowledge 
of algebra, geometry, and trigonometry as is contained in the 
major requirement of the College Entrance Examination Board, 
and as much plane analytic geometry as is contained in the 
better elementary textbooks. In this portion, proofs of theorems 
from more advanced subjects in algebra are supplied as needed. 
Among the features of this part are the development of linear 
systems of planes, plane coordinates, the concept of infinity, the 
treatment of imaginaries, and the distinction between centers 
and vertices of quadric surfaces. The study of this portion can 
be regarded as a first course, not demanding more than thirty or 
forty lessons. 

In Chapter IX tetrahedral coordinates are introduced by means 
of linear transformations, under which various invariant proper- 
ties are established. These coordinates are used throughout the 
next three chapters. The notation is so chosen that no ambigu- 
ity can arise between tetrahedral and rectangular systems. The 
selection of subject matter is such as to be of greatest service for 
further study of algebraic geometry. 

In Chapter XIII a more advanced knowledge of plane analytic 
geometry is presupposed, but the part involving Plttcker's num- 
bers may be omitted without disturbing the continuity of the 
subject In the last chapter extensive use is made of the cal- 
culus, including the use of partial differentiation and of the 
element of arc. 

The second part will require about fifty lessons. 
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ANALYTIC GEOMETRY OF SPACE 



CHAPTER I 



COORDINATES 



1, Rectangular coordinates. The idea of rectangular coordinates 
as developed in plane analytic geometry may be extended to space 
in the following manner. 

Let there be given three mutually perpendicular planes 
(Fig. 1) XOY, YOZ, ZOX, intersecting at 0, the origin. These 
planes will be called coordinate planes. The planes ZOX, XOY 
intersect in X'OX, the X-axis; the planes XOY^ YOZ intersect 
in Y'OY, the F-axis; the 
planes YOZ, ZOX intersect 
in Z'OZ, the ^axis. Dis- 
tances measured in the 
directions X'OX, Y'OY, 
Z'OZ, respectively, will be 
considered positive; those 
measured in the opposite 
directions will be regarded 
as negative. The coordi- 
nates of any point P are its distances from the three coordinate 
planes. The distance from the plane YOZ is denoted by x, the 
distance from the plane ZOX is denoted by y, and the distance 
from the plane XOY is denoted by 2. These three numbers 
X, y, z are spoken of as the x-, y-, ^-coordinates of P, respect- 
ively. Any point P in space has three real coordinates. Con- 
versely, any three rea;l numbers x, y, z, taken as x-, y-, and z- 
coordinates, respectively, determine a point P; for if we lay off a 
distance OA=x on the X-axis, OB=y on the F-axis, OC = z on 

1 




2 COORDINATES [Chap. I. 

the Z-axis, and draw planes through A, B, C parallel to the co- 
ordinate planes, these planes will intersect in a point P whose 
coordinates are Xy y, and z. 

It will frequently be more convenient to determine the point 

P whose coordinates are a?, y, and «, as follows: Lay off the 

distance OA == a? on the X-axis (Fig. 2). From A lay off the 

distance AD = y on a parallel to the r^axis. From D lay off the 

Z distance DP = 2; on a parallel to 

the Z-axis. 

The eight portions of space 
separated by the coordinate 
planes are called octants. If the 
coordinates of a point P are a, 
^^ 6, c, the points in the remaining 
octants at the same absolute 
Y^ ^ distances from the coordinate 

^^' 2. planes are (— a, 6, c), (a, — 6, c), 

(a, 6, - c), (- a,-&, c), (- a, 6, - c), (a, - 6, - c), (- a, - 6,- c). 
Two points are symmetric with regard to a plane if the line 
joining them is perpendicular to the plane and the segment 
between them is bisected by the plane. They are symmetric with 
regard to a line if the line joining them is perpendicular to the 
given line and the segment between them is bisected by the line. 
They are symmetric with regard to a point if the segment be- 
tween them is bisected by the point. 

The problem of representing a figure in space on a plane is 
considered in descriptive geometry, where it is solved in several 
ways by means of projections. In the figures appearing in this 
book a particular kind of parallel projection is used in which the 
X-axis and the Z-axis are represented by lines perpendicular to 
each other in the plane of the paper ; the T^axis is represented by 
a line making equal angles with the other two. Distances 
parallel to the X-axis or to the Z-axis are represented correctly 
to scale, but distances, parallel to the F-axis will be foreshortened, 
the amount of which may be chosen to suit the particular drawing 
considered. It will usually be convenient for the student, in 
drawing figures on cross section paper, to take a unit on the 
F-axis 1/ V2 times as long as the unit on the other axes, 
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EXERCISES 

1. Plot the following points to scale, using cross section paper : (1, 1, 1), 
(2, 0, 3), (-4, - 1, -4), (- 8, -4, 1), (4, 4, - 1), (-7, 2, 3), (-1, 6, -6), 
(-4, 2, 8), (3, -4, -1), (2, 1, -8), (-1, 0, 0), (4, -2, 2), (0, 0, 2), 
(0,-1,0), (-8,0,0), (0,0,0). 

2. What is the locus of a point for which x = ? 

3. What is the locus of a point for which x = 0, y = ? 

4. What is the locus of a point for which x = a, y = b? 

5. Given a point (A;, 2, m), write the coordinates of the point symmetric 
with it as to the plane XOY; the plane ZOX; the X-axis; the F-axis; the 
origin. 

2. Orthogonal projections. The orthogonal projection of a 
point on a plane is the foot of the perpendicular from the point 
to the plane. The orthogonal projection on a plane of a segment 
PQ of a line* is the segment P'Q' joining the projections P' and 
Q' of P and Q on the plane. 

The orthogonal projection of a point on a line is the point in 
which the line is intersected by a plane which passes through the 
given point and is perpendicular to the given line. The or- 
thogonal projection of a segment PQ of a line Z on a second line 
V is the segment PQ' joining the projections P and Q' of P and 
QonL' 

For the purpose of measuring distances and angles, one direc- 
tion along a line will be regarded as positive and the opposite 
direction as negative. A segment PQ on a directed line is 
positive or negative according as Q is in the positive or nega- 
tive direction from P. From this definition it follows that 
PQ=-QP. 

The angle between two intersecting directed lines I and V will 
be defined as the smallest angle which has its sides extending 
in the positive directions along I and V. We shall, in general, 
make no convention as to whether this angle is to be considered 
positive or negative. The angle between two non-intersecting 
directed lines I and V will be defined as equal to the angle be- 
tween two intersecting lines m and m' having the same directions 
as I and l\ respectively. 

* We shall use the word line throoghout to mean a straight line. 
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Theorem I. TJie length of the projection of a segment of a 
directed line on a second directed line is equal to the length of the 
given segment multiplied by the cosine of the angle between the lines. 

Let PQ (Figs. 3 a, 3 6) be the given segment on I and let PQ* 
be its projection on V. Denote the angle between I and V by 0. 
It is required to prove that 

PQ' = PQ cos 6, 

Through P draw a line V having the same direction as L The 
angle between I' and V is equal to 0. Let Q" be the point in 




Q' Q" Q 



Fia. 3 a. 




Fio. 3b. 



which I" meets the plane through Q perpendicular to V. Then 
the angle P'Q'Q" is a right angle. Hence, by trigonometry, 
we have 

P'Q^ = P'Q^^ cos 0, 

But PQ" = PQ, 

It follows that P'Q' = PQ cos $. 

It should be observed that it makes no difference in this 
theorem whether the segment PQ is positive or negative. The 
segment PQ = r will always be regarded as positive in defining 
cosines. 

Theorem II. The projection on a directed line I of a broken 
line made up of segments P1P2, -F2A> *••> Pn-\Pn of different lines is 
the sum of the projections on I of its parts, and is equal to the pro- 
jection on I of the straight line PiPn- 
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For, let P'l, F29 P*zi •••> -P n-i> -P'n be the projections of Pi, P^ 
Pg, •••, P„_i, P„, respectively. The sum of the projections is 
equal to PiP„ ; that is, 

But P'jP^is the projection of PiP^. The theorem therefore follows. 

Corollary. If P^ P^ •••, P„_i are the vertices of a polygon, the 
sum of the projections on any directed line I of the segments PiPj, 
PjPg, •••, P^^iPi formed by the sides of the polygon is zero. 

Since in this case P^ and Pi coincide, it follows that Pi and P'« 
also coincide. The sum of the projections is consequently zero. 



EXERCISES 

1. If is the origin and P any point in space, show that the projections 
of the segment OP upon the coordinate axes are equal to the coordinates of P. 

2. If the coordinates of Pi are xi, yu ^1 &nd of P2 are X2, y2, ^2* show that 
the projections of the segment P1P2 upon the coordinate axes are equal to 
aJ2 — Xi» y2 — yi» «2 — «i, respectively. 

3. If the lengths of the projections of P1P2 upon the axes are respectively 
3, — 2, 7 and the coordinates of Pi are (— 4, 3, 2), find the coordinates of P2. 

4. Find the distance from the origin to the point (4, 3, 12). 

5. Find the distance from the origin to the point (a, b, c). 

6. Find the cosines of the angles made vnth the axes by the line joining 
the origin to each of the following points. 

(1,2,0) (1,1,1) (-7,6,2) 

(0, 2, 4) (1, - 4, 2) (X, y, z) 

3. Direction cosines of a line. 
Let I be any directed line in 
space, and let Z' be a line through 
the origin which has the same 
direction. If a, /8, y (Fig. 4) 
are the angles which V makes 
with the coordinate axes, these 
are also, by definition (Art. 2), 4 
the angles which I makes with ^ fig 4 

the axes. They are called the 

direction angles of I and their cosines are called direction cosines. 
The latter will be denoted by X, /x, v, respectively. 
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Let P=(a, by c) be any point on V in the positive direction from 
the origin and let OP = r. Then, from trigonometry, we have 

A = COS a = -, ft = cos p = - , V = cos y = - • 
r r r 

But r is the diagonal of a rectangular parallelopiped whose edges 

are _ 

OA=a, OB = h, OC=c. 

Hence, we obtain r = Va* -f- 6* -h c*. 

In this equation, as in the formulas throughout the iKwk, except 
when the contrary is stated, indicated roots are to be taken with 
the positive sign. 

By substituting this value of r in the above equations, we obtain 

X a 

A = cos a = 



Va* -f &^ + c2 



/A = COS )8 = 



V = COS y = 



Va^-hb^-h<^ 



Va^ + 62 4_ c2 



By squaring each member of these equations and adding the 
results, we obtain « o « 

X2-h,i2+v2 = l, (1) 

hence we have the following theorem. 

Theorem. The sum of the squares of the direction cosines of a 
line is equal to unity. 

If Ai, fiiy vi and X29 f^? ^2 ^^^ the direction cosines of two like 
directed lines, we have 

If the lines are oppositely directed, we have 

Xi = — Xay /*i= — A*2> vi = — vj. 

4. Distance between two points. Let P^ =(xiy y^ Zi), P2=(x2, y^^ 
«,) be any two points in space. Denote the direction cosines of the 
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line PjPj (Fig- 5) by \, fi, v and the length of the segment P1P2 
by d. The projection of the segment P1P2 on each of the axes is 
equal to the sum of the projections Z 

of PiO and OP2, that is 



By squaring both members of these 
equations^ adding, and extracting the 
square root, we obtain 




Pf 



^M. 



7^% 



-z 



N. 



N,. 



Pig. 5. 



d = V(i»a - a5i)2 + (1/2 - Viy + (»2 - «i)«. 



(2) 



EXERCISES 

1. Find the distance between (3, 4, — 2) and (—6, 1, — 6). 

2. Show that the points ( - 3, 2, — 7), (2, 2, - 8), and (— 3, 6, — 2) are 
vertices of an isosceles triangle. 

3. Show that the points (4, 3, — 4), (- 2, 9, — 4), and (— 2, 3, 2) are 
vertices of an equilateral triangle. 

4. Express by an equation that the point (x, y, z) is equidistant from 
(1, 1, 1) and (2, 3, 4). 

5. Show that x^ -\- ^ -\- z^ = 4^ \a the equation of a sphere whose center is 
the origin and whose radius is 2. 

6. Find the direction cosines of the line P1P2, given : 

(a) Pi = (0,0,0), P2 = (2,3,5). 

(6) P,= (1,1,1), P2 = (2,2,2). 

(c) Pi = (l, -2, 3), P2 = (4,2, - 1). 

7. What is known about the direction of a line if (a) cos a = ? 
(6) cos a = and cos j8 = ? (c) cos a = 1 ? 

8. Show that the points (3, ~ 2, 7), (6, 4, — 2), and (6, 2, 1) are on a 
line. 

9. Find the direction cosines of a line which makes equal angles with the 
coordinate axes. 

5. Angle between two directed lines. Let li and l^ be two 
directed lines having the direction cosines Xi, /uii, vi and X^^ iJb^y V2, 
respectively. It is required to find an expression for the cosine 
of the angle between l^ and l^ Through (Fig. 6) draw two 
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lines OPi and OP2 having the same di- 
rections as li and 2t, respectively. Let 
OP2 = Ti and let the codrdinates of P, ^ 

X2=0My y2 = MNy Z2=NR 

U^ X The projection of OP2 on OPi is equal 
^ to the sum of the projections of the 

Fig. 6. broken line OMNP2 on OPi (Art. 2). 

Hence OP2 cos ^ = OJIf Xi 4- MN y,^ + iVPj vj. 

But OP2==r2, 03f=«2 = ^2^) MN=y2 = r2fi2) 2f^P=Z2 = r2V2- 

Hence, we obtain 

rj cos ^ = rjXiAa -f rj/xifij 4- rjViVj, 
or cos e = XjXa + itjiij -f viv^. (3) 

The condition that the two given lines are perpendicular is 
that cos ^ = 0. Hence we have the following theorem : 

Theorem. Two lines li and Zj f^ith direction cosines Xi, /xi, vi and 
Xj, /xj, vj, respectively, are perpendicular if 



^1^ + 1*11*2 +ViV2 = 0. 



W 



The square of the sine of $ may be found from (1) and (3). 
Since sin* ^ = 1 — cos* 0, it follows that 

Sin2«= (V4- ftl' + Vi«)(V+ /*2' + V2*)-(XiA, +^,i2-hViV2)* 

= {Kth — ^1)* + (/*! "2 — /^vi)' 4- (viXa — V2X1)*. (6) 

O. Point dividing a segment in a 
given ratio. Let Pi = (a?,, ^i, Zi) and 
P2 = (X2, y^j Z2) be two given points 
(Fig. 7). It is required to find the 
point P=(x, y, z) on the line P1P2 
such that PiP : PP2 =^mi:m2. Let 
X, fi, V be the direction cosines of 
the line PiPj. Then (Art. 2, Th. I) we have 

PiPX = » — cci and PP2 X = iCj — a;. 




FiQ 7. 



Hence 



PiP\ : PP2 \ = x — Xi : X2 — x = mi: mj. 
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On solving for x we obtain 

SimUarly, y^^^Vt + ^iV^ 



z = 






It should be noticed that if mi and m2 have the same sign, P^P 
and PP2 are measured in the same direction so that Plies between 
Pi and Pj. If mi and rn^ have opposite signs, P lies outside the 
segment P1P2. By giving mi and m, suitable values, the coor- 
dinates of any point on the line P1P2 can be represented in 
this way. In particular, if P is the mid-point of the segment 
P1P2, mi = m2, so that the coordinates of the mid-point are 

2^2 2 

EXERCISES 

1. Find the cosine of the angle between the two lines whose direction 

1 2 3 ,2-15 
cosmes are — ^r» —7=^ — — and — =:, — ^^^^ 



Vl4 Vl4 VU V30 V30 V30 

2. Find the direction cosines of each of the coordinate axes. 

3. The direction cosines of a line are proportional to 4, — 3, 1. Find 
their values. 

4. The direction cosines of two lines are proportional to 6, 2, — 1 and 
— 3, 1, — 6, respectively. Find the cosine of the angle between the lines. 

5. Show that the lines whose direction cosines are proportional to 3, 6, 
2 ; — 2, 3, — 6 ; — 6, 2, 3 are mutually perpendicular. 

6. Show that the points (7, 3, 4), (1, 0, 6), (4, 6, — 2) are the vertices 
of a right triangle. 

7. Show that the points (3, 7, 2), (4, 3, 1), (1, 6, 3), (2, 2, 2) are the 
vertices of a parallelogram. 

8. Find the co&rdinates of the intersection of the diagonals in the paral- 
lelogram of Ex. 7. 

9. Show by two different methods that the three points (4, 13, 3), 
(3, 6, 4), (2, — 1, 5) are collinear. 
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10. A line makes an angle of 75° with the X-axis and 30° with the F-axis. 
How many positions may it have ? Find, for each position, the cosine of the 
angle it makes with the Z-azis. 

11. Determine the coordinates of the intersection of the medians of the 
triangle with vertices at (1, 2, 3), (2, 3, 1), (3, 1, 2). 

12. Prove that the medians of any triangle meet in a point twice as far 
from each vertex as from the mid-point of the opposite side. This point is 
called the center of gravity of the triangle. 

13. Prove that the three straight lines joining the mid-points of oppo- 
site edges of any tetrahedron meet in a point, and are bisected by it. This 
point is called the center of gravity of the tetrahedron. 

14. Show that the lines joiniDg each vertex of a tetrahedron to the point 
of intersection of the medians of the opposite face pass through the center of 
gravity. 

15. Show that the lines joining the middle points of the sides of any 
quadrilateral form a parallelogram. 

16. Show how the ratio mi : mz (Art. 6) varies as P describes the line 
P1P2. 

7. Polar Coordinates. Let OX, OF, OZ be a set of rectangular 
axes and P be any point in space. Let OP = p have the direc- 

j^^ tion angles a, fi, y. The position 

of the line OP is determined by 
a, p, y and the position of P on 
the line is given by p, so that the 
position of the point P in space 
is fixed when p, a, /?, y are 
^ known. These quantities p, a, fiy 
y are called the polar coordinates 
of P. As a, p, y are direction 
angles, they are not independent, since by equation (1) 

cos* « -f cos* p 4- cos' 7 = 1. 

If the rectangular coordinates of P are aj, y, 2, then (Art. 3) 

oj = p cos a, y^p cos Py z=p cos y. 

8. Cylindrical coordinates. A point is determined when its 
directed distance from a fixed plane and the polar coordinates of 
its orthogonal projection on that plane are known. These co- 
ordinates are called the cylindrical coordinates of a point. If the 
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point P is referred to the rectangular 
axes Xj y, Zy and the fixed plane is taken 
as 2; = and the o^axis for polar axis, 
we may write (Fig. 9) 

x= p cos Oy y = psm6, z = z, 

in which p, $, z are the cylindrical coordi- 
nates of P. 

9. Spherical coordinates. Let OX, OT, OZ, and P be chosen as 
in Art. 7, and let P be the orthogonal projection of Pon the plane 
XOT, Draw OP. The position of P is defined by the distance 
p, the angle <^ = ZOP which the line OP makes with the »-axis, 
and the angle (measured by the angle XOP) which the plane 
through P and the 2-axis makes with the plane XOZ. The num- 
bers p, <^, 6 are called the spherical coordinates of P. The length 
p is called the radius vector, the angle ^ is called the co-latitude, 

and is called the longitude. 

If P = (x, y, z)f then, from the figure 
(Fig. 10), 

OP = p cos (90 — <^)= p sin ^. 
Hence a; = p sin ^ cos ^, 
^ = p sin ^ sin $, 
Fia. 10. * z = p cos <!>. 

On solving these equations for p, ^, $, we find 

z 




p = V»* + 2^* + 2^ <^ = arc cos 



— — , ^= arc tan ^* 

Vir* 4-2^2+212 X 



EXERCISES 

1. What locos is defined by p = 1 ? 

2. What locus is defined by a = 60*^ ? 

3. What locus is defined by (? = 30° ? 

4. What locus is defined by = 46° ? 

5. Transform x^ '\-y^ + z^ = ^ to : (a) polar codrdinates, (6) spherical 
co5rdinates, (c) cylindrical coordinates. 

6. Transform z^ + y^ = z^ into spherical codrdinates ; into cylindrical 
coordinates. 

7. Express the distance between two points in terms of their polar 
coordinates. 



"V 



CHAPTER II 

PLANES AND LINES 

lO. Equation of a plane. A plane is characterized by the 
properties : 

(a) It contains three points not on a line. 

(h) It contains every point on any line joining two points on it. 

(c) It does not contain all the points of space. 

Theorem. The locus of the points whose coordinates satisfy a 

linear equation 

Ax + By-\-Cz-{-D = (1) 

with real coefficients is a plane. 

We shall prove this theorem on the supposition that (7 =^ 0. 
^ Since A, B, C are not all zero, a proof for the case in which 

(7= can be obtained in a similar way. 

It is seen by inspection that the coordinates ( 0, 0, — 77 \ 

/"o, 1, - (^t,^)\ A, 0, - ^^t^^ ) satisfy the equation. These 

three points are not collinear, since no values of mi, mj other than 
zero satisfy the simultaneous equations (Art. 6) 

7^1 = 0, TTij = 0, niiA -h niiB =s 0. 

Let Pj = (a?!, yi, Zi) and Pj = («2> ^2? ^ be any two points whose 
coordinates satisfy (1). The coordinates of any point P on the 
line P1P2 are of the form 

X — ■ , y — j , z — 

mi + m-i mi + mj mi -|- mj 

The equation (1) is satisfied by the coordinates of P if 

m^iAxi H- Byi + Cz, -f 2))-f m,(Ax^ + By^+Cz^ + 2)) = 0, 

but since the coordinates of Pi and Pj satisfy (1), we have 
Ax, + -B^i -f Cfei + Z> = 0, ^ -f By 2 -f- C«2 -f- 2> = 0, 

hence the coordinates of P satisfy (1) for all values of mi and mj. 
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Finally, not all the points of space lie on the locus defined by 
(1), since the coordinates [0, 0, — ^ — i — ^ j do not satisfy (1). 

This completes the proof of the theorem. 

11. Plane through three points. Let (a^, yi, Zi), (a^ yi, Z2), 
(a?8, y„ 23) be the coordinates of three non-coUinear points. The 
condition that these points all lie in the plane 

Ax'['By + Cz + D = 

is that their coordinates satisfy this equation, thus 

Ax, + Byi+Czi-{-D = 0, 
Ax2-]-By,-\-Cz2-\'D = 0y 
Ax^-^By^-\-Cz,-{-D:=0. 

The condition that four numbers A, B, C, D (not all zero) 
exist which satisfy the above four simultaneous equations is 



= 0. (2) 



This is the required equation, for it is the equation of a plane, 
since it is of first degree in «, y, z (Art. 10). The plane passes 
through the given points, since the coordinates of each of the given 
points satisfy the equation. 

y 12. Intercept form of the equation of a plane. If a plane inter- 
sects the X-, F-, Z-axes in three points -4, B, 0, respectively, the 
segments OA, OB, and OC are called the intercepts of the plane. 
Let Aj B, C all be distinct from the origin and let the lengths of 
the intercepts be a, 6, c, so that A =(a, 0, 0), B=(0, b, 0), G = 
(0, 0, c). The equation (2) of the plane determined by these three 
points (Art. 11) may be reduced to 

? + | + 5 = l. (3) 

a b c 

This equation is called the intercept form of the equation of a 
plane. 



X 


y 
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EXERCISES 

1. Find the equation of the plane through the points (1, 2, 3), (8, 1, 2), 
(6, - 1, 3). 

2. Find the equation of the plane throu^ the points (0, 0, 0), (1, 1, 1), 
(2, 2, - 2) . What are its intercepts ? 

3. Prove that the four points (1, 2, 3), (2, 4, 1), (- 1, 0, 1), (0, 0, 6) 
lie in a plane. Find the equation of the plane. 

4. Determine k so that the points (1, 2, - 1), (3, — 1, 2), (2, — 2, 3), 
(1, — 1, A;) shall lie in a plane. 

5. Find the point of intersection of the three planes, x + y 4- « = 6, 
20— y+2a; = 0, X — 22/ + 3« = 4. 

13. The normal form of the equation of a plane. Let ABC 

(Fig. 11) be any plane. Let OQ be drawn through the origin per- 
pendicular to the given plane 
and intersecting it at P'. Let 
the direction cosines of OQ be 
\, fhv and denote the length of 
the segment OP by p. 

Let P= (a?, y, z) be any point 
in the given plane. The projec- 
tion of P on OQ is P' (Art. 2). 
Draw OP and the broken line 
OMNP, made up of segments 
Fig. 11. O.A\= X, MN = y, and NP = », 

parallel to the -X-, F-, and Z-axes, respectively. The projections of 
OP and OMNP on OQ are equal (Art. 2, Th. II). The projection 
of the broken line is \a; -f /i.y -f- vj?, the projection of OP is OP* or p, 
so that 

^ -I- fty 4- v2 =i). (4) 

This equation is satisfied by the coordinates of every point P in 
the given plane. It is not satisfied by the co5rdinates of any 
other point. For, if Pj is a point not lying in the given plane, it 
is similarly seen, since the projection of OPi on OQ is not equal to 
Pj that the coordinates of P^ do not satisfy (4). 

Hence, (4) is the equation of the plane. It is called the normal 
form of the equation of the plane. The number p in this equa- 
tion is positive or negative, according as P is in the positive or 
negative direction from on OQ. 
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14. Reduction of the equation of a plane to the normal form. Let 

Ax + By+Cz + D = (5) 

be any equation of first degree with real coefficients. It is required 
to reduce this equation to the normal form. Let Q = {A, B, C) 
be the point whose coordinates are the coefficients of Xy y, z in this 
equation. The direction cosines of the directed line OQ are 
(Art. 3) 

A. = — J M = — t v = — « (6) 

V^MT^TO^ •VA^ + B'-\-C^ V^2 + -B2 + (7* 

If we transpose the constant term of (Bjto the other member of 
the equation, and divide both mimbera by -y/A^ + J5* + G*, we 

obtain ^*^"'*"*^**^ 

A , B 

a?4-— = -.y 



VA^-hB' + C^ VA^+B'-hC^ 

-.' ^ .= -^ . (7) 

The plane determined by (7) is identical with that determined 
by (5) since the coordinates of a point will satisfy (7) if, and only 
if, they satisfy (5). By subtituting from (6) in (7) and comparing 
with (4), we see that the locus of the equation is a plane perpen- 
dicular to OQ and intersecting OQ at a point P' whose distance 
from is 

p = — — (o) 

^/A^ + B'-^C^ 

In these equations, the radical is to be taken with the positive 
sign. The coefficients of x, y, z are proportional to X, fi, v in such 
a way that the direction cosines of the normal to the plane are 
fixed when the signs of A, B, C are known. But the plane is not 
changed if its equation is multiplied by — 1, hence the position 
of the plane alone is not sufficient to determine the direction of 
the normal. In order to define a positive and a negative side of 
a plane we shall first prove the following theorem : 

Theorem. Two points P^ Pg are on the same side or on opposite 
sides of the plane Ax 4- By -\'Cz + D = Oy according as their coordi- 
nates make the first member of the equation of the plane have like or 
unlike signs. 
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For, let Pi={xi, y^, Zi), Pf = (x^ jfs, x^) be two points not lying 
on the plane. The point P =(», y, z) in which the line PjPa inter- 
sects the plane is determined (Art. 6) by the values of Wi, m, 
which satisfy the equation 

mi(u4fl?j + 5^2 -h Cfe, -f i>) + mj(^ + -B2/1 -I- Czi -h Z)) = 0. 

If LAxi -f- Byi 4- O^i -f D knd l4a?2 -h By^ -\-Cz2-\- Z> • have unlike 
signs, then mi and 7% have the same sign, and the point P lies be- 
tween Pi and Pj. If Axi -f- Byi + C«i + Z) Vid AXi -h By^ -f- Cfe2 
+ Z> have the same sign, then the numbers mi, mg have opposite 
signs, hence the point P is not between Pi and Pj. 

When all the terms in the equation 

are transposed to the first member, a point (xi, y,, Zi) will be said 
to be on the positive side of the plane if Axi -h Byi -f- C&i -+- X> is a 
positive number ; the point will be said to be on the negative side 
if this expression is a negative number. Finally, the point is on 
the plane if the expression vanishes. It should be observed that 
the equation must not be multiplied by — 1 after the positive and 
negative sides have been chosen. 

15. Angle between two planes. The angle 

j^, between two planes is equal to the angle 

between two directed normals to the planes ; 

hence, by Arts. 5 and 14, we have at once 

the following theorem : 

Theorem. The cosine of the angle $ &e- 
tween two planes 

Ax + By-^Cz+D = Oy 
^'a? 4- -B'y + C"2 4- i>' = 

is defined by the equation 

AA' + BE' -h CC 




Fio. 12. 



COS 9 = 



^ ^ (9) 

In particular, the condition that the planes are perpendicular is 

AA' 4- BB' 4- €€' = 0. (10) 
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The conditions that the planes are parallel are (Art. 3) 

ABC 



A' B' C 



I 



(11) 



The equations (11) are satisfied whether the normals have the 
same direction or opposite directions. From the definition of the 
angle between two planes it follows that in the first case the two 
planes are parallel and in the second case they make an angle of 
180 degrees with each other. We shall say, however, that the 
planes are parallel in each case. 

16. Distance to a point from a plane. Let P = {x^^ yi, Zi) be a 
given point and Ax -{- By -{- Cz -^ D = he the equation of a given 
plane. The distance to P from the plane is equal to the distance 
from the given plane to a plane through P parallel to it. 

The equation 

Ax + By-^-Cz — (Axi + %i + Cfei)= 

represents a plane, since it is of first degree with real coefficients 
(Art. 10). It is parallel to the given plane by Eqs. (11). It passes 
through P since the coordinates of P satisfy the equation. When 
the equations of the planes are reduced to the normal form, they 
become, respectively, 

A , B 



^/A^-hB'+C^ V^2 + ^-fC*^' 



-h z = 



V^^ + ^ + c^ V^^-f^ + c*' 

A , B 

— X'\ y 

^ C ^^ Ax, + By, + Czi ^ 

The second members of these two equations represent the dis- 
tances of the two planes from the origin, hence the distance from 
the first plane to the second, which is equal to the distance d to P 
from the given plane, is found by subtracting the former from the 
latter. 
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The result is ^^ . »*, • ^* . r^ 

Tlie direction to P from the plane, along the normal, is positive 
or negative according as the expression in the numerator of the 
second member is positive or negative (Art. 14), that is, according 
as P is on the positive or negative side of the plane. 

EXERCISES 

1. Redace the equation 8 a; — 12 y — 4 — 26 = to the normal form. 

2. Write the equation of a plane through the origin parallel to the plane 
aj + 2 y = 6. 

3. What \b the distance from the plane dx + 4y — js = 5 to the point 
(2,2,2)? 

4. Find the distance between the parallel planes 

2x— y + 30=,4, 2a; — y + 3« + 5=0. 

5. Which of the points (4, 3, 1), (1, - 4, 3), (3, 6, 2), (- 1, 2, - 2), 
(6, 4, 6) are on the same side of the plane bx^2y — Zz = as the point 
(1, 6, - 3) ? 

6. Find the coordinates of ^ point in each of the dihedral angles formed 

by the planes 

3a; + 2y + 5« — 4 = 0, x — 2y-« + 6 = 0. 

7. Show that each of the planes 25x + 392^ + 8;8; — 43 = and 26 x 
— 39y + 112 z -^ 113 = bisect a pair of vertical dihedral angles formed by 
the planes 5x-\- 12z + 1 = and 3y — 4« — 6 = 0. Which plane bisects 
the angle in which the origin lies ? 

8. Find the equation of the plane which bisects that angle formed by 
the planes 3x — 2y + — 4 = 0, 2x4-y — 3« — 2 = 0, in which the point 
(1, 3, - 2) lies. 

9. Find the equations of the planes which bisect the dihedral angles 
formed by the planes AiZ + Biy + Ciz + Di = 0, A2X + B^y + Czz + i>2 = 0. 

10. Find the equation of the locus of a point whose distance from the 
origin *is equal to its distance from the plane 3x + |^ — 22; = 11. 

11. Write the equation of a plane whose distance from the point (0, 2, 1) 
is 3, and which is perpendicular to the radius vector of the point (2, — 1, — 1). 

12. Show that the planes 2x — y + « + 3 = 0, x — y + 4« = 0, 3x + y 
-2« + 8 = 0, 4x — 2y + 2« — 5 = 0, 9x + 3y-60— 7=0, and7x-7y 
+ 28 2; — 6 = bound a parallelepiped. 

13. Write the equation of a plane through (1, 2, —1)) parallel to the 
plane x — 2y — = 0, and find its intercepts. 
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'7 
\ 14. Find the equation of the plane passing through the points (1, 2, 3), 

(2, — 3, 6) and perpendicular to the plane 4x + 2y + 32; = l. 

15. Find the equation of the plane through the point (1, 3, 2) perpen- 
dicular to the planes 

2a; + 3y — 4is = 2, ^x-Zy — 'iz-b. 

16. Show that the planes x + 2y — ;? = 0, y + Tjs — 2^0, x-^^y — z 

— 4 = 0, x + 32^ + 2; = 4, and 3x + 3y — 2 = 8 bound \ quadrilateral 
pyramid. 

17. Find the equation of the locus of a point which is 3 times as far 
from the plane 3x — 6^ — 2;; = as from the plane 2x^ y + 2z = 9. 

18. Determine the value of m such that the plane mx + 2|^^3£r = 14 
shall be 2 units from the origin. 

19. Determine k from the condition that x — ky + Sz=i2 shall be perpen- 
dicular to32e+4y — 22r = 5. 

1 7. Equations of a line. Let AiX + B^y -|- Cia; + A = ^ and ^^ 
+ B^ -I- CjZ + Z>2 = ^ be the equations of two non-parallel planes. 
The locus of the two equations considered as simultaneous is a 
line, namely, the line of intersection of the two planes (Art. 10). 
The simultaneous equations 

^ + -B2y-f-Ci2; + A = 

are called the equations of the line. 

The locus represented by the equations of two parallel planes, 
considered as simultaneous, will be considered later (Art. 33). 

18. Direction cosines of the line of intersection of two planes. 

Let X, /A, V be the direction cosines of the line of intersection of 

the two planes 

A = A^x-^-B^ + O^z + A = 0, 

Zj = Ap& + JB22/ + C22; + A = 0. 

Since the line lies in the plane A = ^> it is perpendicular to the 
normal to the plane. Hence, (Arts. 5, 14) 

\A^ + ft A -h vOi = 0. 
Similarly, \A^ -|- /xA + vOj = 0. 

By solving these two equations for the ratios of \, /x, v, we obtain 



ACj - ACi C^A - C^A AB2 - ^sA 



(13) 
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The denominators in these expressions are, therefore, proportional 
to the direction cosines. In many problems, they may be used 
instead of the direction cosines themselves, but, in any case, the 
actual cosines may be determined by dividing these denominators 
by the square root of the sum of their squares. It should be 
observed that the equations of a line are not sufficient to deter- 
mine a positive direction on it. 

19. Forms of the equations of a line. If X, /a, v are the direction 
cosines of a line, and if P^ =(a?i, ^i, 2,) is any point on it, the 
distance d from Pi to another point P={x, y, z) on the line satis- 
fies the relations (Art. 4) 

By eliminating d, we obtain the equations 

which are called the symmetric form of the equations of the line. 
Instead of the direction cosines themselves, it is frequently 
convenient to use, in these equations, three numbers a, b, c, pro- 
portional, respectively, to A, /a, v. The equations then become 

a b c 

They may be reduced to the preceding form by dividing the de- 
nominator of each member by Va' + &* 4- o^ (Art. 3). 

If the line (15) passes through the point Pi={x2t y^^ a;,), the 
coordinates of Pj satisfy the equations, so that 

a?2 — flg _ 2^2 — yi _ ^2 — ^1 . 
a b c 

On eliminating a, b, c between these equations and (15), we 

obtain 

g— an .. y — yi __ g — gj (j^e^ 

^-^i y2-yi «2-«i 

These equations are called the two-point form of the equations 
of a line. 
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20. Parametric equations of a line. Any point on a line may 
be defined in terms of a fixed point on it, the direction cosines of 
the line, and the distance d of the variable point from the fixed 
one. Thus, by Art. 4 

x = iCi-\'Xd, y — yi'\-iidy z = Zi-{-vd. (17) 

If X, f^ V are given and (aji, 3/1, Zi) represents a fixed point, any 
point (a?, y, z) on the line may be defined in terms of d. To every 
real value of d corresponds a point on the line, and conversely. 
These equations are called parametric equations of the line, the 
parameter being the distance. 

It is sometimes convenient to express the coordinates of a 
point in terms of a parameter k which is defined in terms of d by 
a linear fractional equation of the form 

y + OK 
in which a, p, y, 8 are constants satisfying the inequality 

By substituting these values of k in (17) and simplifying, we 
obtain equations of the form 

t, a? = ?L±J^, y = a±^, 2 = ?3±V (18) 

a^ -h 2>4K a^ + &4K a^ -f- 641c 

in which Oi, 61, etc., are constants. Equations (18) are called the 
parametric equations of the line in terms of the parameter k. 

It should be observed that the denominators in the second 
members of equations (18) are all alike. Each value of k for 
which a^ + b^K^O determines a definite point on the line. As 
^4 + ^4*^ approaches zero, the distance of the corresponding point 
from the origin increases without limit. To the value deter- 
mined by <»4-f 64#c = we shall say that there corresponds a 
unique point which we shall call the point at infinity on the line. 

EXERCISES 

1. Find the points in wiiich the following lines pierce the coordinate 
planes : 

(a) a;4-2y-.3« = l, Sx — 2y + 5« = 2. 

(6) a;4-3j/ + 5« = 0, 6a; — 8y + « = 2. 
(c) a; + 2y-6 = 0, 2x-Sy + 2z = 7. 
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2. Write the equations of the line x + y — 3^ = 6, 2x^y + 2z = 7 in 
the symmetric form, the two-point form, the parametric form. 

3. Show that the lines 4x + y^Sz = 0, 2x — y4-2ar + 6 = 0, andSx 

— y4-a5 = l, lOx + y — 4;s + l = 0are parallel. 

4. Write the equations of the line through (3, 7, 3) and (—1, 5, 6). 
Determine its direction cosines. 

5. Find the equation of the plane passing through the point (2, — 2, 0) 
and perpendicular to the line z =S, y = 2x — 4. 

6. Find the value of k for which the lines ?^=^ = ^^^^ = ^- and ^^ 

2k k-^l 3 3 

= ^^ — = ^-^ — are perpendicular. 

7. Do the points (2, 4, 6), (4, 6, 2), (1, 3, 8) lie on a line ? 

8. For what value of k are the points (k, - 3, 2), (2, - 2, 3), (6, —1, 4) 
collinear ? 

9. Is there a value of k for which the points {k, 2,-2), (2, — 2, A;), and 
( — 2, 1, 3) are collinear ? 

10. Show that the line ^^ = ^^-±^ = ^^ lies in the plane 2x + 2y 

3-14 ^ ^ 

- « + 3 = 0. 

11. In equations (18) show that, as k approaches infinity, the correspond- 
ing point approaches a definite point as a limit. Does this limiting point lie 
on the given line ? 

21. Angle which a line makes with a plane. Given the plane 

Ax + By-\-Cz + D = (i 

and the line ^^^^ = Tl^ = l^llx. 

a c 

The angle which the line makes with the plane is the complement 
of the angle which it makes with the normal to the plane. The 
direction cosines of the normal to the plane are proportional to 
A, B, C and the direction cosines of the line are proportional to 
a, b, c, hence the angle between the plane and the line is de- 
termined (Art. 5) by the formula 

sin e = aA-\-bB + cO .^^ 

-VA^ + ^ + O* Va« -♦- 6« -f- c2 
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EXERCISES 

1. Show that the planes 2x - 3y + « + 1 = 0, 5a5 + « — 1 = 0, 4x + 
Qy^z — b^zO haye a line in common, and find its direction cosines. 

2. Write the equations of a line which passes through (6, 2, 6) and is 
parallel to the line 2x — 3« + y — 2 = 0, x + y + « + l = 0. 

3. Find the angle which the line x+y + 2z = 0, 2x— y + 2« — 1=0 
makes with the plane Sx-^Qz-^ 6y -^rl =0. 

4. Find the equation of the plane through the point (2, — 2, 0) and 
perpendicular to the line xH-2y — 32j = 4, 2x — 3y + 4« = 0. 

5. Find the equation of the plane determined by the parallel lines 
x + 1 _ y— 2 _z X — 3 _ y + 4 __ g~l 

3 2 l' 8 2 ~ 1 ' 

6. For what value of k will the two lines x4-2y — « + 3 = 0, 3x — y4- 
2« + l = 0; 2x— y4-«— 2 = 0, x + y-s + jfc = intersect ? 

^ 7. Find the equation of the plane through the points (1, — 1, 2) and 
(3, 0, 1), parallel to the line x + y — « = 0, 2x + y + z = 0. 

8. Showthat the lines ^^ = 2^il = -^ and ^ = i^ = i±^ 

3 3-2 _l 3 2 

intersect, and find the equation of the plane determined by them. 

9. Find the equation of the plane through the point (a, 6, c), parallel to 

each of the Unes, *^i^ = S^^^> = ^^1^ ; *^iB = 3tnB = 5^i«2. 

Zi mi Til I2 ^^2 ^2 

10. Find the equation of the plane through the origin and perpendicular 
to the line 3x — y + 42 + 5 = 0, x + y — « = 0. 

x-3 y+l «-3 



2k k + l 



11. Find the value of k for which the lines 

"" = ^ = ^ are perpendicular. 
3 1 A;-2 ^ ^ 

12. Find the values of k for which the planes kx—6y + (k-\- 6)z + 3 = 
and (k—l)x-\-ky + z = are perpendicular. 

13. Find the equations of the line through the point (2, 3, 4) which meets 
the F-axis at right angles. 

22. Distance from a point to a line. Given the line 

x-xi _ y — yi _ z-Z i 

and the point Pj = (^> 2/2> ^2) i^ot lying on it. It is required to find 
the distance between the point and the line. 
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Fig. 13. 



Let Pi = (a?!, yi, z^) (Fig. 13) be any 
point on the line ; let P be the foot of 
the perpendicular from P, on the line ; 
the angle between the given line and 
». jg- the lin^ P1P2 ; let d be the length of 
the segment P^P^. We have (Fig. 13) 

P^ = P^P^^ sin* ^ = d* - cP COS* 0, 

«2 - an 2/2 - .Vi 22-^1 



d 



The direction cosines of the line P1P2 are 
from which (Art. 5) 

cos^=X^-=^ 
d 

Hence, 

pp,* = d2 _ e«2 cos* o={x,-x,y-h (yj - y,)* + («2 - z,y 

- (X(aJ2 - ai)+ fi(y2 - yi)+ v(22 - «!))'. 



+ M 



y2-yi 



d 






(20) 



23. Distance between two non-intersecting lines. Given the 
two lines 

g- ^ ^ y-yj ,= g-^i and ^"^8 = y-ya = g-g» 

Xi ^ Vi ^ /Aj Vj 

which do not intersect. It is required to find the shortest dis- 
tance between them. Let \ fi, v be the direction cosines of the 
line on which the distance is measured. Since this line is per- 
pendicular to each of the given lines, we have, by Art. 5, 
Equations (4) and (6), 



Ml 



/^lV2 — V1/A2 "1X2 — "2^1 



±1 



Xi/*2 — fh^ sin 



~^ 




where $ is the angle between 
the given lines. 

The length d of the required 
perpendicular is equal to the 
projection on the common per- 
pendicular of the segment PP', ^ ^ F^<*- i*- 
and is equal to the projection of the broken line PMNP* (Fig. 14). 
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or 

Xl — iCj ^1 ^ 

d=± yi — yz iH fh 

^ — «2 Vi V2 



sin^ 



(21) 



EXERCISES 

1. Find the distance from the origin to the line ~ = « = - — -. 

^ 2 4 1 

2. Find the distance from (1,1, 1) toa;-f-y + aj = 0, 3a; — 2y + 4« = 0. 

3. Find the perpendicular distance from the point (—2, 1, 3) to the line 
jc + 2y - « + 3 = 0, 3a; — y + 2« -f 1 = 0. 

4. What are the direction cosines of the line through the origin and the 
point of intersection of the lines a; + 2y — + 8 = 0, 3x — y + 2« + l = 0; 
2a; — 2y + 3« — 2=0, x-y-2r + 3 = 0. 

5. Determine the distance of the point (1, 1, 1) to the line a; = 0, y = 
and the direction cosines of the line on which it is measured. 

6. Find the distance between the lines - = ^ = ^ ^ and ^ "" 

2—2 1 4 

_ y~3 _ g+l 
2 -1 

7. Find the equations of the line along which the distance in Ex. 7 
is measured. 

8. Find the distance between the lines 2a; + y — ;; = 0, x-^y + 2z = S 
anda; + 2y — 8« = 4, 2x-3y + 4;? = 6. 

9. Express the condition that the Unes?^=^ = ^^^:ii^ = ?^-^, ^-^^ 

li ffii fii I2 

^ tLzJd = ?jzJl intersect. 
24. System of planes through a line. If 

are the equations of two intersecting planes, the equation kiLi + 
A^A s= is, for all real values of A^ and k^ the equation of a plane 
passing through the line A = 0, A = 0. For, kiLi + k^L^ = is 
always of the first degree with real coefficients, and is therefore 
the equation of a plane (Art. 10); this plane passes through the 
line Li = 0, I^^Oy since the coordinates of every point on the line 
satisfy Zi = and A =s and consequently satisfy the equation 
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AqLi -f ^2^2 = ^' Conversely, the equation of any plane passing 
through the line can be expressed in the form kiLi -f kzL^ = 0, 
since ki and k2 can be so chosen that the plane k^Li + k2L2 = 
will contain any point in space. Since any plane through the 
given line is determined by the line and a point not lying on 
it, the theorem follows. 

To find the equations of the plane determined by the line A = 0, 
Li = 0, and a point Pi not lying on it, let the coordinates of P^ be 
(a?i, yiy Zi). If Pi lies in the plane A^Z^ + k^Li = 0, its coordinates 
must satisfy the equation of the plane ; thus 

ki(AiXi + B^i -h Ci2;i+ A) + k^iA^ + B^^ + Cj^i -h A) = 0. 
On eliminating A^ and k^ between this equation and kiLi + k^ = 0, 
we obtain 

= {A^ + B^^ + Cia^i + A)(^i» + -B,y -f CiJj; -h A) 

- {A,x^ -f B^T^ + (7i«i + A) {A^ + -Bay -f- Cjg 4- A), 

as the equation of the plane determined by the line A = ^> A = ^> 
and the point Pj. 

It will be convenient to write the above equation in the abbre- 
viated form 

A(«i)A(a?) — Xi(aJi) A(«) = 0. 

The totality of planes passing through a line is called a pencil 
of planes. The number kz/k^ which determines a plane of the 
pencil is called the parameter of the pencil. 

If, in the equation 

kilji -\- K2L2 ^ V, 

ki and ki are given such values that the coefficient of x is equal to 
zero, the corresponding plane is perpendicular to the plane x = 0. 
Since this plane contains the line, it intersects the plane a? = in 
the orthogonal projection of the line A = 0> A = 0. Similarly, 
if ki and ki are given such values that the coefficient of y is equal 
to zero, the corresponding plane is perpendicular to the plane 3/ = 
' and will cut the plane y = in the projection of A = ^> A = ^ o^ 
that plane ; if the coefficient of z is made to vanish, the plane will 
contain the projection of the given line upon the plane 2=0. The 
three planes of the system AjjA 4- A^aA = obtained in this way 
are called the three projecting planes of the line A == ^; A = ^ on 
the coordinate planes. 
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Since two distinct planes 
passing through a line are 
sufficient to determine the 
line, two projecting planes of 
a line may always be em- 
ployed to define the line. If 
the line is not parallel to the 
plane 2 = 0, its projecting 
planes on a; = and y = are 
distinct and the equations of 
the line may be reduced to the form (Fig. 15) 

x=mz-\-ay y = nz + b. 




Fig. 15 



(22) 



If the line is parallel to 2 = 0, the value of k for which the coeffi- 
cient of X is made to vanish will also reduce the coefficient of y to 

zero, so that the projecting planes on 
x=zO and on 2^ = coincide. This 
projecting plane z=c and the projec- 
ting plane on 2 = may now be chosen 
to define the line. If the line is not 
X parallel to the X-axis, the equations 
of the line may be reduced to (Fig. 16) 

Fia. 16. a? = 2^ 4- c, 2 = c. (23) 

Finally, if the line is parallel to the X-axis, its equations may be 
reduced to (Fig. 17) 




yz= b, z = c. 



(24) 




If the planes Zri = 0, 2/2 = are par- 
allel but distinct, so that 

A2 B2 Ca A' Fio. 17. 

then every equation of the form kiLi -{- k^L^ = 0, except when 
-* = --^ = — ^ = -^, defines a plane parallel to the given ones. 

Conversely, the equation of any plane parallel to the given ones 
can be written in the form kiLi -f kiLi = by so choosing fcj : k^ 
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that the plane will pass through a given point. In this case the 
system of planes hiLi + Jc^L^ = is called a pencil of parallel planes. 
Two equations, 

A = ^i« + -B,i^H- Ci2; 4- A =0, 

**» 
will represent the same plane when, and only when, the coefficients 
An Biy Ci, Di are respectively proportional to ud^, JBj, Ci, A; thus, 
when 

A=A^£i^A^ 

^2 -^3 ^2 -^2 

These conditions may be expressed by saying that every deter- 
minant of order two formed by any square array in the system 

A A Ci A 

J±2 jDjj C2 JJ2 

shall vanish. 

In this case multipliers ki, k^ can be found such that the equa- 
tion kiLi + kjj^ = is identically satisfied. 

Conversely, if multipliers /ci, k^ can be found such that the pre- 
ceding identity is satisfied, then the equations A = ^> A = ^ 
define the same plane. 

EXERCISES 

1. Write the equation of a plane through the line lx-\-2y — z-~Z = Q^ 
3x— 3y + 2« — 6 = perpendicular to the plane 2x + y — 2« = 0. 

2. What is the equation of the plane determined by the line 2 a; — 8 1/ — 
js+2 = 0, x-y + 4«=3 and the point (3, 2, — 2) ? 

3. Determine the equation of the plane passing through the line 
x + 22f = 4, y-.« = 8and parallel to the line ^^ = ^-^ = ^^. 

4. Does the plane x-\-2y — z -\-Z = have more than one point in 
common with the line 3x — y-|-2« + l=0, 2x — 3y + 3« — 2 = 0? 

5. Determine the equations of the line through (1, 2, 3) intersecting the 
two lines x + 2 y-3«=0, 2^—4 «=4 and 2x-y + 3 «=3, 3x + y + 2« + 1=0. 

25* Application in descriptive geometry. A line may be repre- 
sented by the three orthogonal projections of a segment of the line, 
each drawn to scale. Consider the XZ-plane (elevation, or verti- 
cal plane) as the plane of the paper, and the XF-plane as turned 
about the X-axis until it coincides with the XZ-plane. The pro- 
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jections in the XT^plane are thus drawn to scale on the same 
paper as projections on the XZ-plane, but points are distinguished 

by different symbols, as P', Pi. q kZ_ 

The XF-plane is called the plan 
or horizontal plane. Finally, let 
the FZ-plane be turned about the 
Z-asLis until it coincides with the 
XZ-plane, and let figures in the 
new position be drawn to scale. 
This is called the end or profile 
plane. Thus, in the figure (Fig. 
18), a segment PQ, wherein 
P=(7, 4, 8), Q = (13, 9, 12), 
may be indicated by the three segments P'Q^, PiQi, PpQp- 

Example. Find the equations of the projecting planes of the line 

2x-|-3y — 4« = 5, sc — 4y + 52 = 6. 

Here, Zi = 2« + 3y — 4« — 6, Z2=x — 4y + 5« — 6, 

kiLi + k2L2 =(2 Aji + k2)x + (3 *i — 4 ki)y 

4- (- 4 A;i + 6k2)z + ( - 5 Ai - 6 A;2) = 0. 

It k2 = —2ki, the coefficient of x disappears ; thus the equation of the 
plane projecting the given line on the plane x = is 




lly-Uz + 7 =0. 



k2_S 



Ji ^z=z-^ the coefficient of y vanishes; the projecting plane on y = is 
ki 4 

found to be 11 X — « = 38, 

Finally, if ^ = - , the projecting plane on z =0 is found. Its equation 
ki 5 

is 14 X — y = 49. 

EXERCISES 

Find the equations of the projecting planes of each of the following lines : 

1. x + 2y— 3« = 4, 2x— 3y + 4« = 6. 

2. 2x + y + « = 0, X — y + 2« = 3. 

3. x4-y + « = 4, X — y + 3« = 4. 

4. Aix + Biy + Ciz + Z>i = 0, A^x + Bzy + C2S1 + i)2 = 0. 

26. Bundles of planes. The plane L^ = A^ -h B^ + C^ -f Z>j 
=0 will belong to the pencil determined by the planes Li== 0, 1/2=0, 
assumed distinct, when three numbers ki, fcj, fcj, not all zero, can 
be found such that the equation kiLi + k2L2 + k^L^ = is identi- 
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cally satisfied for all values of x, y, z. This condition requires that 
the four equations k^Ai + k^A^ + k^A^ = 0, kiBi + k^B^ -f- k^B^ = 0, 
A^Ci 4- k^C^ 4- fcsCj = 0, k^Di -f k^D^ 4- A:,Z), = are satisfied by 
three numbers kiy k^ k^y not all zero ; hence, that the four equa- 
tions 



are all satisfied, wherein we have written for brevity, 



-^1-^2^8 = 



A 


A 


c, 


A 


B, 


c^ 


A 


A 


0, 



, etc. 



These simultaneous conditions may be expressed by saying 
that every determinant of order three formed by the elements 
contained in any square array in the system 

A A C, A 

j3L^ X>2 0/2 X/2 

-"8 B^ Ca X/g 
shall vanish. 

Conversely, if these conditions are satisfied, then three con- 
stants kiy ki, k^ can be found such that the equation kiLi 4- k^Lz 
4. k^L^ = is identically satisfied, and the three planes Li = 0, 
A = 0, iia = belong to the same pencil. 



Let 



A = ^la? + A2^ + C, 2 4- A = 0, 
A = ^4- ^2y + C722 + A = 0, 
A = -48a?4--B8y4-C782;4-A = 



be the equations of three planes not belonging to a pencil. If we 
solve these three equations for (a?, y^ z), we find for the coordinates 
of the point of intersection of the three planes, in case | AiB^C^ 

'AAQI lAA^sl \A,B,D, 



05 = -- 



-"lA^3 



y = - 



-^lA^a 



2 = — 



-"lA^s 



(26) 



If I A1B2C3 1 = 0, but not all the determinants in the numerators 
of (25) are zero, no set of values of x, y, z will satisfy all three 
equations. In this case, the line of intersection of any two of the 
planes is parallel to the third. For, if A = ^ ^^^ A = intersect, 
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the direction cosines of their line of intersection are proportional 
(Art. 18) to 

Jj\\J2 — -^l^li ^1-^ — ^2-^1) -"1-^2 — ^2-^V 

The condition that this line is parallel to the plane i/s = is 
(Art. 21) 

A,{B,C2 - ACi) + B,{C,A2 - C^A,) + C^{A,B2 - A^B,) = 0, 

which is exactly the condition {AiB^C^l^^O. The proof for the 
other lines and planes is found in the same way. 

If at least one of the determinants | -^jJSgCa |, | AACi |; | AACi |, 
and I AiBJ)^ \ is not zero^ the system of planes 

is called a bundle. If \ABC\^ 0, all the planes of the bundle 
pass through the point (25), since the coordinates of this point 
satisfy the equation of every plane of the bundle. Conversely, 
the equation of every plane passing through the point (25) can be 
expressed in this form. This point is called the vertex of the 
bundle. If |-4B(7|=0, all the planes of the bundle are parallel 
to a fixed line (such as A = 0, A = ^)' ^^ ^^^ case, the bundle 
is called a parallel bundle. 

27* Plane coordinates. The equation of any plane not passing 
through the origin may be reduced to the form 

wa? -h vy + ^2 4- 1 = 0. (26) 

When the equation is in this form, the position of the plane is 
fixed when the values of the coefficients u, v, w (not all zero) are 
known ; and conversely, if the position of the plane (not passing 
through the origin) is known, the values of the coefficients are 
fixed. Since the numbers (w, v, w) determine a plane definitely, 
just as (a?, y, z) determine a point, we shall call the set of num- 
bers (u, V, wj the coordinates of the plane represented by equation 
(26). Thus, the plane (3, 5, 2) will be understood to mean the 
plane whose equation is Sx'[-5y + 2z-\-l=0. Similarly, the 
equation of the plane (2, 0, — 1) is 2 a? — « + 1 = 0. 

If Uy v, w are different from zero, they are the negative recipro- 
cals of the intercepts of the plane (w, v, w) on the axes (Art. 12). 
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If w = 0, the plane is parallel to the X-axis ; if i« = 0, v = 0, the 
plane is parallel to the XF-plane. The vanishing of the other 
coefficients may be interpreted in a similar way. 

28, Equation of a point. If the point (a^, y^, z^ lies in the 
plane (26), the equation 

yxi + vyi -h '^h. +1 = (27) 

must be satisfied. If x^ yi, «i are considered fixed and w, v, w 
variable, (27) is the condition that the plane (w, v, w) passes 
through the point (a^, yi, ^i). For this reason, equation (27) is 
called the equation of the point (a^, yi, Zi) in plane coordinates. 

Thus, w-5v-f2w; + l =0 

is the equation of the point (1, — 5, 2) ; similarly, 

3iA-hwr-hl=0 

is the equation of the point (3, 0, 1). 

If equation (27) is multiplied by any constant different from 
zero, the locus of the equation is unchanged. Hence, we have 
the following theorem : 

Theorem. The linear equation 

^w-h5v+O + i> = (D^O) 

is the equation of the point [ ---, — , — j in plane coordinates. 



IS 



( 



Thus, u — 5v—3w — 2 = is the equation of the point 

-1 5 
~2~' 2' 



The condition that the coordinates (v, u, w) of a plane satisfy 
two linear equations 

uxi + vyi + wzi + 1=0, UQC2 + 'yy2 + ^^^2 +1=0 

is that the plane passes through the two points (xi, y^, Zi) and 
(x2y yz, Z2) and therefore through the line joining the two points. 
The two equations are called the equations of the line in plane 
coordinates. 
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EXERCISES 

1. Plot the following planes and write their equations : (1, 2, ^), (3, — ^, 

2. Find the volume of the tetrahedron bounded by the coordinate planes 
and the plane ( — i, — |, — i). 

3. What are the coordinates of the planes whose equations are 

7x + 5y — 25 + 1=0, a;-6y + ll« + 6 = 0, 9a;-4 = 0? 

4. Find the angle which the plane (2, 6, 6) makes with the plane 
(- 1, h 2). 

5. Write the equations of the points (1, 1, 1), (2, — 1, J), (6, —2, 1). 

6. What are the coordinates of the points whose equations are 

2m — t? — Sto+l=0, w + 2w-3=0, w — 2 = 0? 

7. Find the direction cosines of the line 

3m — « + 2ti7 + l=0, M + 5t> + 2to-l=0. 

8. What locus is determined by three simultaneous linear equations in 
(ti, «, w) ? 

9. Write the equation satisfied by the coordinates of the planes whose 
distance from the origin is 2. What is the locus of a plane which satisfies 
this condition ? 

29. Homogeneous coordinates of the point and of the plane. It is 

sometimes convenient to express the coordinates x, yy z of a. point 
in terms of four numbers a?', y\ z\ V by means of the equations 

a;' w' 2j' 

— = 05, ^ = v« —^=z, 

A set of four numbers («', y\ z\ t'), not all of which are zero, that 
satisfy these equations are said to be the homogeneous coordinates 
of a point. If the coordinates («', y', z', t^ are given, the point 
is uniquely determined (for the case <' = 0, compare Art. 32), 
but if (a;, y, z) are given, only the ratios of the homogeneous 
coordinates are determined, since (x\ y\ z\ t') and (kx', lcy\ kz\ kV) 
define the same point, k being an arbitrary constant, different 
from zero. 

Similarly, if the coordinates of a plane are (w, v, w), four num- 
bers {u\ v\ w\ s'), not all of which are zero, may be found such 

that 

u' v' w* 

_ = w, _ = ?;, — = w;. 

S' 8 S 
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The set of numbers {u\ v\ w', s') are called the homogeneous coordi- 
nates of the plane. 

Where no ambiguity arises, the accents will be omitted from 
the homogeneous coordinates. 

30. Equation of a plane and of a point in homogeneous coordinates. 
If, in the equation If, in the equation 

Ax'\-By'\'Cz'\'D = Au + Bv + Cw -{- D =: 

{D =^ 0, and A, B, C are not all (2> ^ 0, and A, B, O are not all 
zero) the homogeneous coordi- zero) the homogeneous coordi- 
nates of a point are substituted, nates of a plane are substituted, 
we obtain, after multiplying by we obtain, after multiplying by 
ty the equation of the plane in s, the equation of the point in 
homogeneous coordinates homogeneous coordinates 

Ax + By + Cz']-Dt = 0. Au -\- Bv -{- Cw + Ds = 0. 

The homogeneous coordinates The homogeneous coordinates 
of this plane are (A, B, O, D). of this point are (A, B, (7, Z>). 

31. Equation of the origin. Coordinates of planes through the 
origin. The necessary and sufficient condition that the plane 
whose equation is ux '\- vy '\- wz -{- st = shall pass through the 
origin is 8=0. We see then that« = is the equation of the 
origin, and that (w, v, w, 0) are the homogeneous coordinates of a 
plane through the origin. Since « = 0, it follows from Art. 29 that 
the non-homogeneous coordinates of such a plane cease to exist. 

32. The plane at infinity. Let (x, y, z, t) be the homogeneous 
coordinates of a point. If we assign fixed values (not all zero) 
to a, y, z and allow t to vary, the corresponding point will vary in 
such a way that, as ^ = 0, one or more of the non-homogeneous co- 
ordinates of the point increases without limit. If ^ = 0, the non- 
homogeneous coordinates cease to exist, but it is assumed that 
there still exists a corresponding point which is said to be at 
infinity. It is also assumed that two points at infinity coincide 
if, and only if, their homogeneous coordinates are proportional. 

The equation of the locus of the points at infinity is i = 0. 
Since this equation is homogeneous of the first degree in a;, y, z, ty 
it will be said that ^ = is the equation of a plane. This plane 
is called the plane at infinity. 
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33. Lines at infinity. Any finite plane is said to intersect the 
plane at infinity in a line. This line is called the infinitely dis- 
tant line in the plane. The equations of the infinitely distant line 
in the plane -4a: -f ^y + Cfe + />* = are -4a; + -By + Cfe = 0, / = 0. 

Theorem. The condition that two finite planes are parallel is 
that they intersect the plane at infinity in the same line. 

If the planes are parallel, their equations may be written in 
the form (Art. 15) 

Ax + By-hCz-hDt^O, ^a;-f-%+ Cfe4-Z>7=0. (28) 

It follows that they both pass through the line 

Ax-\'By-^Cz=:0, t = 0. (29) 

Conversely, the equations of any two finite planes through the 
line (29) may be written in the form (28). The planes are there- 
fore parallel. 

34* Coordinate tetrahedron. , The four planes whose equations 
in point co5rdinates are 

aj=0, 2/ = 0, 2 = 0, « = 

will be called the four coordinate planes in homogeneous co6rdi- 
nates. Since the planes do not all pass through a common point, 
they will be regarded as forming a tetrahedron, called the coordi- 
nate tetrahedron. The coSrdinates of the vertices of this tetra- 
hedron are 

(0,0,0,1), (0,0,1,0), (0,1,0,0), (1,0,0,0). 

The coordinates of the four faces in plane coordinates are 
(0,0,0,1), (0,0,1,0), (0,1,0,0), (1,0,0,0). 

The equations of the vertices are w = 0, v = 0, «; = 0, s = 0. 

EXERCISES 

1. Find the non-homogeneous coordinates of the following points and 
planes : 

(a) 7a; + 3y+32r-4 = 0, (d) 9u — « — 8to + 2=0, 

(6) 10a;-3y + 16 = 0, (e) tt + v-to-7 = 0, 

(c) aj-2 = 0, (/) 2w+ 11=0. 

2. Determine the coordinates of the infinitely distant point on the line 

3a;+2y + 6^ = 0, 2x— 10«4-3< = 0. 
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3. Show that if Li{u) =Aiu + Biv + Ciw + Dis = 0, and L2{u) =A2U 

+ B^ + CiUJ + Dts = are the equations of two points, the equation of any 
point on the joining iine may be written in the form kiLi + ktLt = 0. 

4. Show that the planes x + 2y + 72-3( = 0, x + 8y+6» = 0, « + 4y 
+ 6z ^2t = determine a parallel bundle. Find the equation of the plane 
of the bundle through the points (2, — 1, 1, 1), (2, 6, 0, 1). 

35* System of four planes. The condition that four given planes 

Li = AiX + Biy -f CiZ + D^t = 0, 
Zj = 4^ + -B22/ + Cia; + Dj/ = 0, 
Z3 = A^x + -Bay + C,z + D,t = 0, 
i/4 = ^40? + B^'\'C^-j-Djt = 

all pass through a point is that four numbers (x, y^ Zy t), not all 
zero, exist which satisfy the four simultaneous equations. The 
condition is, consequently, that the determinant 

A B, C, A 



A B, 


0, 


A 


A, B, 


c. 


A 


A A 


c. 


A 



is equal to zero. If this condition is not satisfied, the four planes 
are said to be independent. When the given planes are independ- 
ent, four numbers A;,, Ajj, A?,, A;4 can always be found such that the 

equation 

kiLi -|- k2L2 -f- A^sifs -|- k^L^ = 

shall represent any given plane. For, let ax -{- by -{- cz -^ d ^0 be 
the equation of the given plane. The two equations will repre- 
sent the same plane if their coefficients are proportional, that is, 
if numbers k^, k^, k^, k^ not all zero, can be found such that 

b = k^B^ + k^B^ -f A;,J5j + A;4B4, 

C = ^lv>'i "f~ AJ2C/2 "T ^8^8 I ^4^4> 

d = fci A + A^A + M>8 4- A;42>4. 

Since the planes are independent, the determinant of the coeffi- 
cients in the second members of these equations is not zero, and 
the numbers k^ k^, k^, k^ can always be determined so as to satisfy 
these equations. 
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These results, together with those of Arts. 24, 26, may be ex- 
pressed as follows : The necessary and sufficient condition that a 
system of planes have no point in common is that the matrix* 
formed by their coefficients is of rank four ; the planes belong to 
a bundle when the matrix is of rank three ; the planes belong to 
a pencil when the matrix is of rank two ; finally, the planes all 
coincide when the matrix is of rank one. We shall use the ex- 
pression " rank of the system of planes " to mean the rank of the 
matrix of coefficients in the equations of the planes. 



EXERCISES 

1. Determine the nature of the following systems of planes : 

(a) 2x — 6y + «--3e = 0, a + y + 4«--5t =0, x + 3y + 62-« = 0. 
(6) Sx + 4y+ 6«-6« = 0, 605 + 5y -|-9« — 10« = 0, Sx + Sy -\-bz 
-6^ = 0, x—y + 2z = Q, 

(c) 2a;-|-4y = 0, 5a; + 7y + 2« = 0, Sac + 4y - 2« + 3t = 0, a = 0. 

(d) 2a; + 6y + 3«=0, 7y-6« + 4i=0, x-y + 4z = St 

2. Show that the line a; + 3y — 2f + « = 0, 2x — y + 2« — 3« = lies in 
the plane 7x-{-7y + z — St = 0. 

3. Determine the conditions that the planes 

x = cy -i-bz, y=:ax + cz, z = hx + ay 
shall have just one common point ; a common line ; are identical. 

4. Prove that the planes 2x — 3y~7« = 0, 3« — 14y — 13« = 0, 
Sx — Sly — SSz = have a line in common, and find its direction cosines. 

5. Showthat the planes 3iB-2y — J = 0, 4x-22;-2t = 0, 4x + 4y 
— 6 ;? = belong to a parallel bundle. 

* Any rectangular array of numbers 
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^1 


Ci 


Di ••• Ml 
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B2 


Ci 
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D3 ••• Ms 

• • • • 
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is caUed a matrix. Associated with every matrix are other matrices obtained 
by suppressing one or more of the rows or one or more of the columns of the 
given matrix, or both ; in particular, associated with every square matrix, that 
is, one in which the number of rows is equal to the number of columns, is a de- 
terminant whose elements are the elements of the matrix. Conversely, associated 
with every determinant is a square matrix, formed by its elements. We shaU 
use the word rank to define the order of the non-vanishing determinant of high- 
est order contained in any given matrix. The rank of the determinant is defined 
as the rank of the matrix formed by the elements of the determinant. 
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TRANSFORMATION OF COORDINATES 

The coordinates of a point, referred to two different systems 
of axes, are connected by certain relations which will now be 
determined. The process of changing from one system of axes 
to another is called a transformation of coordinates. 

36* Translation. Let the coordinates of a point P with respect 
to a set of rectangular axes OX, OF, OZ be (x, y, z) and with 
respect to a set of axes O'X', (/¥', (yz\ parallel respectively 
to the first set, be (a/, 2^, 2'). If the coordinates of O', referred 
to the axes OX, OF, OZ are (A, A;, Z) we have (Fig. 19) 

aj = aj'H-A, y = y'+A;, 2 = 2' + ?. (1) 

For, the projection on OX of OP is equal to the sum of the pro- 
jections of 0& and &P (Art. 2), but the projection of OP is a?, 

of OU is hy and of O'P is a/; hence 

ar = aj' -I- A. The other formulas are 

derived in a similar way. Since 

the new axes can be obtained from 

the old ones by moving the three 

y^X coordinate planes parallel to- the 

/ X-axis a distance A, then parallel 

to the Faxis a distance ky and 

Fig. 19. parallel to the Z-axis a distance 

I, without changing their directions, the transformation (1) is 

called a translation of axes. 

' 37. Rotation. Let the coordinates of a point P, referred to a 
set of rectangular axes OX, OF, OZ, be a:, y, », and referred to 
another rectangular system OX', F', OZ' having the same origin, 
be a?', y\ z\ Let »' = 0L\ y' = VM\ «' = 3f' P(Fig. 20); and let 
the direction cosines of OX', referred to OX, OF, OZ, be A„ /ai, vi ; 
those of OF' be Xj, /xj, V2, and of OZ^ be A,, /m,, v,. 
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We shall show that 

y = fh^' -^ fi2y' -^ tJ^', (2) 

For, the projection of OP (Fig. 20) on the axis OX is x. The sum 
of the projections of 0L\ 
VM\ and M'P is \x' + X^if 

That these two expres- 
sions are equal follows from 
Art. 2. The second and 
third equations are obtained 
in a similar way. 

The direction cosines of 
OX, O F, and OZ, with re- 
spect to the axes OX', OF', 
OZ' are Xi, A^ ^; /^) Ma, /xj; 
»'i> "2, vs, respectively. If we ^^®* ^* 

project OP and OL^x, LM=: y, and -afP = « on OX', OY', and 
OZ', we obtain 




(2') 



x' = AiO? + /*iy + Vi2, 

The systems of equations (2) and (2') are expressed in con- 
venient form by means of the accompanying diagram. 





x' 


y' 


z' 
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Ai 


A^ 


A3 
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A*i 
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fH 
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vi 


V2 


V3 



Since A|, /xj, vi ; A2, fi2, vi ; A3, /UI3. V3 are the direction cosines of 
three mutually perpendicular lines, we have the six relations 

Ai' -I- ^i-x -h v^ — 1, A1A2 -h /A1M2 + viV2^0, 

A2' -f /A2^ 4- V2* = 1, AjAg -f- /ij/iAa -h V2V3 = 0, (3) 

A3* + /^* -f V3* = 1, A3A1 -h /Xj/Lli + V,Vi = 0. 
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We have seen that Xi, A^ ^s ; iht thy iHy ^v ^29 ^z s^*^ ^^^o ^^ di- 
rection cosines of three mutually perpendicular lines. It follows 
that 

Ml* + l^+ ^ = 1, Mll'l + /A2«'2 + tH^Z = 0, (4) 

V 4- vj*+ v,* = 1, viXi + V2X2 4- va\, = 0. 

It will next be shown that 

^l = €(/*2V8 — Vi^)> ^2 = €(/X3Vl — V3/X1), ^ = € (^iVj — Vj/^), 

/*! = ^(y^% — Vs)? /A2 = c(v8Ai — A3V1), ^ = c(viX2 — A.1V2), (5) 

Vi=c(A2f4,— ^X,), V2 = c(Xj/Ai— ^Xi), Va = €(Xi/i2--/AlX2), 

where c = ± 1. From the first and third equations of the last 
column of (4) we obtain 

Xj Xg Xg 

/^Vj — V7JH H^\ — Vit^l /A1V2 — •'1^2 

If we denote the value of these fractions by c, solve for Xj, Xj, and 
X, and substitute in the first of equations (4), we obtain 

^[(jhvz — yTthY-^Qhyi — vzf^y + W2 — VifhT] = 1- 

Since the lines OY^ and OZ^ are perpendicular, the coefficient of 
c* is unity (Art. 5, Eq. (5)). It follows that c* = 1 or c = ± 1. The 
first three of equations (5) are consequently true. The other equa- 
tions may be verified in a similar way. 
It can now be shown that 



Xi X2 Xa 

Vi V2 V3 



= c=±l. (6) 



For, expand the 'determinant by minors of the elements of the 
first row, and substitute for the cofactors of Xi, X2, Xa their values 
from (5). The value of the determinant reduces to 

-(V + V + V)=- = c. 

e c 

It will be shown in the next Article that if c = 1, the system of 
axes 0-X'Y^Z^ can be obtained by rotation from 0-XYZ, If 
c = — 1, a rotation and reflection are necessary. 
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38. Rotation and reflection of axes. Haviag given three mutu- 
ally perpendicular directed lines, forming the trihedral angle 
0-XTZ (Fig. 21), and three other mutually perpendicular directed 
lines through 0, forming the trihedral angle 0-X*T^Z'y we shall 
show that the trihedral angle 0-XTZ can be revolved in such 
a way that OX and OZ coincide in direction with OX' and OZ*, 
respectively. OY will then coincide with OT' or will be di- 
rected oppositely to it. 

Let NN' be the line of intersection of the planes XO Y and 
X'OY\ Denote the angle ZOZ' by $, the angle XON by «^, and 
the angle NOX* by ^. Let the kZ' i Z 

axes 0-XYZ be revolved as a 
rigid body about OZ through the 
angle 4>, so that OX is revolved ^^ 
into the position ON. Denote the 
new .position of OF by OFi, so 
that the angle Y0Y^ = 4>. The 
trihedral angle 0-XYZ is thus re- 
volved into 0-NYiZ, Now let 
0-NYiZ be revolved about ON 
through an angle $, so that OZ 
takes a position OZ', and OF^, a 
position OY^. Then the angle ZOZ' = angle FiOF2 = ^. The 
trihedral angle O-NY^Z is thus brought into the position 
O-NY2ZK Finally, let the trihedral angle in this last position 
be revolved about OZ' through an angle ^, so that 0-^is revolved 
into 0X\ By the same operation OF is revolved into a direction 
through perpendicular to OX' and to OZ'. It either coincides 
with F' or is oppositely directed. In the first case the trihedral 
0-XYZ has been rotated into the trihedral 0-^X'F'Z'. In the 
second case the rotation must be followed by changing the direc- 
tion of the F-axis. This latter operation is called reflection on the 
plane j/ =0. It cannot be accomplished by means of rotations. 

In case the trihedral 0-XYZ can be rotated into 0-X'Y'Z\ 
the number c (Art. 37) is positive ; otherwise, it is negative. For, 
during a continuous rotation of the axes, the value of c (Eq. (6)) 
cannot change discontinuously. If, after the rotation, the trihe- 
drals coincide, we have, in that position, Xi = /aj = V3 = 1 and the 




Fio. 21. 
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other cosines are zero, so that (Eq. (6)) c = 1. If, however, at the 
end of the rotation, OT and OY^ are oppositely directed, Ai = 
vj = 1, /*2 = — 1> ^^^ c = — 1. 

39. Baler's fommlas for rotation of axes. Let the codrdinates of 
a point P referred to 0-XYZ be (a?, y, 2), referred to 0-NYiZ be 
(a?i, yi, 2i), referred to O-NY^Z be (ajj, y^) z^, and referred to 
0-X' TZ' be (a/, ^ , /), (Fig. 21). 

In the first rotation, through the angle ^, % remains fixed. 
Hence, from plane analytic geometry, 

z = Ziy aj = a?i cos ^ — ^i sin ^, y =^Xi sin ^ -f yi cos ^. 

In the rotation through the angle $, Xi remains fixed. Hence 
we have 

a?! = a^ ^1 = ^2 cos — Z2 sin d, ^i = yj sin ^ + 2;, cos ^. 

Finally, if 0-X'Y'Z' can be obtained from O-XYZ by rotation, 
2;2 remains fixed, and we have 

^2 = «', X2 = ix/ cos ^ — y sin ^, ^2 = ^ sin ^ + y' cos ^. 

On eliminating arj, 2^2, a;, ; a^, ^1, ^i, the final result is obtained, 
namely : 

a? = a/ (cos <^ cos ^ — sin <^ sin ^ cos 0) — y'(cos j^ sin ^ 

-f- sin <^ cos ^ cos ^) + 2;' sin ^ sin ^. 

y = of (sin ^ cos ^ -f- cos ^ sin ^ cos 0) — 2/ (sin <^ sin ij/ 

— cos <^ cos ij/ cos d) — z' cos ^ sin 0. 

« = a/ sin ^ sin tf + y cos ^ sin ^ + z' cos 0. 

If 0-X' F'Z' cannot be obtained from 0-XYZ by rotation, the 
sign of y' should be changed. These formulas are known as 
Euler's formulas. 

40. Degree of an equation unchanged by transformation of co- 
ordinates. If in an equation F(Xy y, 2) = the values of x, y, z are 
replaced by their values in any transformation of axes the degree 
of F cannot be made larger, since a;, y, z are replaced by linear ex- 
pressions in a/, y, zf. But the degree of the equation cannot be 
made smaller, since by returning to the original axes and to the 
original equation, it would be made larger, which was just seen to 
be impossible. 
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EXERCISES 

1. Transform the equation x^~'Syz + y^^Qx + z = to parallel axes 
through the point (1, — 1, 2). 

2. By means of equations (2) show that the expression x^ + 1/^ + z^ iB un- 
changed by rotation of the axes. Interpret geometrically. 

3. Show that the lines x=^ = -: - = -^ = z: - = y = — ?- are mu- 

4 22-1 2—3 

tually perpendicular. Write the equations of a transformation of coordinates 
to these lines as axes. 

4. Translate the axes in such a way as to remove the first degree terms 
from the equation x^ - 2y^ + Q z'^ - IQx — iy — 24tz + S7 = 0. 

5. Show that the equation ax + by + cz-{-8 = may be reduced to x = 
by a transformation of coordinates. 

6. Find the equation of the locus 11 2b2 + lOy^ + 6z^ -Syz + izx~'12xy 
— 12 = when lines through the origin whose direction cosines are i, }, J ; 
h h "" i* ^ h h ~~i ^^^ taken as new coordinate axes. 

7. Show that if 0-X^ T2P can be obtained from 0-XTZ by rotation, and 
if OF can be made to coincide with OX by a revolution of 00 degrees, 
counterclockwise, as viewed from the positive end of the Z-axis, then OV 
can be revolved into OX by rotating counterclockwise through 90 degrees as 
viewed from the positive Z'-axis. 

8. Derive from Ex. 7 a necessary and sufficient condition that 0-X Y'Z' 
can be obtained from 0-XYZ by rotation. 



CHAPTER IV 

TYPES OF SURFACES 

41. Imaginary points, lines, and planes. In solving problems 
that arise in analytic geometry, it frequently happens that the 
values of some of the quantities x, y, z which satisfy the given 
conditions are imaginary. Although we shall not be able to plot 
a point in the sense of Art. 1, when some or all of its coordinates 
are imaginary, it will nevertheless be convenient to refer to any 
triad of numbers x, y, Zy real or imaginary, as the coordinates of a 
point. If all the coordinates are real, the point is real and is de- 
termined by its coordinates as in Art. 1 ; if some or all of the 
coordinates are imaginary or complex, the point will be said to be 
imaginary. Similarly, a set of plane coordinates w, v, w will de- 
fine a real plane if all the coordinates are real ; if some or all 
of the codrdinates are imaginary, the plane will be said to be 
imaginary. 

A linear equation in Xy y, z, with coefficients real or imaginary, 
will be said to define a plane, and a linear equation in u, v, Wy 
with coefficients real or imaginary, will be said to define a point. 

The equations of any two distinct planes, considered as simul- 
taneous, will be said to define a line. It follows that if (a^i, y^y z^ 
and (^2, y^ z^ are any two points on the line, then the coordinates 
of any other point on the line can be written in the form 
k^x^ 4- k^y etc. The line is also determined by the equations of 
any two distinct points on it. 

The line joining two imaginary points is real if it also contains 
two real points. If P =(a + lA:, 6 -f ily c + im) is an imaginary 
point, the point P' =(a — iky b ^ ily c — m), whose cobrdinates 
are the respective conjugates of those of P, is called the point 
conjugate to P, The line joining any two conjugate points is 
real ; thus the equations of the line PP' are Ix — ky -r bk — cU = Oy 
(bm — cZ)a; 4-(cA: — am)y -\'((il — bk)z = 0. The line of intersec- 

44 
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tion of two imaginary planes is real if through it pass two distinct 
real planes. The line of intersection of two conjugate planes 
is real. 

From the preceding it follows that no imaginary line can con- 
tain more than one real point, and through an imaginary line 
cannot pass more than one real plane. If a plane passes through 
an imaginary point and not through its conjugate, the plane is 
imaginary. If a point lies in an imaginary plane and not in 
its conjugate, the point is imaginary. 

One advantage of using the form of statement suggested in this 
Article is that many theorems may be stated in more general form 
than would otherwise be possible. We may say, for example, 
that every line has two (distinct or coincident) points in common 
with any given sphere. 

With these assumptions the preceding formulas will be applied 
to imaginary elements as well as to real ones. No attempt will be 
made to give to such formulas a geometric meaning when imagi- 
nary quantities are involved. 

In the following chapters, in all discussions in which it is 
necessary to distinguish between real and imaginary quantities, 
it will be assumed, unless the contrary is stated, that given points, 
lines, and planes, and the coefficients in the equations of given 
surfaces, are real. 

EXERCISES 

1. Show that the point (2+t, 1+3 1, i) lies on the plane «— 2 y + 5 z=0. 

2. Find the coordinates of the points of intersection of the line whose 
parametric equations are (Art. 20) aj = l + Ad, y = — 2-f-^<2, « = 5 — JJd, 
with the sphere x^ + y^-\-z^ = 1. 

3. Show that the line of intersection of the planes as + ly = 0, (1 + i)x + 
(3-2i*)y = 0isreal. 

4. Find the co5rdinates of the point of intersection of the line through 
(3,2, -2) and (4, 0, 3) with the plane x + 3 y+ (1-2 i)«+ 1 =0. 

5. Find the equation of the plane determined by the points (5 + i, 2,-2 
-0, (4 + 2t-, -l+2i, 0), (i, l + 2i, 1 + 30. 

6. Determine the points in which the sphere (as — 1)^ + y^ + (« +2)2 = 1 
intersects the X-axis. 
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42. Loci of equations. The locus defined by a single equation 
among the variables x, y, z is called a surface. A point 
P = (xi, yi, Zi) lies on the surface JP* = if , and only if, the coor- 
dinates of P satisfy the equation of the surface. We have seen, 
for example, that the locus of a linear equation is a plane. More- 
over, the locus of the equation 

is a sphere of radius unity with center at the origin. 

The locus of the real points on a surface may be composed of 
curves and points, or there may be no real points on the surface ; 
for example, the locus of the real points on the surface 

a;2 + 2^2 = 
is the Z-axis ; the locus of real points on the surface 

i»* + y* + 2!* = 

is the origin; the surface 

a^ + y* + 2'H-l = 
has no real points. 

If the equation of a surface is multiplied by a constant different 
from zero, the resulting equation defines the same surface as be- 
fore; for, if i''= is the equation of the surface and k a constant 
different from zero, the coordinates of a point P will satisfy the 
equation kF=0 if, and only if, they also satisfy the equation P=0. 

The locus of two simultaneous equations is the totality of the 
points whose coordinates satisfy both equations. If F{Xf y, z)=0, 
f(Xf y, z)=0 are the equations of two surfaces, then the locus of 
the simultaneous equations P= 0, /= is the curve or curves in 
which these surfaces intersect. Every point on the curve of in- 
tersection may be imaginary. 

The locus of three simultaneous equations is the totality of the 
points whose coordinates satisfy the three simultaneous equations. 

EXERCISES 

1. Find the equation of the locus of a point whose distance from the Z-axis 
is twice its distance from the XF-plane. 

2. Discuss the locus defined by the equation x^-{-z^ = y^. 

3. Find the equation of the locus of a point the sum of the squares of 
whose distances from the points (1, 3, — 2), (6, — 4, 2) is 10. 
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4. Find the equation of the locus of a point which is three times as far 
from the point (2, 6, 3) as from the point (4, —2,4). 

5. Find the equations of the locus of a point which is 6 units from the 
XF-plane and 3 units from the point (3, 7, 1). 

6. Find the equations of the locus of a point which is equidistant from the 
points (2, 3, 7), (3, -4, 6), (4, 3, -2). 

7. Find the coordinates of the points in which the Une a; = — 4, z = 2 in- 
tersects the cylinder y^zz^x. 

43. Cylindrical surfaces. It was seen in Art. 42 that the locus 
of a single equation F(Xy y, 2) = is a surface. We shall now 
discuss the types of surfaces which arise when the form of this 
equation is restricted in certain ways. 

Theorem. If the equation of a surface involves only two of the 
coordinates x, y, z, the surface is a cylindrical surface whose generat- 
ing lines are parallel to the axis whose coordinate does not appear 
in the equation. 

Let f(x, y) = Ohe an equation containing the variables x and y 
but not containing z. If we consider the two equations /(x, y)=0, 
z = simultaneously, we have a plane curve f[Xy y) = in the 
plane z = 0. If (a^ y^, 0) is a point of this curve, X^> ^i) = ^« 
The coordinates of any point on the line a; = a^, y = yi are of the 
form a?!, 2/1, «. But these coordinates satisfy the equation f(xi, y^ 
= independently of z, hence every point of the line lies on the 
surface f{Xy y) = 0. It is therefore generated by a line moving par- 
allel to the Z^xis and always intersecting the curve f(x, y) = in 
the Xr^plane. The surface is consequently a cylindrical surface. 
In the same way it is shown that ^(a?, 2;) = is the equation of a 
cylindrical surface whose generating elements are parallel to the 
Y-axis, and that F(;y, 2) = is the equation of a cylindrical sur- 
face whose generating elements are parallel to the X-axis. 

44. Projecting cylinders. A cylinder whose elements are per- 
pendicular to a given plane and intersect a given curve is called 
the projecting cylinder of the given curve on the given plane. 

The equation of the projecting cylinder of the curve of inter- 
section of two surfaces F(Xy y, z) = 0, f(x, y, 2) = on the plane 
2 = is independent of z (Art. 43). The equations of this cylin- 
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der may be obtained by eliminating z between the equations of the 
curve. 

If i'' and /are polynomials in 2, the elimination may be effected 
in the following way, known as Sylvester's method of elimination. 
Since the coordinates of points on the curve satisfy ^=0 and 
/= 0, they satisfy 

iP=0,2i?'=0,2;2i^=0, ..., /=0, 2/=0,2;y=0, ..., 

simultaneously. If we consider these equations as linear equa- 
tions in the variables 2, %\ T^y •••, and eliminate z and its powers, 
we obtain an equation R{Xy y) = 0, which is the equation required. 
The following example will illustrate the method. 
Given the curve 

The equation of its projecting cylinder on 2; = is found by elimi- 
nating z between the given equations and 

The result is 



=0, 



which simplifies to 

(2/2 - 2 2/ - a;)2 = 9(1- 2 aj)(a:y2^ar^-aj- J). 

The equations of the projecting cylinders on a? = and on y = 
may be found in a similar manner. 

45. Plane sections of surfaces. The equation of the projecting 
cylinder of the section of a surface F{Xy y, 2)= by a plane z = Tc 
parallel to the XT^plane may be found by putting 2 = A; in the 
equation of the surface. The section of this cylinder F(x, y,k) = 
by the plane 2 = is parallel to the section by 2; = /c. Since paral- 
lel sections of a cylinder, by planes perpendicular to the elements, 
are congruent, we have the following theorem : 

Theorem. If in the equation of a surface, we put z — k and con- 
aider tlie result as the equation of a curve in the plane 2 = 0, this curve 
is congruent to the section of the surface by the plane z = k. 
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46. Cones. A surface such that the line joining an arbitrary 
point on the surface to a fixed point lies entirely on the surface is 
a cone. The fixed point is the vertex of the cone. 

Theorem. If the equdtion of a surface is homogenemis in x, y^ Zj 
the surface is a cone with vertex at the origin. 

Let /(a?, y, 2;)= be the equation of the surface. Let / be ho- 
mogeneous of degree n in (a?, y, 2;), and let Pi =(ai, ^i, 2i) be an 
arbitrary point on the surface, so that/(a;i, yj, z^=0. The origin 
lies on the surface, since /(O, 0, 0) = 0. The coordinates of any 
point P on the line joining Pj to the origin are (Art. 6) 

X = kx^, y = kyiy z = A»i, where k = — ^ — • 
But the coordinates of P satisfy the equation, since 

for every value of k. Thus, every point of the line OPi lies on 
the surface, which is therefore a cone with the vertex at the origin. 

EXERCISES 

1. Describe the loci represented by the following equations : 
(«)*» + j/^ = 4. (<|)^ + 2?=1. 

^ ^ 4: 9 

(c) y = 8ina;. (/) x(x- l)Ca;- l)(x- 3) = 0. 

2. Describe as fully as possible the locus of the equation 4 x^ + y^ = 25 z^, 

3. Show that the section of the surface x^ -\- y^ = Qz by the plane 2; = 4 
is a circle. Find the coordinates of its center and the length of its radius. 

4. Find the equation of the projection upon the plane = of the curve 
of intersection of the surfaces 

^21 + 1=0, (x2+y2_i)3j + 2y=o. 

5. Show that the section of the surface x^z'^ + a^y^ = f^z^ by the plane 
2; = A; is an ellipse. Find its semi-axes. By giving k a series of values, de- 
termine the form of the surface. 

6. Show that if the equation of a surface is homogeneous mx^ h, y-^ k, 
z — I, the surface is a cone with vertex at (h, k, I). 

7. By using homogeneous coordinates, show that the cylinder /(x, yjt)=0 
can be considered a cone with vertex at (0, 0, 1,0). 
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47. Snrfaces of revolution. The surface generated by revolving 
a plane curve about a line in its plane is called a surface of revo- 
lution. The fixed line is called the axis of revolution. Every 
point of the revolving curve describes a circle, whose plane is per- 
pendicular to the axis of revolution, whose center is on the axis 
and whose radius is the distance of the point from the axis. 

To determine the equation of the surface generated by revolving 
a given curve about a given axis, take the plane of the given curve 
for the XT^plane and the axis of revolution for the X-axis. Let 
the equation of the given curve in 2 = be /(a?, y) = 0. Let 
Pi = (a?!, yij 0), Fig. 22, be any point on the curve, so that /(a?i, y^ = 




Fig. 22. 



and let P = (aj, y, z) be any point on the circle described by Pj. 
Since the plane of the circle is perpendicular to the X-axis, the 
equation of this plane is a? = x^. The coordinates of the center C 
of the circle are C= (xi, 0, 0); and the radius CPi is yi. The 
distance from C to P is 



On substituting ^^ ^ ^^ ^^ ^ ^_,_-, 

in the equation /(aji, yi)=0 we obtain, as the condition that the 
point P lies on the surface, 

/(a?, V2M^)=0, 

which is the desired equation. 

In the same way it may be seen that the equation of the sur- 
face of revolution obtained by revolving the curve /(a?, y) = about 
theF-axisis ^^^^_^^^^^^_ 
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EXERCISES 

1. What is the equation of the surface generated by revolving the circle 
a;2 + y2 — 26 about the X-axis ? about the F-axis ? 

2. Obtain the equation of the surface generated by revolving the line 
2x + Sy = 16 about the X-axis. Show that the surface is a cone. Find its 
vertex. What is the equation of the section made by the plane x = ? 
Find the equation of the cone generated by revolving the line about the 
F-axis. 

3. Why is the resulting equation of the same degree as that of the gen- 
erating ciurve in Ex. 1, but twice the degree of the given curve in Ex. 2 ? 
Formulate a general rule. 

4. What is the equation of the surface generated by revolving the line 
y = a about the X-axis ? about the F-axis ? 

5. If the curve /(x, y) = crosses the a;-axis at the point {zu 0, 0), de- 
scribe the appearance of the surface 

/(ar, Vy2 + g'i) = near the point (xi, 0, 0). 

6. Find the equation of the surface generated by revolving the following 
curves about the X-axis and about the F-axis. Draw a figure of each surface. 

(«) ^ + ^ = 1- (c) y2 = 8a;. (e) y = sinx. 

4 9 

a* 0^ 



CHAPTER V 

TH£ SPHERE 

48. The equation of the sphere. The equation of the sphere 
having its center at (aro, ^o> ^o) ^^^ radius r is 

{X - XoY +(y - yoY + (2^ - zof =f, (1) 

or 

Any equation of the form 

a(pi^-{-f + z^)-^2fx + 2gy-^2hz + k = 0, a^O (2) 

may be written in the form 

If p-\-g^ + h^ — (ifc > 0, this is seen, by comparing with (1), to be 

a sphere with center at f — •— , — ^, ] and radius 

\ a a a) 

a 

If the expression under the radical sign vanishes, the center is 
the only real point lying on the sphere, which in this case has a 
zero radius, and is called a point sphere. If the expression under 
the radical is negative, no real point lies on the locus, which is 
called an imaginary sphere. 

49. The absolute. We shall now prove the following theorem : 

Theorem I. All spheres intersect the plane at infinity in the 
same curve. 

In order to determine the intersection of the sphere and the 
plane at infinity, we first write the equation of the sphere in 
homogeneous coordinates : 

a{Q^^f-^7^)^2fxt'{-2gyt '^2hzt + A;^* = 0, a^O, 

52 
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The equations of the curve of intersection of this sphere with the 
plane at infinity are 

^ = 0, ix^ + y^-^z^==0. (4) 

Since these equations are independent of the coefficients a, /, gr, 
h, k which appear in the equation of the sphere, the theorem 
follows. 

The curve determined by equations (4) is called the absolute. 
Since the homogeneous coordinates of a point cannot all be zero 
(Art. 29), there are no real points on the absolute. 

The equation of any surface of second degree which contains 
the absolute may be written in the form 

a («^ + 2/^ 4- 2^) + Qcx '{-ly-\-mz-{'nt)t = 0. 

If a =^ 0, this is the equation of a sphere (Art. 48). If a = 0, the 
locus of the equation is two planes of which at least one is t = 0. 
In the latter case also, we shall call the surface a sphere, since 
its equation is of the second degree and it passes through the abso- 
lute. When it is necessary to distinguish it from a proper sphere, 
it will be called a composite sphere. With this extended defini- 
tion, we have at once the following theorem : 

Theorem II. Every surface of the second degree which contains 
the absolute is a sphere. 

Any plane 

ux4-vy'{-wz-\-st = (ij 

other than ^ = 0, intersects the absolute in two points whose coor- 
dinates may be found by solving the equation of the plane as 
simultaneous with the equations of the absolute. Any circle in 
this plane is the intersection of the plane with a sphere. Since 
the absolute lies on the sphere, the circle must pass through the 
two points in which its plane intersects the absolute. These two 
points are called the circular points in the plane. 

Evidently all the planes parallel to the given one will contain 
the same circular points. The reason for the designation circu- 
lar points is seen from the fact that any conic lying in any real 
transversal plane and passing through the circular points is a 
circle, as will now be shown. Since the equations of the absolute 
are not changed by displacement of the axes, it is no restriction 
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to take z = for the equation of the transversal plane. The 
coordinates of the points in which the plane z = meets the 
curve i =^ 0, oj^ -I- y* + 2* = are (1, i, 0, 0), (1, — i, 0, 0). A conic 
in the plane 2 = has an equation in homogeneous coordinates 
of the form 

Aa? H- By^ -\-2Hxy -{- 2 Gh!t -^ 2 Fyt + Ct^ =: 0. 

If the points (1, i, 0, 0), (1, — i, 0, 0) lie on this curve, 

A=B, H=zO. 

But these are exactly the conditions that the conic is a circle. 
Conversely, it follows at once that every circle in the plane 2 = 
passes through the two circular points in that plane. A conic 
in an imaginary plane will be defined as a circle if it passes 
through the circular points of the plane. 

If the two circular points in a plane coincide, the plane is said 
to be tangent to the absolute. Such a plane is called an isotropic 
plane. The condition that the plane ux -\' vy -^ wz -\- st = is 
isotropic is found, by imposing the condition that its intersections 
with the absolute coincide, to be 

u^ + v^-\.w^ = 0. (6) 

This equation is the equation of the absolute in plane coordinates. 

EXERCISES 

1. Write the equation of a sphere, giveu 

(a) center at (0, 0, 0) and radius r, 
(&) center at (— 1, 4, 2) and radius 6, 
(c) center at (2, 1, 5) and radius 4. 

2. Determine the center and radius of each of the following spheres: 

(a) «2 + y2 + 2,2 _|. 7aj 4. 2y + « J. 6 = 0. 
(6) «« + y« + 02 _}. 2 a + 4 y - 6 « + 14 = 0. 
(f) 2(x^-\-y^'\-z^)-x-2y-\-6z + 6=z0, 
(d) x2 + y2 _|. g2 ^fx = 0. 

3. Find the points of intersection of the* absolute and the plane 

2a; — y + 2« + 16«=0. 

4. Find the coordinates of the points of intersection of the line x =— 2 
+ fd, y = 8-Jd, « = -2 + Jd with the sphere x^ -{-t/^ + z^ -^1 =0. 

5. Show that x^ + y^ + z^ = \b the equation of a cone. 

6. Find the distance of the point (1, 0, t') from the origin. 
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7. Show that the radius of the circle in which z = 2 intersects the sphere 
x^ + y^ + z^ = l is imaginary. 

8. Prove that, if (xi, yi, zi) is any point exterior to the sphere (x — xo)^ 

4- (y — Vo)^ + (« — «o)* = r^, the expression (xi — a:©)' + (yi - Vo)^ + («i — «o)^ 
— f^ is the square of the segment on a tangent from (xi, 3^1, zi) to the point of 
contact on the sphere. 

50. Tang;ent Plane. Let P={pCij y^, Zi) be any point on the 
sphere 

The plane passing through P perpendicular to the line joining P 
to the center of the sphere is the tangent plane to the sphere at P. 
It is required to find its equation. The coordinates of the 

center are ( — -,— 2, V The equations of the line joining 

\ a a aj 

the center to P are (Art. 19) ^>i^^^^^^^^^>^ 

x-Xi y-y^ z-z^ ^ // ^\/\^^^^^--^ 



a a a I -^^^^^^^ 1 X 

The equation of the plane passing \ '"'•■ " y 

through P and perpendicular to this x^ y^ 

line is pj^ 23. 

(X + x,yx - X,) + g + y^yy - yO+(^ + z,yz - z,) = 0. 

If we expand the first member of this equation and add to it 
« W + yi^ + «i') -\-2 fa^ -{-2 gyi -^ 2 hzi + k, which is equal to zero 
since the point (xi, y^, z^ lies on the sphere, we obtain 

a(x^x + y^y 4- z^z) + f{x + x^) -f g{yi + y) 4- /i(«i + ») + A; = 0, (6) 
which is the required equation of the tangent plane. 

51* The angle between two spheres. The angle between two 
spheres at a point Pi on their curve of intersection is defined as 
equal to the angle between the tangent planes to the spheres at P^ 

To determine the magnitude of this angle, let the coordinates 
of Pi be (»!, yi, ^i) and let the equations of the spheres be 

a(iB* + 2/» + 2*)+2/aj + 2gf2/ + 2^2-hA: = 0, 
a'(aj2 ^fj^z^)+ 2fx + 2g'y-h2 h'z + A;' = 0. 
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The equations of the tangent planes to these spheres at P^ are 

a(a?,aj -f yi2/ + «i2) +/(« 4- a?i) + S'Cy 4- yi) + ^(2 + »i) + ^ = 0. 
a\x^x + y^ + z^z) + f\x + aji) -h g\y + y^) + h\z + z^ + A;' = 0. 

Since the angle B between the spheres is equal to the angle 
between these planes, we have (Art. 16) 

(flwci +/)(a'xi 4-/) + (ayi + g){a'yi + g'^ + {azi+h){a'zi + V) 



Since {x^ yj, 2i) lies on both spheres, this relation reduces to 

COStf = >/^ n- yy -r /jn 

2 v(/^ + ^2 + /^2 - afevy^ + ^'2 + ^'* - «'A;' 

Since this expression is independent of the coordinates of P^ we 
have the following theorem : 

Theorem. Tvx) spJieres intersect at the same angle at all points 
of their carve of intersection. 

If ^ = 90 degrees, the spheres are said to be orthogonal. The 
condition that two spheres are orthogonal is 

2ff +*2 gg' + 2 A^' - ak' - a'k = 0. (8) 

52. Spheres satisfying given conditions. The equation of a 
sphere is homogeneous in the five coefficients a, /, g, h, k. Hence 
the sphere may be made to satisfy four conditions, as, for example, 
to pass through four given points, or to intersect four given 
spheres at given angles. If the given conditions are such that 
a = 0, the sphere is composite (Art. 49). 

EXERCISES 

1. Prove that the point (—3, 1, — 4) lies on the sphere x^ + ys + «* 4- 6 x 
+ 24^ + 82 = and write the equation of the tangent plane to the sphere at 
that point. 

2. Find the angle of intersection of the spheres x^ + y^ + 2?^ + x + 6 y 
+ 20 + 9 = 0, xa + y2 + «* + 5x + 30 + 4 = O. 

3. Find the equation of the sphere with its center at (1, 3, 3) and making 
an angle of 60 degrees with the sphere x^ -{-y^ + z^ = 4. 

4. Determine the equation of the sphere which passes through the points 
(0, 0, 0), (0, 0, 3), (0, 2, 0), (1, 2, 1). 
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5. Determine the equation of the sphere which passes through the points 
(1, 8, 2), (3, 2, - 5), (- 1, 2, 3), (4, 6, 2). 

6. Write the equation of the sphere passing through the points (2, 2, — 1), 
(3, — 1, 4), (1, 3, — 2) and orthogonal to the sphere 

x^ + y2 + «" — 3 a; + y 4- « = 0. 

7. Write the equation of the sphere inscribed in the tetrahedron x = 0, 
y = 0, 6x+12« + 8 = 0, 3x-12y + 4« = 0. 

53. Linear systems of spheres. Let 

S' = a' {x" + y^ + z^ -]-2f'x -\-2g'y + 2h'z -\-k' = 

be the equation of two spheres. The equation 

\iS + X^S' = 0, 

or (aXi -f a%){x' + y2^z^)+2 (f\, -^f\,) x-^2 (g\, + g'X,) y 

-f 2 (/iXi + ^'Ag) 2 + A;Ai -f IdX^ = 

also represents a sphere for all values of Ai and Ag. Every 
sphere of the system \^S + Aj/S' = contains the curve of inter- 
section of >S = and /S" = (Art. 42). In particular, if aX^ = — a'Aj, 
the sphere Ai-S -+- Aj/S" = is composite; it consists of the plane at 
infinity (which intersects all the spheres of the system in the 
absolute) and the plane 

2 (a'/- af) a? + 2 (a'g - ag^) y-^2 (a!h - ah') z -\- a'k - ak' = 0, (9) 

which intersects all the spheres of the system in a fixed circle, 
common to S = and S' = 0, The plane (9) is called the radical 
plane of the given system of spheres. 

It will now be shown that the radical plane is the locus of the 
centers of the spheres intersecting S = and S' = orthogonally. 
For this purpose let 

ao(p^ + y^-hz') + 2fyD-\-2g^ + 2h^-\-k^ = (10) 

be the equation of a sphere. It will be orthogonal to S if (Art 

61) 

2/o/+ 2gfff -h 2M - OoA; - afco = 0, 

and to S' if 

2/fl/' 4- 2g'ogr' + 2 /yi' - a^ - a% = 0. 
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If we eliminate Jcq between these two equations, we have 
2(a'/-a/)/o4-2(a'sr-a^>o+2(a'^-afe')^o-(a'A;-afc')ao=0, (11) 

which is exactly the condition that the center l-'^, --*^, — ^ I 

of the orthogonal sphere lies in the radical plane (9). Con- 
versely, iiooffo, go, Kq are given numbers which satisfy (9), a value 
of Jcq can be found such that the corresponding sphere (10) is 
orthogonal to every sphere of the system \iS + k^S' = 0. 
Again, if 

i8'"=a"(«* + y«-h 2') +2/"aj -|-2^'V + 2A"2;-|-A:" = 

is a sphere whose center does not lie on the line joining the 
centers of S and S\ every sphere of the system 

X,S -f X^S' + \,S" = (12) 

passes through the points of intersection of the spheres aS=0, 

S' = 0, S" = 0. 

Every sphere of the system (12) determined by values of 

Xi, Aj, Aj for which 

Aitt 4- Ajtt' + Asa" = 

is composed of two planes of which one is the plane at infinity 

and the other passes through the line 

2 (a'/- af')x + 2 (a'g - ag')y -|- 2 (a'A - ah')z -h a'k - aV = 0, (13) 

2(aY-a/'0«+2(a''V-a^'>+2(a''A-a^'0«+«''^-«^' = ^• 
This line is called the radical axis of the system of spheres (12). 
By comparing equations (13) with (11) and the equation analo- 
gous to (11) for >S" = (X. it may be shown that the radical axis is 
the locus of centers of the spheres which intersect all the spheres 
of the system (12) orthogonally. 
Now let 

>S'" = a'" (x'-hy^'h z^) H- 2/'"a; + 2^"2/ + 2 h'^'z + A/" = 

be the equation of a sphere whose center is not in the plane de- 
termined by the centers of /S' = 0, /S" = 0, aS" = 0. The condition 
that a sphere of the system 

Ai5 4- X28' + Aa^" -f A46"" = 

is composite, is that Aj Aj A, and A4 satisfy the relation 

Ajtt -t- Ajja' -h Aga" -f A4a'" = 0. 
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The sphere orthogonal to all the spheres of the system is in 
this case uniquely determined by equations analogous to (10). 
The center of this orthogonal sphere is called the radical center 
of the system. Through the radical center passes one plane of 
every composite sphere of the system. 

EXERCISES 

1. Prove that the center of any sphere of the system \iS + 'KiS' = lies 
on the line joining the center of iS^ = to the center of 8' = 0. 

2. Prove that the line joining the centers of the spheres S = and 5' = 
is perpendicular to the radical plane of the system \iS-{- \2S' = 0. 

3. Show that the raldical axis of the system \i8 -\- ^28' -\- MS " = is per- 
pendicular to the plane of centers of the spheres belonging to the system. 

4. Determine the equation of the system of spheres orthogonal to the 
system \iS+\2S' + X^S'' = 0. 

5. Show that two point spheres are included m the system \iS + Xs^' = 0. 

6. Show that any sphere of the system XiS + MS' =0 is the locus of 
a point, the ratio of whose distances from the centers of the two point 
spheres of the system is constant. 

7. If ^ = 0, S' = 0, 8^' = 0, 8"' = 0, 8"" = are the equations of five 
spheres which do not belong to a linear system of four or less terms, show 
that the equation of any sphere in space can be expressed by the equation 

54. Stereographic projection. Let O be a fixed point on the 
surface of a sphere of radius r, and let ir be the plane tangent to 
the sphere at the opposite end of the diameter passing through 
0. The intersection with tt of the line joining to any point Pj 
on the surface is called the 
stereographic projection of 
P, (Fig. 24). 

To determine the equa- 
tions connecting the co- 
ordinates of Pi and its 
projection, take the plane 
TT for the plane 2 = 0, and 
the diameter of the sphere 
through O for Z-axis. The 
equation of the sphere is 
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The equations of the line joining = (0, 0, 2 r) to Pi = (xi, y^ z^ 
on the sphere are (Art. 19) 

To determine the coordinates (a?, y, 0) of P, the point in which 
OPi intersects tt, we make the equations of the line simultaneous 
with 2 = 0. On solving for a, y, z we obtain 

2r-z^' ^ 2r-z^' 

These equations can be solved for ajj, y^ z^ by making use of the 
fact that, since Pi lies on the sphere, 

The results are 

^ -3^2 ^2^2 ^4^.2' ^i""a^ + y2^4^' ^^~"aj2^2^2^4y2' ^ >' 

Theorem I. The stereographic projection of a circle is a circle. 

Let the equation of the plane of the given circle on the sphere be 

Ax-hBy-i-Cz-^-D^O, 

The condition that Pi lies on this circle is consequently 

Axi + Byi+Czi'^D = 0. 

If we substitute from (14) in this equation, we obtain as the 
equation of the stereographic projection, 

4 Ar^ 4- 4 Br^y 4- 2 (7r (oj* + y*) 4- ^ (aj^ + y* + 4 r*) = 0, (15) 

which represents a circle in the XF-plane. 

In particular, if the plane of the given circle passes through 0, 
the stereographic projection of the circle is composite. The con- 
dition that the plane 

Ax + By-hOz-^-D^O 

passes through is 

2r(7-|-2> = 0. 

If this condition is satisfied, the equation of the circle of projec- 
tion is, in homogeneous coordinates, 

t(Ax'\-By'\-Dt) = 0. 
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The points of the line i = correspond only to the point itself. 

The line 

Ax-^By + Dt^O 

is the line of intersection of the plane of the circle and the plane 
of projection. We have consequently the following theorem : 

Theorem II. The circles on the sphere which pass through the 
center of projection are projected stereographicaUy into the lines in 
which their planes intersect the plane of projection. 

The angle between two intersecting curves is defined as the 
angle between their tangents at the point of intersection. We 
shall prove the following theorem : 

Theorem III. The angle between two intersecting curves on the 
sphere is equal to the angle between their stereographic projections. 

It will suffice if we prove the theorem for great circles. For, 
let C\ and Cj be any two curves whatever on the sphere having 
a point P in common. The great circles whose planes pass 
through the tangents to Oi and (7^ at P are tangent to Ox and 
C'2, respectively, at P'. Let Ci, Cj, and Pi be the stereographic pro- 
jections of (7i, Cjj and P'. The stereographic projections of 
the great circles are tangent to Ci and Ci, respectively, at Pi so 
that the angle between them is the angle between Ci and 
C2. If, then, the theorem holds for great circles, it holds for all 
intersecting curves. 

The condition that a circle is a great circle is that its plane 

u4a:4--ByH-C2 + Z) = 
passes through the center (0, 0, r) so that 

Cr-f 2> = 0. 

The equation (15) of the stereographic projection reduces to 
C(i»» + y^ 4- 4 r{Ax + By-' rC) = 0. 

The angle between two great circles is equal to the angle be- 
tween theic planes, since the tangents to the circles at their com- 
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mon points are perpendicular to the line of intersection of their 
planes. The angle between the planes 

Ax + By + Cz-Cr = 
and A'x + B^y+Cz-Cr=:0 

is defined by the formula (Art. 16) 

cos 6 = ' — ^ • (16) 

The tangents to the projections 

0(0^ + y^) -{- 4:r(Ax -^ By - rC) = 0, 
t7(«* + 2^*) -h 4 r (^'a; -h B'2^ - r (7) = 

of the given circles, at the point (ajj, yi) in which they intersect, are 

{Cxi-^2rA)x + ( Cyi '{'2rB)y + 2 rAx^ + 2 rBy^ - 4 r«(7 = 0, 
((7aji -{•2rA)x + {Cyi -h 2 rB')y + 2 rA% + 2 rB^y^ - 4r20' = 0. 

The angle <^ between these circles is given by the formula 

cos 4^ = 

(Ca?|4-2r^)((7a?i + 2r^0 + (CVi4-2r^)((7yi + 2rB^) 

V(aci + 2 rAy+ (Cyi + 2 r^)^ -^{0% + 2 r^')'+ (C^'^i + 2 r^)« • 

By expanding this expression and making use of the fact that 
(«!, yi) lies on both circles, we may simplify the preceding equa- 
tion to 

C0S9=s — _ « (17) 

From (16) and (17) we have cos $ = cos <^. We may conse- 
quently choose the angles in such a way that B = il>y which proves 
the proposition. 

The relation established in Theorem III makes stereographic 
projection of great importance in map drawing. 



CHAPTER VI 

FORMS OF QUADRIC SURFACES 

55. Definition of a quadric. The locus of an equation of the 
second degree iix x, y, z is called a quadric surface. In this chapter 
certain standard types of the equation will be considered. It will 
be shown later that the equation of any non-composite quadric 
may, by a suitable transformation of coordinates, be reduced to 
one of these types. 

56. The ellipsoid. The locus of the equation 

a? b^ (^ 

is called the ellipsoid. Since only the second powers of the varia- 
bles X, y, z appear in the equation, the surface is symmetrical as 
to each coordinate plane, as to each coordinate axis, and as to the 
origin. 

The coordinates of the points of intersection of the ellipsoid 
with the X-axis are found by putting y = z = to be (± a, 0, 0). 
Its intersections with the I^axis are (0, ± 6, 0), and with the Z-axis 
are (0, 0, ± c). These six points are called the vertices. The seg- 
ments of the coordinate axes included between the vertices are 
called the axes of the ellipsoid. The point of Intersection of the 
axes is called the center. The segments from the center to the 
vertices are the semi-axes; their lengths are a, &, c. We shall 
suppose the coordinate axes are so chosen that a ^^ 6 ^ c > 0. The 
segment joining the vertices on the X-axis is then known as the 
major axis ; that joining the vertices on the F-axis as the mean 
axis ; that joining the vertices on the Z-axis as the minor axis. 

The section of the ellipsoid by the plane 2; = A; is an ellipse 
whose equations are 



-t"?) <^-|) 
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The Bemi-axes of thia ellipse are aWi_^, 6\/l — -. As \k\ in- 

creasBB from to c, the axes of the ellipses of section decrease. 
If \k\=c, the ellipse reduces to a point. If | fc | > c, the ellipse 
of section is imaginary, since its axes are imaginary. The real 
part of the surface 
therefore lies en- 
tirely between the 
planes z = c and 
z= — c. 

In the same man- 
^ ner, it is seen that 
the plane y =: k' 
intersects the sur- 
face in a real ellipse 
ii\k'\<b, that the 
ellipse reduces to 
"°-="- apoint if |*:'|=6, 

and that it becomes imaginary if | ft' | >b. Finally, it is seen 
that the section x = k" is a real ellipse, a point, or an imaginary 
ellipse, according as | fc" | is less than, equal to, or greater than a. 
The ellipsoid, there- 
fore, lies entirely 
within the rectan- 
gular parallelepiped 
formed by the planes 




x = - a, y= -b, 
z= — c, and has one 
point on each of these 
planes (Fig- 25). 

If a = 6 > c, the 
ellipsoid is a surface of revolution (Art. 47) obtained by revolving 
the ellipse . ■., 



about its mil 
lta>b = 



IT asis. This surface is called an oblate spheroid. 

c, the ellipsoid is the surface of revolution obtained 
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by revolving the same ellipse about its major axis. It is called a 
prolate spheroid. 

If a = 6 = c, the surface is a sphere. 

57. The hyperboloid of one sheet. The surface represented by 
the equation 

is called an hyperboloid of one sheet. It is symmetric as to each of 
the coordinate planes^ as to each of the coordinate axes, and as to 
the origin. 

The section of the surface by the plane z = k is an ellipse 
whose equations are 



This ellipse is real for every real value of k. The semi-axes are 

which are the smallest when A: = 0, and increase without limit as 
I k I increases. For no value of k does the ellipse reduce to a 
point. 
The plane y = A;' intersects the surface in the hyperbola 



x" 



<^-S i'-'i) 



= 1, y = k\ 



If I A;' I < 6, the transverse axis of the hyperbola is the line 
2 = 0, y = A:', and the conjugate axis is a? = 0, y = A:' ; the lengths 

k^ I k^ 
1 — — , c^l — T^. As I A;' I increases from 

zero to 5, the semi-axes decrease to zero. When | A;' | = 6, the 
equation cannot be put in the above form, but becomes = 

and the hyperbola is composite ; it consists of the two lines 

a c a c 
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when k' = — b, the hyperbola consists of the lines 

? + £ = 0, y = -h; --? = 0, y = -h. 

These four lines lie entirely on the surface. If | if | > 6, the 
transverse axis of the section is x = 0, y = k' and the conjugate 
axis is 2 = 0, ^ = k'. The len^hs of the semi-azea are 



They increase without limit as k' increases. 
The plane x = Jc" intersects the surface iu the hyperbola 

— fc^ 



F^ <-?) 



If I Jfc" I < a, the transverse axis of this hyperbola is z = 0, x = k". 
The section on the plane x = a consists of the two lines 

| + ? = 0, x=a; ^-- = 0, x = a. 
The section on the plane x = — a consists of the lines 

l + ' = 0, X "if---"' » "■ 

If I ft" I >o, the line y = 0, a; = A;" ia the transverse axis and z = 0, 
X = ft" is the conjugate axis. 
As ] ft" [ increases, thelengths 
of the semi -axe 3 increase with- 
out limit. The form of the 
snrfaceis indicated in Fig. 26. 




Arts. 57, 58] THE HYPERBOLOID OP TWO SHEETS 67 



If a = 6, the hyperboloid is the surface of revolution obtained 
by revolving the hyperbola 

about its conjugate axis. 
58. The hyperboloid of two sheets. The locus of the equation 

is called an hyperboloid of two sheets. It is symmetric as to each 
of the co5rdinate planes, the coordinate axes, and the origin. 







Pia. 27. 
The plane z = % intersects the surface in the hyperbola 



„.(l + ^ 5.(l4-f) 



= 1, z = k. 



The transverse axis is y = 0, 2 = A:, for all values of k. The 
lengths of the semi-axes are a\/l H — , ^-i/lH — • They are 

smallest for A; = 0, namely a and 6, and increase without limit as 
I A; I increases. The hyperbola is not composite for any real 
value of k. 
The plane y = k' intersects the surface in the hyperbola 
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The transverse axis is z = 0, y = k'. The conjugate axis is 
x = (i,y = Ti'. If Te' = 0, the lengths of the semi-axes are a and c ; 
they increase without limit as k' increases. 

The plane x = k" intersects the surface in the ellipse 



= 1, x = k". 



This ellipse is imaginary if |%"|<a. If {ft"|=a, the 
axes me zero; they increase without limit as k" increases. 



If 6 = c, the hyperboloid of two sheets is the surface of revolu- 
tion obtained by revolving the hyperbola 

■!"-!■. 1, , = 

about its transverse axis. 

59. The imaginary ellipsoid. The surface defined by the equa- 
tion 



is called an imaginary ellipsoid. Since the sum of the squares of 
three real numbers cannot be negative, there are no real points on 
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EXERCISES 

1. By translating the axes of coordinates, show that the surface defined 
by the equation 2 3$^ + St/^ + 4z^ ^ ^x — 6y + Wz + 16 = is &n ellipsoid. 
Find the coordinates of the center and the lengths of the semi-axes. 

2. Classify and describe the surface x^ + y^ — 4x— Sy -^-lOz = 20 — z^, 

3. Show that the surface 2x^ — Sz'^ — 6z = T — 2y^\sa. surface of revo- 
lution. Find the equations of the generating curve. 

4. On the hyperboloid of one sheet a;^ -f y^ _ z'^ = l, find the equations 
of the two lines which pass through the point (1, 0, 0) ; through (— 1, 0, 0). 

5. Classify and plot the loci defined by the following equations : 
(a) 9x2+ 16y24.26«2 = 1, (d) x2 + y2 _ 4^2 - 25, 
(6) 4x2- 9y2_ 165-2 = 25, (e) x^ +4y^ -{- z^ = 9, 

(c) 4x2-16^24.95.2 = 25, If) x2 + 4^24. 9^52 4. 8-0. 

60. The elliptic paraboloid. The locus of the equation 

a* 62 

is called an elliptic paraboloid. The surface is symmetric as to 
the planes x = and y = but not as to 2; = 0. It passes through 
the origin, and lies on the positive side of 2 = if n is positive 
and on the negative side if n is negative. In the following dis- 
cussion it will be assumed that n is positive. If n is negative, it 
is necessary only to reflect the surface on the plane 2 = 0. 

The section of the paraboloid by the plane z = k is an ellipse 
whose semi-axes are a V2 nk and 6 V2 nky respectively. If A: < 0, 
the ellipse is imaginary. If A; = 0, the ellipse reduces to a point, 
the origin. As k increases, the semi-axes of the ellipse increase 
without limit. 

The section of the paraboloid by the plane y = k^ is the 
parabola 

t = 2nz-^, y = Jc'. 

For all values of k' these parabolas are congruent. As k' in- 
creases, the vertices recede from the plane 2^= along the parabola 

•i- = 2 712, x = 0. 

6« 
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Tbe sections by the plaues x = 
k" are the congruent parabolas 



Their vertices describe the pa* 
rabola 



The form of the surface is in- 
dicated by Fig. 28. 



If a = 6, the paraboloid is 
the surface of revolution 
generated by revolving the 

parabola — = 2 nz, y = 

about the Z-axis. 

61. The byperboUc parab- 
oloid. The surface defined 
by the equation 



is called an hyperbolic paraboloid. The surface is symmetric as to 
the planes a; = and y = 0, but not as to z = 0. 

As before, let it be assumed that n > 0, The plane z = k inter- 
sects the surface in the hyperbola 

.^ ?^ = l 2 = ft 

a^2iik b^2nk ' 

It ft > 0, the line a; = 0, a = ft is the transverse axis and j/ = 0, 
£ = ft is the conjugate axis. If ft < 0, the axes are interchanged. 
The lengths of the semi-axes increase without limit as |ft| increases. 
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When k = 0, the section of the paraboloid consists of the two 
lines 




The sections of the surface by the planes y = h' are the con< 
gnient parabolas 



The vertices of these 
parabolas describe the 
parabola 

t=-2nz, x = 0. 

The sections by the 
planes x='k" are 
congruent parabolas 
whose vertices de- 
scribe the parabola 

^ = 2 ns, y = 0. 

62. The quadric cones. The cone (Art. 46) 
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is called the real quadric cone. Its vertex is at the origin. The 
section of the cone by the plane 2 = c is the ellipse 

The cone is therefore the locus of a line which passes through the 
origin and intersects this ellipse. 

If a = 6, the surface is the right circular cone generated by re- 

volving the line - = -, y = about the Z-axis. 

a c 



The equation 



a" b^ c2 



represents an imaginary quadric cone. There are no real points 
on it except the origin. 

63. The quadric cylinders. The cylinders (Art. 43) whose 
equations are 

^ + ^^ = 1; ^,-g = l; ^, + |-; = -l; y^ = 2px 

(V ¥ d?- W" a^ b^ 

are called elliptic, hyperbolic, imaginary, and parabolic cylinders, 
respectively, since the sections of them by the planes z= k are 
congruent ellipses, hyperbolas, imaginary ellipses, and parabolas, 
respectively. 

64, Summary. The surfaces discussed will be enumerated 
again for reference. 

^ + y! 4. ?_' = 1. Ellipsoid. (Art. 56) 

o? W & 

A n 

— -h ^^ - = 1. Hyperboloid of one sheet. (Art. 57) 
a^ or & 

^ __ 2^ _ ^J = 1. Hyperboloid of two sheets. (Art. 58) 

a^ b^ (P- 
404 

--|-?^-f- = — 1. Imaginary ellipsoid. (Art. 59) 

a* b^ & 

- + ^ = 2 712. Elliptic paraboloid. (Art. 60) 
a^ b^ 
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— — ^ = 2nz. Hyperbolic paraboloid. (Art. 61) 

— + ^ — - = 0. Real quadric cone. (Art. 62) 
a? h^ (? 

— f- «^ -I- — = 0. Imaginary quadric cone. (Art. 62) 

a' 6* & 

— ± ^ = ± 1 ; y^^2'px, Quadric cylinders. (Art. 63) 

EXERCISES 

Classify the following surfaces : 

1. 4«2-6a;2 4.2y2=:3. 

2. a;2 + 3y2 + 5x + 2y + 7=0. 
3: a;2 _|. 3 y2 + 4 a; _ 2 « = 0. 

4. 4a;2 + 4y2_3-j2 = o. 

5. 2«2_a52-3y2„2a;- 12y = 15. 

6. x2-2y2_6y-62r =0. 

7. Find the equation of and classify the locus of a point which moves so 
that (a) the sum of its distances, (6) the difference of its distances from two 
fixed points is constant. Take the points (± a, 0, 0). 

8. Find and classify the equation of the locus of a point which moves so 
that its distance from (a, 0, 0) bears a constant ratio to its distance (a) from 
the plane x = ; (&) from the Z-azis. 

9. Show that the locus of a point whose distance from a fixed plane is al- 
ways equal to its distance from a fixed line perpendicular to the plane is a 
quadric cone. 

10. A line moves in such a way that three points fixed on it remain in 
three fixed planes at right angles to each other. Show that any other point 
fixed on the line describes an ellipsoid. (Sua. Find the direction cosines of 
the line in terms of the coordinates of the point chosen, and substitute in 
formula CI), Art. 3.) 
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CLASSIFICATION OF QUADRIC SURFACES 

65. Intersection of a quadric and a line. The most general form 
of the equation of a quadric surface is (Art. 55) 

-f 2te-f-2my + 27M; + d = 0. (1) 

We shall suppose, unless the contrary is stated, that the coeffi- 
cients are all real, and that the coefficients of the second-degree 
terms are not all zero. 
To determine the points of intersection of a given line (Art. 20) 

aj = a?o + Xr, y == yo -{- /jlt, z=^ZQ-{-vr (2) 

with the quadric (1), substitute the values of x, y, z from (2) in 
F{x, y, z) and arrange in powers of r. The result is 

Qr» + 2i?r + /Sf = 0, (3) 

in which 

Q = a\^ -\- bfjL* + cv^ -\- 2ffjLv + 2 grvX + 2 h\^, (4) 

2?=(aa\,+%o4-9'«o+0^+(^^+&2^o+A+»w)M + (9'«o+/yo+<»o4-n)v 

S = F(x^ y^ 2o). 

The roots in r of equation (3) are the distances from the point 
Pq == (xq, yo, Zq) on the line (2) to the points in which this line 
intersects the quadric. 

If Q :^ 0, equation (3) is a quadratic in r. If Q = 0, but B and 
8 are not both zero, (3) is still to be considered a quadratic, with 
one or more infinite roots. If Q = ^ = )S = 0, (2) is satisfied for 
all values of r and the corresponding line (2) lies entirely on the 
quadric. We have, consequently, the following theorems : 

Theorem I. Every line which does not lie on a given quadric 
surface has two {distinct or coincident) points in common with the 
surface. 

74 
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Theorem II. If a given line has more than two points in common 
with a given quadric, it lies entirely on the quadric. 

For, if (3) is satisfied by more than two values of r, it is satis- 
fied for aU values. 

66* Diametral planes, center. Let Pi and Pj ^ the points of 
intersection of the line (2) with the quadric. The segment PiPj 
is called a chord of the quadric. 

Theorem I. The locus of the middle point of a system of parallel 
chords of a quadric is a plane. 

Let ri and r^ be the roots of (3) so that PqPi = r^ and P0P2 = r^ 
The condition that P© is the middle point of the chord PiP^ is 

PoPi + P0P2 = 0, 
or 

n + ra = 0. 

Hence, from (4), we have 

{aac^ 4- hy^ + gz^ + l)\ + (^0 + ^Vo + A + m)/* 

+ (^aSo + /yo + c2!o + n)v = 0. (5) 

If, now, X, /A, V are constants, but x^ yo> ^q are allowed to vary, 
the line (2) describes a system of parallel lines. The locus of the 
middle points of the chords on these lines is given by (5). Since 
(5) is linear in x^ ^0, z^y this locus is a plane. 

Such a plane is called a diametral plane. 

Theorem II. All the diametral planes of a quadric have at least 
one {finite or infinite) point in common. 

For all values of X, /*, v the plane (5) passes through the inter- 
section of the planes 

ax-\-hy + gz^-l — 0^ 

Aa? + 6y+/« + m = 0, (6) 

g^-\-fy-\-cz-\-n=^ 0. 

In discussing the locus determined by (6), it will be convenient 
to put, for brevity. 



2> = 



a h g 




a h I 




a gl 




h g I 


h b f 


, N^ 


h b m 


, M= 


h f m 


, L=. 


b f m 


9 f c 




9 f ^ 




gen 




fen 



(7) 
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If D ^ 0, the planes (6) intersect in a single finite point 
(Art. 26) 

D D D ^ ^ 

If this point (a?o, y^, Zq) does not lie on the surface, it is called 
the center of the quadric. It is the middle point of every chord 
through it. If the point (% yo? ^o) does li© o^ the surface, it is 
called a vertex of the quadric. In either case the system of planes 
(5) is a bundle with vertex at 

L M 



(- 



If Z) = 0, but Ly My N are not all zero, the planes (6) intersect 
in a single infinitely distant point, the homogeneous coordinates 
of which are found, by making (6) homogeneous and solving, to 
be (L, — My N, 0). The system of planes (5) is a parallel bundle. 
The quadric is, in this case, said to be non-central. 

If the system of planes (6) is of rank two (Art. 35), the planes 
determine a line; the diametral planes (5) constitute a pencil of 
planes through the line. If this line is finite and does not lie 
on the quadric, it is called a line of centers ; if it is finite and does 
lie on the quadric, it is called a line of vertices. If the system is 
of rank one, the diametrical planes coincide. If each point of this 
plane does not lie on the quadric, it is called a plane of centers ; if 
every point of the plane lies on the quadric, it is called a plane of 
vertices. 

Example. Find the center of the quadric 

x^ +Ay^-'Z^-\-4xy + 4yz-\-2zx-\-2x-\-4y-2z-\-d=z0. 

The equations (6) for determining the center are 
a;+2y + «+l = 0, a; + 2y + « + l=0, x + 2y-«-l=0, 

from which a; + 2y = 0, « + l = 0. This line is a line of centers unless 
d = — 1, in which case it is a line of vertices. 

EXERCISES 

1. Find the coordinates of the points in which the line x=l+-r, 

o 
9 r 

y=r — 2 — -r, «=—!+- intersects the quadric x^ -\-Sy^ — ^z^-i-^z — 2y-' 
o o 

46 = 0. 
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Find which of the following quadrics have centers. Locate the center 
when it exists. 

2. «3-2y«+6ar2+ 12x«-ll=0. 

3. 2a^ + y3 — «3 — 2jMf 4-4a;y + 4y«4-2y-4« — 4 = 0. 

4. xy + y«+2?a; — a5-f2y — « — 9 = 0. 

5. 2x2_|.5y2_|_-52_4a^_2a;-4y-8 = 0. 

6. x^ — xz —yz — z =0. 

7. x^ + y^-^z^-'2yz + 2xZ'-2xy-'X-^y — z = 0. 

8. x^-\-iy^ + z^- 4 yz — 2 xz + 4txy + 10 x + by -7 z + 16 = 0. 

9. Show that any plane which passes through the center of a quadric is 
a diametral plane. 

10. Let Pi and P2 be two points on an ellipsoid, and let be its center. 
Prove that if Pi is on the diametral plane of the system of chords parallel to 
OP2, then P) is on the diametral plane of the system of chords parallel to 
OPi. 

67. Equation of a quadric referred to its center. If a quadric 
has a center (xq, y^ Zq), its equation^ referred to its center as origin, 
may be obtained in the following way : 

If we translate the origin to the center by putting 

x^x'-^-x^ y=,y^ + y^ z = z' + Zo, 

the equation F{Xy y,z) = is transformed into 

aaj« + by'* + cz'* 4- 2f'^z' + 2 gz'x' -f 2 hx'y' + 2{(jiai^ + hy^ 4- 
QZ^-\-iy + '^Q^ + 6^0 + A + m)y' 4- 2(^a\,+/yo 4- C2o + n)«' 4- aS = 

wherein, as in Eq. (4), S=sF(xq, y^y Zq). 

Since (xq, yo, z^) is the center, it follows from (6) that 

axo -{- hyo '{' gzo'\' I =0, 

hxo-[-byo+fzo'hm = 0, (8) 

9^ +fyo 4- c^o 4- w =0, 

so that the coefficients of x', y\ z' are zero, and the equation has 
the form (after dropping the accents^ 

aa'4-&y'4-c2;2 4-2^2;4-2T«a;4-2^ajy + /S = 0. (9) 

The function S = -^(ajo, yo? ^j©) may be written in the form 

S = F{x^y^z^) = 
x^{aXfi 4- %o 4- S'sib 4- + V^Q^^ + ^^o 4-/2o 4- m) 4- z^^gx^ ^fy^^cz^^ 

w) 4- i«b 4- m.yo 4- nz^ 4- d. 
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Hence, from (8) we have 

S = lXo-^myo + nZo + d. (10) 

By eliminating Xf^ y^ ai^from (8) and (10) we obtain the relation 

a h g I ' 
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This equation may be written in the form 
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Denote the right-hand member of this equation by d. The 
coefficient of 5 is D (Eq. 7). Hence 

DS = A, 
or, if Di^O, 

^ = |- (11) 

If Z> =?«= and A = 0, it follows from (9) and (11) that the 
quadric is a cone (Art. 46). The vertex of the quadric is the 
vertex of the cone. 

If A = and 5 =^ 0, then Z> = 0. Since (aJo> Pof ^) '^as 
assumed to be a finite point, it follows that L = M= N= so 
that the surface has a line or plane of centevs. 

If A = and S = D = 0, then from (9) the surface is com- 
posite. Every point common to the component planes is a vertex. 

The determinant A is called the discriminant of the given 
quadric. If A = 0, the quadric is said to be singular. If ^=^0, 
the quadric is non-singular. 

68. Principal planes. A diametral plane which is perpendic- 
ular to the chords it bisects is called a principal plane. 

Theorem. If the coefficients in the equation of a quadric are 
realj and if the quadric does not have the plane ai infinity as a com- 
ponenty the quadric has at least one real, finite, principal plane. 



= 0, (14) 
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The condition that the diametral plane (5) 

(aX + V + gv)x + {h\ -h bfi +fv)y -h (^\ +/ft + cv)z + 

is perpendicular to the chords it bisects is (Art. 14) 

X ft V . 

If we denote the common value of these fractions by k, equa- 
tions (12) may be replaced by 

(a — A;)A. '{-hfi + gv = 0, 
h\^(b^k)fji+fv=0, (13) 

9^A+//x-|-(c-fc)v = 0. 

The condition that these equations in X, ft, v have a solution other 
than 0, 0, is 

a — k h g 

h b-k f 

g f c-k 

or, developed and arranged in powers of k, 

Ar»-(a + 6 + c)A:*+(a6 + 6c + ca-/»-^2_^2)^_2> = 0, (15) 

where D has the same meaning as in (7). This equation is called 
the discriminating cubic of the quadric F(Xy y, z) = 0. 

To each real root, different from zero, of the discriminating 
cubic corresponds, on account of (13), (12), and (5), a real finite 
principal plane. Our theorem will consequently be proved if we 
show that equation (16) has at least one real root different from 
zero. The proof will' be given in the next article. 

69. Reality of the roots of the discriminating cubic. We shall 
first prove the following theorem : 

Theorem I. The roots of the discriminating cubic are all real. 

Let ki be any root of (15) and let A^, fio, vq (not all zero) be values 
of A, ft, V that satisfy (13) when k = k^. If A; is a complex number, 
Ao, fjinf Vq may be complex. Let 

Ao = Ai + i\'i, fiQ = fii-j- ifi\, vo = vi + *V'i, 



where t=V — 1 and Ai, A'l, fii, ft'i, vi, v'l are real. 
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Substitute ki and these values of Xy, ^, vo for k, X, /a, v in (13), 
multiply the resulting equations by Ai — »X'„ fti — ifi\, vi — iv'i, re- 
spectively, and add. The result is 

(V + A? + Ml' + ft? 4- vi' + V?) fei = (V 4- A?) a + ifii' + ft?) 6 
+ W + V?) c + 2 (^ivi + ft'iv'O/ + 2 (vA + v'lA'O ^ 

-f 2(Al/Xl-f•AVl)^i• 
The coefficient of Atj is real and different from zero. The number 
in the other member of the equation is real. Hence ki is real. 
Since k^ is any root of (15), the theorem follows. 

Theorem II. Not all the roots of the discriminating cubic are 
equal to zero. 

The condition that all the roots of (15) are zero is 

a-|-6H-c = 0, ah-{-hC'\-ca-P-f-h^:=0, D = 0. 

Square the first member of the first equation, and subtract twice 
the first member of the second from it. The result is 

a2-f 62 + c2-h2/« + 2^ + 2^2 = 0. 
Since these numbers are real, it follows that 

but if these conditions are satisfied, the equation of the quadric 
contains no term in the second degree in x, y, Zy which is contrary 
to hypothesis (Art. 65). 

70. Simplification of the equation of a quadric. Let the axes be 
transformed in such a way that a real, finite principal plane of the 
quadric F{Xf y, 2) = is taken as a; = 0. Since the surface is now 
symmetric with respect to a? = (Art. 68), the coefficients of the 
terms of first degree in x must all be zero. Hence the equation 
has the form 

aa^-\-by^-\'CZ^ + 2fyz + 2my'\'2nZ'^d — 0. 

Moreover, a ^ 0, since otherwise x=sO would not be a principal 

plane (Art. 69). 

Now let the planes 3^ = 0, 2 = be rotated about the X-axis 

2 f 
through the angle $ defined by tan 2 6 = — -L^ . This rotation re- 
ft — c 
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duces the coefficieDt of yz to zero^ and the equation has the form 

a'aj* + by 4- c'z^ -h 2mV + 2 n'z + d' = 0, (16) 

wherein a' =^ 0, but any of the other coefficients may be equal to zero. 

71. Classification of quadric surfaces. Since the equation of a 
quadric can always be reduced to the form (16), a complete classi- 
fication can be made by considering the possible values of the co- 
efficients. 

I. Let both b' and c' be different from zero. By translation of 

the axes in such a way that [ 0, , — — ) is the new origin, 

the equation reduces to 

a'x^-\-by-\'C'z'^ = d". 

If d" =?£= 0, divide by d" and put 

d" d" d*' 

^=±a^ ^=±6^, ~=±c», 
a b' c 

the signs being so chosen that a, 6, c are real. This gives the fol- 
lowing four types : 

t^t^t^l. Ellipsoid. (Art. 56) 

^ H- ^ — ^ = 1. Hyperboloid one sheet. (Art. 67) 
^ — ^ — - = 1. Hyperboloid two sheets. (Art. 58) 

i"'fi"~;5— ^- Iinaginary ellipsoid. (Art. 59) 

If d" = 0, the reduced forms are 

^ + ^4-^ = 0. Imaginary cone. (Art. 62) 

^ 4- 2^ __ !! = 0. Real cone. (Art. 62) 

IL Letc' = 0, 6'^0. 

If 7i' :^ 0, by a translation of axes, the equations may be re- 
duced to 

a!:x^ + b'f -f 2 n'a; = 0. 
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This equation takes the form 

-1 + ri = 2 n». 



Elliptic paraboloid. (Art. 60) 



or 



a* 6» 

^ = 2 712. Hyperbolic paraboloid. 

according as a' and V have the same or opposite signs. 
If n' = 0, the equation may be reduced to 

a'^ + &y + d'' = 0. 
If d" :^ 0, this may be written in the form 



(Art 61) 



— ±^±1 = 0. Quadric cylinder. 



(Art. 63) 



and if d" = 0, 



— ± ^ = 0. Pair of intersecting planes. 



a 



III. Let 6' = c' = 0. Equation (16) is in this case 

a'aj2 + 2 m'y 4- 2 n'« + d '= 0. 

If m and n are not both zero, since the plane 2 m'y -\-2n^z + d! 
= is at right angles to a; = 0, we may rotate and translate the 
axes so that this plane is the new y = 0. The equation of the sur- 
face becomes 

03^ = 2 my. Parabolic cylinder. (Art. 63) 

If m' and n' are both zero, we have, 
if d' ^ 0, aj* + A;' = 0. Two parallel planes, 

if d' = 0, aJ* = 0. One plane counted twice. 

72. Invariants under motion. A function of the coefficients of 
the equation of a surface, the value of which is unchanged when 
the axes are rotated and translated (Arts. 36 and 37)^ is called an 
invariant under motion of the given surface. It will be shown 
that the expressions 

7=a + 6-f c, 

J= 6c -h ca -h oft — /* -g^- h\ 



a h g 
D= h b f 
g f 
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formed from the coefficients of the equation (1) of a quadric are 
invariants under motion. 

73. Proof that /, /, and D are inyariants. When the axes are 
translated (Art. 36), the coefficients of the terms in the second 
degree in the equation of a quadric are unchanged. Hence I, J, 
and D are unchanged. 

Since the equations of rotation (Art. 37) are linear and homo- 
geneous in X, y, z, x\ y\ z\ the degree of any term is not changed 
by these transformations, so that a term of the first degree can- 
not be made to be of the second, nor conversely. Suppose the 
expression 

f{x, y, z)=:ax' + 2hxy-\-hy^-\'2gxz -f 2/^2 -f-c2;» 

is transformed by a rotation into 

rip^'y ify 2') = a'a/^ + 2 ^Vi/ 4- Vy"^ + 2 /»'«' -f 2fy'z' -H c'z\ 

Now consider the function 

<^(aj, y, 2)= /(a, y, z) -k{Q? + 2^» 4- »*). 

The expression aj* 4- y* -f «* is the square of the distance of a point 
{x, y, z) from the origin, and will therefore remain of the same 
form x'^ + y'^ + 2'* by the transformation of rotation (Art. 37). 

If, then, /(a?, y, z) is changed into /'(a?', y\ 2'), <l>(x, y, z) will be 
changed into 

4,\x\ y' 2') =f(x', y\ 2') - k{x^^' + y^-^ 2'^. 

If k has such a value that <^ is the product of two linear factors in 
X, y, z, then, for the same value of fc, the expression <l>' will be the 
product of two linear factors in a?', y', 2'. The condition that ^ is 
the product of two factors is that its discriminant vanishes, that 
is 

a — k h g 

h b-k f =0, 

g f C'-k 

which, developed in powers of k, is exactly the equation of the dis- 
criminating cubic (Art. 68) 
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Similarly, the condition that <^' is the product of two linear fac- 
tors is Af'-/'A;2-|-J'A:-D' = 0, 

where /', •/', and 2>' are the expressions /, «/, and D formed from 
the coefficients oif'{x\ y\ 2'). 

These two equations have the same roots, hence the coefficients 
of like powers of k must be proportional. But the coefficient of 1^ 
is unity in each, hence, 

r^i, j'^j, jy^D, 

that is, /, J", D are invariants. 

From the theorem just proved the following is readily obtained : 

Theorem. When the axes are transformed in such a way that 
the coefficients of ocy, yz, and zx are aU zero, the coeffi^dents ofoi?, y*> 
and z^ are the roots of the discriminating cubic. 

For, if the equation of the quadric has been reduced to 
a^a? + by + c'z^ -h 2 Z'a? + 2 m'y -f 2 n '2 -f- ^' = 0, 
the discriminating cubic is 

A:8 _ (^f _^ 5' 4. c')aI + (a'V + Vc' -f c'a')k - aVc' = 0. 

The roots of this equation are a', 6', and c'. This proves the 
proposition. 

From. the theorem just proved, the following criteria immedi- 
ately follow : 

If two roots of the discriminating cubic are equal and different 
from zero, the quadric is a surface of revolution, and conversely. 

If all three roots of the discriminating cubic are equal and 
different from zero, the quadric is a sphere. 

If A:^0, and a root of the discriminating cubic is zero, the 
quadric is non-central. 

If two roots of the discriminating cubic are equal to zero, the 
terms of second degree in the equation of the quadric form a 
perfect square. 

74. Proof that A is invariant. It will first be proved that A is 
invariant under rotation. The reasoning is similar to that in 
Art. 73. Let 
F(Xy y,z)=ax^-\' by^ + cz^ -\- 2 fyz -{- 2 gzx -]- 2 hxy -{- 2 Ix -^ 2 my 
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be the equation of the given quadric. Let this equation be trans- 
formed by a rotation into 

F(x\ y\ z') = a'x'^ + b'y'^ -h c'2'2 + 2fy'z' + 2 g'z'x' + 2 h'xY + 2 Vx' 

-|-2my + 2iiy-|-d' = 0. 

This rotation transforms the expression 

^(x,y,z)=::F{x,y,z)'-k(7^ + y^^z^-\-l) 
into ^\x\ y\ z') = -F"(«'> y\ «') - ^ (»" + 2^" + «'* + !)• 



The discriminants of * and ^' are, respectively, 
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The roots of the quartic equations in k obtained by equating these 
discriminants to zero are equal ; since a value of k which makes 
^ = singular also makes ^' = singular and conversely (Art. 67). 
Hence, since the coefficient of k* in each equation is unity, the 
constant terms are equal ; that is, A = A\ Hence, A is invariant 
under rotation. 

In order to prove that A is invariant under translation, let the 
axes be translated to parallel axes through {x^^ y^ z^). The equa- 
tion of the quadric becomes (cf . Art. 67) 

F'{x', y', «') = ax'^ + by'^ -f cz'^ + 2fx'y' -f- 2 gy'z' + 2 ?iz'x' 

-I- 2(aa;,4- %o + 9'«o + 0^' + 2(too -f by^-^fz^ -f m)y' 
+ 2 ((/a^o +/1/C -f C2;o + n)2;' -h /S = 0, 

where S = F{x^ y^ z^). The discriminant of F'(x'y y\ 2;') is 

a h g axQ-\-hyQ-{-gzo-\-l 

h b f ?iXo+byo+fzo-hm 

g f c gxo'\-fifo+czo+n 

axo+hyo+gzo+l hxo-\-byo-^fzo-\-m gzo+fyo+czo+n S 

Multiply the first column by iCo, the second by y^, the third by z^, 
and subtract their sum from the last column. In the resulting 
determinant, multiply the first row by x^, the second by y^, the 
third by aj^, and subtract their sum from the last row. Finally 
divide the first row and column each by Xq, the second row and 
column each by y^, and the third row and column each by z^ 
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The resulting determinant is A. Hence A' = A^ so that A is inva- 
riant under translation. Since A is invariant unaer both transla- 
tion and rotation, it is invariant under motion. 

75. Discussion of numerical equations. In order to determine 
the form and position of a quadric with a given numerical equa- 
tion, it is advisable to determine the standard form (Art. 71) to 
which the equation of the given quadric may be reduced, and the 
position in space of the coordinate axes for which the equation 
has this standard form. For this purpose the roots Ar^, k^, k^ of 
the discriminating cubic and the value of the discriminant A 
should first be computed. 

A. If all the roots k^ Atj, A;, are different from zero, the three 
principal planes may be determined as in Art. 68. If these planes 
are taken as coordinate planes, the equation reduces to (Art. 67, 
Eq. 11 ; Art. 73) 

hx' + k^-^'hz^'h-^^^O. 

B. If one root k^ is zero, two finite principal planes may be 

determined as before. Let these be taken as a; := and y=iO. 

At least one intersection of the new Z-axis with the surface is at 

infinity. If this axis does not lie on the surface, and does meet 

the surface in one finite point, the axes should be translated to 

this point as origin. The equation of the surface now has the 

form 

kio^ -j- k^y^ -\- 2 n"z =^ 0. 
Since 
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it follows that 
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n' -^ 



If the new Z^xis lies on the quadric, or if it has no finite point 
in common with it, any point on the new Z-axis may be chosen for 
origin and the equation takes the form 
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where (Art. 67) 

and (x^ f/o, z^ are the old co5rdinates of the new origin. 

C. If two roots of the discriminating cubic are zero, the terms 
of the second degree in the original equation form a perfect square, 
so that the equation of the surface, referred to the original axes, 
is of the form 

(ax-\-l3y'hyzy-\-2lX'^2my + 2nz-\-d=:0y 
or (ax -j- py -]- yz '\- Sy + 2(1 - aS)x -j- 2(m — pS)y + 2(n - yS)z 

+ d - 8* = 0. (17) 

If the planes aaJ-l-i8y + y2!4-8 = 0, 

2(1 - (x&)X'{-2(m - fiS)y + 2(n - yS)z 4- d - 8» = 

are not parallel, we may choose 8 so that they are perpendicular. 
The first term of (17) is proportional to the square of the distance 
of the point (x, y, z) from the plane 

ax-\' Py + yZ'{-B = 0, 

The remaining terms of (17) are proportional to the distance to 
the second plane. If these planes, with the appropriate value of 
8, are chosen as a? = 0, 3/ = 0, the equation reduces to 

(a' 4- IP + f)y^ + 2V(l - aSy-{-(m - fi&y+(n - ySy x = 0. 

If the two planes are parallel, 8 may be so chosen that 

Z-a8 = 0, m-j88 = 0, n-y8 = 0. 

The equation now becomes 

(a^+i8*4-yVH-^-S'=0, 
wherein aaj + /8y + y2 + 8 = 0is the new y = 0. 

Example 1. Discuss the equation 

a;2 - 2 ya + 6 «2 + 12 a» - 16 jc - 4 y - 36 « + 62 = 0. 

The equations determining the center are x + 6z — S=0^ 2^ + 2 = 0, 
6xH-6« — 18 = 0, from which the coordinates of the center are (2,-1, 1). 
The invariants are J =5, J^ = — 44, Z) = 60, A = 1800, 
Hence, the discriminating cubic is 

ik8 - 6 A;a - 44 A - 60 = 0. 

Its roots are A;i = 10, i(:s = — 2, £3 = — 3. The transformed equation is 

10xa-2y«-3*»4-80=0. 
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The direction cosines of the new axes through (2, — 1, 1) are found, as in 
Art. 68, by giving k the values 10, — 2, — 3, to be 

=» 0, 4=;0, 1, 0; -^, 0, ~ 



vl3' ' Via' ' ' ' Vis' ' Vl3 

The surface is an hyperboloid of one sheet. 

ExAMPLB 2. Discuss the quadric 

11 ac» + 10 ya + 6 «2 _ 8 y« + 4 «x - 12 a^ + 72 X - 72 y + 36 2? + 160 = 0. 
The discriminating cubic is 

jfcs _ 27 A;2 + 180 * - 324 = 0. 

Its roots are 3, 6, 18. A = — 3888. The surface is an ellipsoid. 
The equations for finding the center are 

lla5-6y + 2« + 36 = 0, -6a;+10y-4«-36 = 0, 

2a;-4y + 6«+ 18 = 0. 

The co5rdinates of the center are (— 2, 2, — 1). The direction cosines of 
the axes are 

31 l» f > f » T» — I » "■ f ♦ l» "~ i* 
The equation of the ellipsoid referred to its axes is 

3x2 + 6y2 + i8 2j2=,i2. 

Example 3. Discuss ti^e quadric 
3 x2 - y2 + 2 «2 + 6 y« - 4 «x - 2 xy - 14 X + 4 y + 20 2f + 21 = 0. 

The discriminating cubic is 

A«-4ik2-13ifc4- 19 = 0. 

Its roots are approximately 1.2, 6.7, — 2.9. A = 0. The surface is a cone. 
The equations for finding the vertex are 

3x-y— 2«-7=0, -x-y + 32;4-2=0, — 2x + 3x + 2« + 10 = 0. 

The coordinates of the vertex are (1, — 2, — I). The direction cosines of 
the axes are approximately 

.8, .4, .6; .6, — ^, —.7; 0, .6, — .4. 

The equation of the cone referred to its axes is approximately 

1.2 x3 + 6.7 y2- 2.9 22 = 0. 

Example 4. Discuss the quadric 

4x2 + y3+2a-2y2 + 4x« — 4xy — 8x + 4« + 7=0. 

This equation may be written in the form 

(2 a; - y + 2 + 3)2 = (8 + 4 «)x - 2 5y -(4 - 2 «)« - 7 + «2. 

If 5 = — 1, the planes 2x — y+0— 1 =0 and 4x + 2y — 6« — 6 = are 
perpendicular. If we take these planes as y' = and z' = 0, the equation of 
the surface reduces to 6 y^ = V66 x. The surface is a parabolic cylinder. 
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EXERCISES 

Discuss the quadrics : 

2. a:^-y« + 2«2-2y« + 4a;« + 4xy-2x-4y- 1 =0. 

3. «« + a; + y + 1 = 0. 

4. 2ac2 + 6ya + 2«24.2ya: + 6a^ + 2y+4« + 2=0. 

6. Sx^-\'2^-{-2z^-\'2yz + 6x+6y-z + 9=0, 
I 7. 2xy + 6«x + 14a;+ 1 = 0. 

8. Vx + y/y + y/z = 0. 

9. x24.y2^9gj2_6y« + 62;a;-2xy-a; + y-32r = 0. 

10. a;2 + y2 -(.g ;jj2 _ y« + 6 a;« - 2 ay — 4 a; + 2 y + 6 2? + 5 = 0. 

11. 3x2 + 2y2^.4y5f_2«aj-4x-8«-8=0. 

12. x2 - y2 _ 2«2 - 4 y« 4- 2 xy - 2 y + 2 2f = 0. 

13. x» — 6 y« + 3 arx + 2 xy + a; — 13 « = 0. 

14. x2 - 2 y2 + «2 _ 4 5;a; _ 12 xy + 4 y + 4 « - 9 = 0. 

15. x2^2y2 + 22r2 + 2xy-2x-4y-4« = 0. 

16. 8x2 4.y2 4.-j;2 4.y-j;_8;g,a;_2xy4-2x + 4y + 20 = O. 

17. For what values of c is the surface 

6 X2 4- 3 y2 ^ C2!2 ^ 2 x« 4- 16 = 

a surface of revolution ? 

18. Determine d in such a way that 

aJ* + y^ + 5«2 + 2y« + 4aM;-4xy + 2x + 2y + d = 

is a cone. 



CHAPTER VIII 

SOME PROPERTIES OF QUADRIC SURFACES 

76. Tangent lines and planes. If the two points of intersection 
of a line and a quadric coincide at a point Pq, the line is called a 
tangent line and Pq the point of tangency. If the surface is sin- 
gular, it is supposed in this definition that Pq is not a vertex. 

Theorem. Tlie locus of the lines tangent to the quadric at Pq '^ 
a plane. 

Let the equation of the quadric be 

F{x^ yyZ) = ax^ + by^ -f- cz^ + 2fyz -^ 2 gzx -{- 2 hxy 

-h 2 te + 2 my 4- 2 712 + d = 0, (1) 

and let the equation of any Ime through Po=(^o> ^o ^^o) be 
(Art. 20) 

x=:Xo-{-\r, y = yo'\-ixr, z^Zq + w. (2) 

Since Pq li©8 on the quadric, P(a\), yo> ^ = ^- Hence, one root of 
equation (3), Chapter VII, which determines the intersections of 
the line (2) with the quadric (1), is zero. The condition that a 
second root is zero is i? = 0, or 

\{axQ + %o + S'^^o + + f^(^ + ^Vo 4-/2o + w) 

+ vigxQ -f fyo + caio -f n)= 0. (3) 

If we substitute in (3) the values of X, ft, v from (2), we obtain 

+ (2 - Zo)(g^+fyo + c2;o -I- n) = 0, (4) 

which must be satisfied by the coordinates of every point of every 
line tangent to the quadric at Pq. Conversely, if (x, y, z) is any 
point distinct from Pq, whose coordinates satisfy (4), the line de- 
termined by (a?, y, z) and Pq is tangent to the surface at Pq. 
Since (4) is of the first degree in (x, y, z), it is the equation of a 
plane. This plane is called the tangent plane at Pq. 

90 
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The equation (4) of the tangent plane may be simplified. Mul- 
tiply out, transpose the constant terms to the second member, and 
add Ixq + myo -^^ nzQ-\- d to each member of the equation. The 
second member is F(qi^ y^, Zq), which is equal to zero, since Pq lies 
on the quadric. The equation of the tangent plane thus reduces 
to the form 

+ l(x + Xo) + m{y + yo)+ri{z + Zo) + d = 0. (5) 

This equation is easily remembered. It may be obtained from 
the equation of the quadric by replacing as', ^, s^ by xxq, yy^^ zzq ; 
2yZf 2zxy2xyhj yZo-\'Zyfi,zxQ'\'ODZo,xyQ-\-yxQ] and2aj, 2y, 22 by 
« + «w y + yo> « + 2!b, respectively. 

77. Normal forms of the equation of the tangent plane. The equa- 
tion of the tangent plane to the central quadric 

CKB* + &y* 4- C2* = 1 (6) 

at the point {x^, y^ Zq) on it is 

Let the normal form of the equation of this plane (Art. 13) be 

Aaj 4- fty 4- v2 = />, (7) 

so that 

P P P 

Since {oc^, y^ Zq) lies on the quadric, we have 

aaJo' 4- W 4- cV = 1, 
from which 

^V^4--=l)'. (8) 

a b c 

Conversely, if this equation is satisfied, the plane (7) is tangent 
to the quadric (6). 
By substituting the value of |> from (8) in (7), we have 



Xx + fiy + vz = J- + ^ 4- -, 

^ a c 

which is called the normal form of the equation of the tangent 
plane to the central quadric (6). 
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It follows from (8) that the necessary and sufficient condition 

that the plane 

ux -{- vy -]- toz ss 1 

is tangent to the quadric (p) is that 

^ + t + }^ = l. (9) 

a b c 

This equation is called the equation of the quadric (6) in plane 

coordinates. 

Again, if 

oai* -f fty* = 2 na; (10) 

is the equation of a paraboloid (Arts. 60 and 61), it is proved in a 
similar way that the normal form of the equation of the tangent 
plane to the paraboloid is 

and that the condition that the plane 

tix -{- vy -]- wz = 1 
is tangent to the paraboloid is 

t + ^ + 2^^0. (12) 

a n 

Equation (12) is the equation of the paraboloid in plane coordinates. 

78. Normal to a quadric. The line through a point Pq on a 
quadric, perpendicular to the tangent plane at Pq, is called the 
normal to the surface at P^. 

It follows from equation (4) that the equations of the normal 
at Po to the quadric F(Xy y, 2;) = are 

x — xq __ y — yo _ g — gp /j^3\ 

axo'\'^yo + 9^0 + 1 hxo-i-byo+fzo + m gxo+fyo-^czo + n 

EXERCISES 

1. Show that the point (1, —2, 1) lies on the quadric a;^ — y^ + af^-f. 
4yz-{-2zz + xy^x-\'y + z-\-12 = 0. Write the equations of the tangent 
plane and the normal line at this point. 

2. Show that the equation of the tangent plane to a sphere, as derived in 
Art. 76, agrees with the equation obtained in Art. 60. 
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3. Prove that the normals to a central quadric ax^ + by^ -\- cz^ = 1^ k% all 
points on it, in a plane parallel to a principal plane, meet two fixed lines, 
one in each of the other two principal planes. 

4. Prove that, if all the normals to the central quadric ax^ + hy'^ + eg* = i 
intersect the X-axis, the quadric is a surface of revolution about the X-axis. 

5. Prove that the tangent plane at any point of the quadric cone 
(^ + &y* + c«2 = passes through the vertex. 

6. Prove that the locus of the point of intersection of three mutually per- 
pendicular tangent planes to the central quadric aoc^^ + hy^ •\-cz^z=\ is the 

concentric sphere x^ -\- y'^ -\- z^ = - ^ h - • This sphere is called the director 

a h c 

sphere of the given central quadric. 

7. Prove that through any point in space pass six normals to a given 
central quadric, and four normals to a given paraboloid. 

79. Rectilinear generators. The equation of the hyperboloid 
of one sheet 

a? h^ & 
may be written in the form 

e^S('«-0=('^s)('-0' 



or 



or also 



5+ 

a 


z 
c 

If' 

b 


1- 

a 


y 

b 


1 + 


z' 
c 


a 


z 
c 


14 

X 

a 


y 

b 


1- 


y 

b 


z 
c 



(14) 



(15) 



Let the value of each member in (14) be denoted by |, so that 
by clearing of fractions we have 

For each value of i, these equations define a line. Every point 
on such a line lies on the surface, since its coordinates satisfy 
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(14). Moreover, through each point of the surface passes a line 
of the system (16) since the coordinates of each point on the sur- 
face satisfy (14) and consequently satisfy (16). The system of 
lines (16), in which ( is the parameter, is called a res^ulus of lines 
on the hyperboloid. Any line of the regulus is called a generator. 
Similarly, by equating each member of (15) to 17, we obtain the 
system of lines whose equations are 

in which rf is the parameter. This system of lines constitutes a 
second regulus lying on the surface. The two reguli will be 
called the i regulus and the rj regulus, respectively. Through 
every point P of the surface passes one, and but one, generator 
belonging to each regulus. Moreover, any plane that contains a 
generator of one regulus contains a generator of the other regulus 
also. The equation of any plane through a generator of the ( 
regulus, for example, may be written in the form (Art. 24) 



^+5-i(i+? 



!)={(-^<^S} 



a c 
Since this equation may also be written in the form 

it follows that this plane also passes through a generator of the 
tf regulus. Every such plane is tangent to the surface at the 
point of intersection P of the generators in it, since every line 
in the plane through P has its two intersections with the surface 
coincident at P. 

Example. The equations of the regali on the hyperboloid 

and |+« = ,(i_|), i + | = ,g_^). 

The point (2, 6, 2) lies on the surface. The values of | and 77 which 
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determine the generators through this point are ^ = 1, 17 = — 3. Hence, the 
equations of these generators are 

|+. = I+|. 1-1 = 1-., and | + .=-3(l-|), l+|=-3(|-«). 

The equation of the plane determined by these lines is 

Sx + 4y-12«— 6 = 0. 

This is the equation of the tangent plane at (2, 6, 2) (Art. 76). 
It is similarly seen that the equation 

of the hyperbolic paraboloid may also be written in the forms 

ah 1 > 

"o — = = ^y 

2nz ^__y 

a h 
and a b 1 



2nz X , y ^' 
a 

Hence, on this surface also, there is a ^ regulus and an tj regulus 
The generators of the i regulus are parallel to the fixed plane 

^ — ^ = 0; those of the n regulus, to the fixed plane - +^ = 0. 
a ah 

By writing the above equations in homogeneous coordinates, it is 

seen that the line --[-^=0, ^ = Oin the plane at infinity belongs 

ah 

OS V 

to the $ regulus ; and the line ^ = 0,^ = to the w regulus. 

a h 

Hence the plane at infinity is tangent to the paraboloid. 

The hyperboloid of one sheet and the hyperbolic paraboloid are 

sometimes called ruled quadrics, since the reguli on them are real. 

It will be shown (Art. 115), that on every non-singular quadric 

there are two reguli ; but, on all the quadrics except these two, 

the reguli are imaginary. 

80. A83rinptotic cone. The cone whose vertex is the center of 
a given central quadric, and which contains the curve in which 
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the quadric intersects the plane at infinity, is called the asymp- 
totic cone of the given quadric. 
If the equation of the quadric is 

aa^ + hf-^cz^^^y 

the equation of its asymptotic cone is 

aaj2 4- 6y« + C2;* = 0. 

For, this equation is the equation of a cone with vertex at the 
center (0, 0, 0, 1) of the given quadric (Art. 46). Its curve of 
intersection with the plane at infinity coincides with the curve of 
intersection 

of the given surface with that plane. 

EXERCISES 

1. Show that the quadric xy = 2; is ruled. Find the equations of its gen- 
erators. 

2. Show that a2_2«2^6y — a;-|-8« = 0isa ruled quadric. 

3. Prove that, for all values of A:, the line a;H-l = A:y= — (A;+ V)z lies on 
the surface yz -{-zx + xy + y + e =0. 

4. Prove that (y -f- mz) (x + nz) = z represents an hyperbolic paraboloid 
which contains the X-axis and the F-axis. 

5. Show that every generator of the asymptotic cone of a central quadric 
is tangent to the surface at infinity. From this property derive a definition 
of an asymptotic cone. 

6. Show that every generator of the asymptotic cone of an hyperboloid of 
one sheet is parallel to a generator of each regulus on the surface. 

81. Plane sections of qnadrics. 

Theorem I. The section of a quadric by a finite plane, which is 
not a component of the surface, is a conic. 

For, let TT be any given finite plane, and let the axes be chosen 
so that the equation of this plane is 2; = 0. Let the equation of 
the quadric, referred to this system of axes, be 

aa^-{-by^-\-cz^+2Jyz-\-2 gzX'{-2 Aajy4-2 to4-2 my +2 n2;-hd=0. (17) 

If, when « = 0, (17) vanishes identically, the given quadric is 
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composite and z s=0 is one component ; otherwise, the locus 
defined in the XF-plane by putting « = in (17) is a conic. 

Theorem II. 2%e sections of a quadric by a system of parallel 
planes are similar coni<^ and similarly placed. 

Let the axes be chosen so that the equations of the given sys- 
tem of parallel planes is 2; = A;, and let (17) be the equation of the 
given quadric. The equation of the projecting cylinder of the 
section by the plane 2 = A; is 

aiB*-f2^4-6y' + 2(Z4- gk)x 4- 2 (m '\-fk)y -f cfc* 4- 2 nA; + (i = 0. 

The curves in which these cylinders intersect 2 = 0, and conse- 
quently (Art. 45) the curves of which they are the projections, 
are similar and similarly placed, since the coefficients of a?*, xy, 
and y^ in the above equation are independent of A:.* 

The equations of the section of the surface by the plane at 
infinity are found by making (17) homogeneous in x, y, 2, t and put- 
ting < = 0. Theyare 

cwJ* 4- 2>2^4- C2* 4- 2/2^2 4-2 9f2a; 4- 2 ^ = 0, < = 0. 

The locus of these equations is called the infinitely distant conic 
of the quadric. This conic consists of two lines if the first mem- 
ber of the first equation is the product of two linear factors. The 
condition for factorability is 

i> = 0. 

EXERCISES 

1. Find the semi-axes of the ellipse in which the plane z = \ intersects 
the quadric x2-|-4y2_3af2_j.4y2?-2a;— 4y = l. 

2. Show that the planes z^k intersect the quadric 2 x^ — ^^ + 3 ^s^ + 
4x£; — 2y2; + 42; + 2y=0in hyperbolas. Find the equations of the locus of 
the centers of these hyperbolas. 

3. Show that the curve of intersection of the sphere x^ 4- y* + 0^ = t^ and 

/yd 4i2 #3 

the ellipsoid — |- 2L -)_ 1. = 1 Ues on the cone 

Find the values of r for which this cone is composite. Show that each com- 
ponent of the composite cones intersects the ellipsoid in a circle. 

. * Gf . Salmon, " Conic Sections," 6th edition, p. 222. 
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82. Circalar sectiona. We shall prove the following theorem : 

Theobem I. Through each real, finite point in space pass six 
planes which intersect a given non-^xnnpositey nonrsphericdl qiiadric 

* 

in circles. If this qvadric is not a surface of revolution nor a para- 
bolic cylinder, these six planes are distinct; two are real and four 
are imaginary^ If the quadric is a surface of revolution or a para- 
bolic cylinder, four of the planes are real and coincident and two are 
imaginary. 

Two proofs will be given, based on different principles. 

Proof L Since parallel sections of a quadric are similar, it 
will suffice if we prove this theorem for planes through the origin. 
The planes through any other point, parallel to the planes of the 
circular sections through the origin, also intersect the quadric in 
circles. 

Let the axes be chosen in such a way that the eqilation of the 
quadric is (Art. 70) 

ki3(^-{-k^^ + k^^ + 2lx-{'2my + 2nZ'hd = 0, (18) 

where ki, kz, k^ are the roots of the discriminating cubic (Art. 73). 
The condition that a plane intersects this quadric in a circle is 
that its conies of intersection with the given quadric and with a 
sphere coincide. 
The curve of intersection of the quadric (18) with the sphere 

jk (aj2 4- y2 4- 2«) 4- 2 te + 2 my + 2 712 4- <« = (19) 

coincides with the intersection of either of these surfaces with 

the cone 

{\-k)x'^(kz-'k)y^^{k^^k)z' = 0. 

This cone is composite if the first member of its equation is 
factorable, that is, if k is equal to k^, kz, or k^. 
It follows that each of the six planes 

VA^i — fcj a; = ± VAjj — k^y 
■y/ki — k^ a? = ± -y/k^ — k^z 
■y/kz — kiy=z± VAti —k^z 

intersects the quadric (18) in a conic which lies on the sphere (19) 
and is consequently a circle. 
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If ki>k2> A:,, the six planes are distinct. The planes 

Vfci — ^2 a? = ± -Vki — fcj 2 

are real. The others are imaginary. 

If ki = k2^ki9 the last four planes coincide with « = 0. The 
other two are imaginary. If A:i = A;2:^0, the quadric (18) is a 
surface of revolution (Art. 73). If fc^ = A^j = 0> i* is a parabolic 
cylinder (Art. 75). 

If the equation of the surface is in the form (17), and ki, k^y k^ 
are the roots of its discriminating cubic, it follows from the dis- 
cussion in Article 73, that the equations of the planes of the 
circular sections through the origin are 

aa^ 4- by^-^cz^ + 2fyz -}- 2 gf«a? -f 2 feajy - A;i (oj^ + y' -f «') = 0, 
aa^ -^-by^ -{- cz^ -{'2fyz ■}'2 gzx + 2 hxy — k2lx^ -{-y^ -{- z^)=:Oy 
00!^ -\- by^ -\- cz^ -{- 2 jyz '\-2gzx-{-2 Jixy — k^(oi? -{-y^ + z^)=0. 

Proof II, It was shown (Art. 49) that a plane section of a 
quadric is a circle if it passes through the circular points of its 
plane. The conic in which the quadric meets the plane at infinity 
has four points of intersection with the absolute. Any plane 
other than the plane at infinity which passes through two of 
these points will meet the quadric in a conic through the circular 
points of the plane ; hence the section is a circle. 

The coordinates of the points of intersection may be found by 
making the equations 

a^-\.by^ + cz^^2fyz + 2gzx-^2hxy=:0, a?2 + y«-f «« = 

simultaneous. Since both equations have real coefficients and the 
second is satisfied by no real values of the variables, it follows 
that the four points Pi, P2, Ps? ^4 consist of two pairs of conjugate 
imaginary points, or of one pair counted twice. 

In the first case, let Pi, Pg be one pair of conjugate points, and 
Pg, P4 the other. The lines P1P2, PsPi are real (Art. 41), while the 
lines P1P3, P2P4, P1P4, P2PS are imaginary. The pairs of lines 
P1P2, P8P4; PiPs, P2P4; PiP4> P2P3 constitute composite conies 
passing through all four of the points Pj, P2, P3, P4. 

In the second case, let P2 = P4 and Pi = Pj. The lines PiPj and 
P3P4 coincide, and the lines PiPa, P2P4are tangents to both curves, 
which have double contact with each other at these points. 
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In either case the equations of the lines P^P^ can be found as 
follows. Through the points of intersection of (17) and the abso- 
lute passes a system of conies 

ax^-^b7f-\'CZ^+2fyz-{-2gzx-{-2hxy-k(a^'i-y^-\'Z^=zO, ^=0. (19') 

A conic of this system will consist of two straight lines through 
the four points of intersection if its equation is f actorable, that is^ 

a —k h g 

h b-k f =0; 

g f c - fcj 

thus k must be a root of the discriminating cubic (Art. 73). Let 
^19 A:2) A:s be the roots of this equation. The equations of the pairs 
of lines are then 

a0?^hy^-k'CZ^-\'2fyz-{-2gzx+2h^'-k^{p^+y^+z^)=^O, «=0, (20) 

with similar expressions for ki and k^. From Art. 41 it follows 
that for one of the roots ki the two factors of the first member of 
the quadratic equation (20) are real, but the factors for each of 
the others are imaginary when the roots k^ are all distinct. 

If Uy V are the two linear factors of (20), then the line w = 0, 
t=sO will pass through one pair of points and -u = 0, < = will pass 
through the other. A plane of the pencil u+pt^O will cut the 
quadric in a circle. Since a plane is determined by a line and a 
point not on the line, the theorem follows. 

In case two roots of the discriminating cubic are equal and 
different from zero, the quadric is one of revolution; the two 
conies in the plane at infinity now have double contact. 

If ki> ki> A:,, the planes determined by the second root are 
real. 

83. Real circles on types of quadrics. The above results will now 
be applied to the consideration of the real planes of circular section 
for the standard forms of the equation of the quadric (Chap. VI). 

(a) For the ellipsoid 

: the roots of the discriminating cubic are 1/a*, 1/6', 1/c*. 
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Let a > 6 > c > 0. Since parallel sections of the surface are 
similar, it follows that the equations of the real planes of circular 
section are 



cVa«-6»aj±aV6*-c«2; + d = 0, (21) 

where d is a real parameter. 

The circle in which a plane (21) intersects the ellipsoid is real 
if the plane intersects the ellipsoid in real points, that is, if it is 
not more distant from the center than the tangent planes parallel 

to it. The condition for this is (Arts. 76 and 16) \d\^ ac^a^ — c*. 

If I d I > ac -y/^^^y the circles are imaginary. 

If I d I = acVa* — c*, the circles are point circles. The four 
planes determined by these two values of d are the tangent planes 
to the ellipsoid at the points 



Wfc|. ». - «>S5D- 



Each of these points is called an umbilic. 

The two systems of planes (21) are also the real planes of circu- 
lar section of the imaginary cone 

a« 6« c« ' 
and of the imaginary ellipsoid 

^ + ^• + ^ = -1. 
a^ h^ (^ 

(b) The equations of the real planes of circular section of the 
hyperboloids of one and two sheets 



X 

a 
and of the real cone 






a" b^ c« ' 



where a > 6 > 0, are found to be 



c-y/a*^h*y±b Va*T^ 2 + ^ = 0. 
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On the hyperboloid of one sheet and the real cone, the radii of 
the circles are real for all values of d On the hyperboloid of two 
sheets, the circles are real only if | d | > 6c V 6^ + c*. The coordi- 
nates of the umbilics on the hyperboloid of two sheets are 



(». * »vii? w^- 



(c) The real planes of circular section of the elliptic paraboloid 

-« + S = ^^^' a>6>0, n>0 
and the real or imaginary elliptic cylinders 

^ + g=±l, a>6>0 

are determined by 

± Va* — 6* y + 62 + c^ = 0. 

On the real elliptic cylinder, the circles are real, and on the 
imaginary cylinder they are imaginary, for all values of d. On 

the elliptic paraboloid, the circles are real if d<—.{a^ — l^). 
The coordinates of the umbilics on the elliptic paraboloid are 

(d) For the hyperbolic paraboloid 






and the hyperbolic cylinder 

the equations of the planes of the circular sections are 

bx ± ay -{- dt = 0. 

The circles in these planes are all composite. For, the planes 

bx + ay + dt = 
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intersect these surfaces in the fixed infinitely distant line 

6a? -f- ay = 0, ^ = 

and in a rectilinear generator which varies with d. Similarly, 

the planes 

hx — ay +dt = 

intersect them in the line 

6aj — ay = 0, t = 

and in a variable generator. 

Also on the ^^^^^bolic cylinder 

aj* = 2 myt 

the real circles are all composite, since the planes xs=dt intersect 
the surface in the fixed line x = t=0, and in a variable generator. 
We have, therefore, the following theorem : 

Theorem II. On the hyperbolic paraboloid, the hyperbolic 
cylinder, and the parabolic cylinder, the real circular sections are 
composite. The components of each circle are an infinitely distant 
Hive and a rectilinear generator which intersects it 

EXERCISES 

1. Find the equations of the real circular sections of the surface 
4 «2 + 2 ^ + ^3 + 3 y« + »8f = 1. 

2. Find the equations of the real circular sections of the surface 
2 a!2 4. 5 y2 4. 3 ;jj2 + 4 jcy = 1 . 

3. Find the radius of a circular section through the origin in Ex. 2. 

4. Find the equations of the real planes through (1, — 3, 2) which in- 
tersect the ellipsoid 2 x^ -^^ jfl -\- ^ z^ = 1 in circles. 

5. Find the conditions which must be satisfied by the coefficients of the 
equation F{x^ y, 2;) = of a quadric if the planes = A; intersect it in circles. 

6. Show that the centers of the circles in £z. 6 lie on a line. Find the 
equations of this line. 

7. Find the second system of real planes cutting circles from the quadric 
in Ex. 5. 

8. Find the conditions which must be satisfied by the coefficients if the 
plane Ax-^ By -\- Cz •{■ D = intersects the quadric F(x, y, z) = in circles. 

9. Find the coordinates of the center and the radius of the circle in 
which the plane x = 2 2; + 6 intersects the cone 3 os^ + 2 y^ ~ 2 ;9^ = 0. 
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10. Show that, for all values of \ the equation of the planes of the cir- 
colar sections of the quadrics 

(a + X)x» +(& 4- X)ya + (c + X)«a = 1 
are the same. The quadrics of this system are said to be concyclic. 

84* Confocal qnadrics. The system of surfaces represented by 
the equation 

in which A; is a parameter, is called a system of confocal quadrics. 
The sections of the quadrics of the system by the principal planes 
x = Oyy = 0, z = are confocal conies. 

If A; > — c*, the surface (22) is an ellipsoid ; if — c* > A; > — 6', 
the surface is an hyperboloid of one sheet; if — 6* > A; > — a*, the 
surface is an hyperboloid of two sheets ; if — a* > A;, the surface 
is an imaginary ellipsoid. 

If A; > — c", but approaches — c* as a limit, the minor axis of 
the ellipsoid approaches zero as a limit, and the ellipsoid ap- 
proaches as a limit the part of the XF^plane within the ellipse 



aj« 



4- 



:^, = 1- (23) 



If —c^>k> — 6', the surface is an hyperboloid of one sheet. 
As k approaches — c', the surface approaches the part of the 
XF-plane exterior to the ellipse (23). As k approaches — b% the 
surface approaches that part of the XZ-plane which contains the 
origin and is bounded by the hyperbola 



a»_6» 6«_c» 



= 1. (24) 



If — 6' > A; > — a', the surface is an hyperboloid of two sheets. 
As A; approaches — 6*, the hyperboloid approaches that part of the 
plane y = which does not contain the origin. As k approaches 
— a^y the real part of the surface approaches the plane x=0, 
counted twice. 

The ellipse (23) in the Xl^plane and the hyperbola (24) in the 
XZ-plane are called the .focal conies of the system (22). 
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The vertices of the focal ellipse are 

(±V^"=^, 0, 0). 
The foci are 

(±Va«-6«, 0, 0). 



On the focal hyperbola the vertices are (± Va* — 6', 0, 0) and the 
foci are (± Va* — c*, 0, 0). Hence, on the focal conies, the ver- 
tices of each are the foci of the other. 

85. Confocal quadrics throtts;h a point. Elliptic coordinates. 

' Theorem I. Three confocal quadrics pass through every point 
P in space. If P is real, one of these quadrics is an ellipsoid, one an 
hyperholoid of one sheet, and the third an hyperboloid of two sheets. 

If P=(xi, yi, Zi) lies on a quadric of the system (22), the param- 
eter k satisfies the equation 

(k + a«)(A; 4- b%k -f c*) - x^\k + ¥)(k -he*)- yi\k + c*)(A; -h a«) 

- Zi\k + a^){k + b^) = 0. (25) 

Since this is a cubic equation in k, and each of its roots determines 
a quadric of the system through P, there are three quadrics of 
the system (22) which pass through P. 
Let P be real. 

If fc = -h Qo , the first member of (25) becomes positive. 
If fc = — c% it is — Zi\ — c* + a*)( — (^ H- 6'),which is negative. 
If A; = - 6«, it is - y/{ - 6* -|- c^X - 6^ + a^), which is positive. 
If A; = — a', it is — Xi\ — a* + ¥){ — a* + c*), which is negative. 

Hence the roots of (25) are real. One is greater than — c*, one 
lies between — c* and — 6*, and the third between — &* and — a*. 
Denote these roots by ki, k^, A:,. Hence, we have 

All > — c* > A^a > - ^ > ^8 > - «- 
Then, of the three quadrics 

H- rr^ -I- -z^ = 1, 



a^-^-k^ y^ + k^ (?-\-ky 

a« + A-j 6« -f A;2 c« -f A:, ' ^ ^ 

a*-fA;3 y + h c^-hAr, 
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which pass thtough P, the first is an ellipsoid, the second an hj- 
berboloid of one sheet, and the third an byperbotoid of two sheets. 

Theokem II. The three qtiadtncs of a confoccd system, which 
pass through P intersect each oilier at right aiiglen. 

For, the equations of the tangent planes to the first two quad- 
rics (26) are 







o' + i, 
a' + S, 


b' + k, ' c' 


• + h 
-SL-. 

• + h 


= 1. 


These 


planes are at light angles if 








<h' 


, 


«,• 


, 


',• 



That this condition is satis- 
fied is seen by substituting the 
coordinates of P in (26), sub- 
tracting the second equation 
from thefirst, and removing the 
factor kj—kj, which was seen 
to be different from zero. The 
proof for the other pairs may 
be obtained in the same way. 

The three roots ki, k^ k, of 
equation (25) are called the el- 
liptic coBrdinates of the point P. 
To find the expressions for the 
rectangular coordinates of P in 
terms of the elliptic coordinates, 
we substitute the coordinates 
(ai, y„ z,) of P in (26) and solve 
for ic,', y,', Zi'. The result is 
(.■ + >,)(»■ +>:.Ha- + t.) 
(»■- '')(«■-«') 
. df + kMlf + tMlf + k,) (271 

" (6'-a')(l"-i?) ' ^ ' 

,_ (d' + kM<^ + l'M'l' + K> 
' (c'-a'){c'-6') 
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It is seen at once from these equations that ki, ki^ and A;, are the 
elliptical coordinates, not only of P, but also of the points sym- 
metric with P as to the coordinate planes, axes, and origin. 

86. Conf ocal quadrics tangent to a line. 

Theorem I. Any line touches two quadrics of a confocal system. 

The points of intersection of a given line with a quadric of the 
system (22) are determined by the equation (Art. 65) 

[a'-^k b' + k c'-^-kj [a' + Jc i>' + k c'-^-kJ 



^\^a2 + A: 62-f-A; c« + A; J 



(: 



The condition that this line is tangent is 
a^j^k W+k c^^k) 

\a^ + k h'^k (^^kJ\a^-{-k l^-\-k c^'\-k ) 
When expanded and simplified, this equation reduces to 

A:» + [(6» + c»)X«+(c^ + a*)/x»4-(a24-&V-(^-2^(A)' 

— (ajo/x — y^)<? — {y^v — z^)l^ — (z^ — QC^v)a^'] = 0. 

Since this equation is quadratic in A;, the theorem follows. 

Theorem II. If two confocal quadrics touch a line, the tangent 
planes at the points of contojct are at right angles. 

Let ki and ki be the parameters of the quadrics, and let 
P' = (a;', y\ 2'), F" = (x", y", 2") be the points of tangency of the 
line with the given quadrics. The equations of the tangent 
planes at P and P" are (Art. 76), respectively, 

g'a? , y'y I ^^ ^i ^"^ I y"y ■ ^"^ -i 

a« 4. A?! 6« + A:i c2 -h fci ' a" -^ k^ b^ -\- h, c^ -\- k^ 
These planes are at right angles, if 

^ + ^v: + ?^:^ =0. (28) 

(a« + A;,)(o* + A:,) ^ (6» + *,)(&' + *,) ^ (c» + A:,)(c« + h) ^ ^ 
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Since the line through P* and P" is tangent to both quadrics, it 
lies in the tangent planes at both points. Hence P and P" lie in 
both planes, so that 

By subtracting one of these equations from the other, it is seen 
that (28) is satisfied. The planes are therefore at right angles. 

87. Confocal quadrics in plane coordinates. The equation of the 
system (22) in homogeneous plane coordinates (Art. 77) is 

aV + b^v^ + c»w* — «* -h A;(tt« 4- v* -f w*) = . 

Since this equation is of the first degree in k, we have the follow- 
ing theorem: 

Theorem. An arbitrary plane (wj, Vi, Wi, ^i) is tangent to one 
and only one quadric of a confocal system. 

The (imaginary) planes whose homogeneous coordinates satisfy 
the two equations 

a V -f & V + (^w^ — s* = 0, w« + V* + to* = 

are exceptional. They touch all the quadrics of the system. 
Hence, all the quadrics of a confocal system touch all the planes 
common to the quadric A; =s and the absolute. 

EXERCISES 

1. Prove that the difference of the sqoares of the perpendicular from the 
center on two parallel tangent planes to two given confocal quadrics is con- 
stant. This may be used as a definition of confocal quadrics. 

2. Prove that the locus of the point of intersection of three mutually per- 
pendicular planes, each of which touches one of three given confocal quadrics, 
is a sphere. 

3. Write the equation of a quadric of the system (22) in elliptic co-ordi- 
nates. Derive from (27) a set of parametric equations of this quadric, using 
elliptic coordinates as parameters. 

4. Discuss the system of confocal paraboloids 

5. Discuss the confocal cones 



a^ + A b^-^-k d^ + k 



CHAPTER IX 



TBTRAHEDRAL COORDmATBS 

88. Definition of tettahedral coordinates. It was pointed out in 
Art. 34 that the four planes x==0, y = 0, « = 0, and f = 0, which 
do not all pass through a point, may be considered as forming a 
tetrahedron which was called the coordinate tetrahedron. We 
shall now show that a system of coordinates may be set up in 
which the tetrahedron determined by any four given non-concur- 
rent planes is the co5rdinate tetrahedron. A system of coordi- 
nates so determined will be called a system of tetrahedral 
coordinates. 

Let the equations of the four given non-concurrent planes (re- 
ferred to a given system of homogeneous coordinates) be 

A,x + B^y + 0,2 -h D,t = 0, t = 1, 2, 3, 4. (1) 

Since these planes do not all pass through a point, the determinant 

^1 A Oi A 



T= 



A 


Bi C, 


A 


A 


A C, 


A 


A 


A C, 


A 



(2) 



does not vanish. 

Let the coordinates (a?, y, z, t) of any point P in space be sub- 
stituted in the first members of (1) and denote the values of the 
resulting expressions by o^ Xsy x^ x^, respectively, so that 

Xi = A^x + B^-\-PiZ + Dit, 
x^ = A^-{-B^+C^ + Dffy ,gv 

x, = A^ + B^-\-C^ + Djty ^ 

x^ = -^40? -h B^ + C*? + D^t 

We shall call the four numbers x^ x^ oc^ x^ determined by these 
equations the tetrahedral coordinates of P. The four planes (1) are 
called the coordinate planes. Their equations in tetrahedral coor- 
dinates are a^ = 0, ojj = 0, a^ = 0, and x^ = 0, respectively. 
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Since the four planes (1) do not all pass through a point, the 
coordinates Xi, x^, x^, x^ cannot all be zero for any point in space. 
When (oj, y, z, t) are given, the values of a^, iCj, x^ x^ are uniquely 
determined by (3). Conversely, since the determinant (2) does 
not vanish, equations (3) can be solved for x, y, z, t so that, when 
^ij ^ % ^4 are given, one and only one set of values of x, y, z, t 
can be found. Since (a?, y, 2, t) and (kx, ky, kz, kt) represent the 
same point (Art. 29), it follows from (3) that (aji, Xf, x^, x^ and 
{kosiy kx^y kx^, kx^) represent the same point, k being an arbitrary 
constant, different from zero. 

89. Unit point. A system of tetrahedral coordinates is not 
completely determined when the positions of its coordinate planes 
are known. Eor, since the equations 

k(Ax + By-{- CZ'[-Dt)==Oy k^Oy 
and Ax-\-By + Cz + Dt=.0 

represent the same plane (Art. 24), it follows that if kiy k^ k^, k^ 
are four arbitrary constants different from zero, the equations 

x\ = k,{A,x + B,y + G,z + D,t\ i = 1, 2, 3, 4 (4) 

define a system of tetrahedral coordinates having the same coordi- 
nate planes as (3) but such that 

X J ^S fC^X^y % ^^ -L, My O, Tr» 

The point whose tetrahedral coordinates with respect to a given 
system are all equal, so that ajj : ajj : ajg : a?4 = 1 : 1 : 1 : 1, is called the 
unit point of the system. 

Theorem I. Any point P, not lying on a face of the coordinate 
tetrahedron, may be taken as unit point. 

For, by substituting the coordinates (a?, y, 2, t) of P in (4) 
values of k^y ^2, fcg, k^ may be found such that x^^ = x2'=x^' = x/^ 
so that P is the unit point. 

Since the ratios k^ikzik^: k^ are fixed when the unit point has 
been chosen, we have the following theorem : 

Theorem II. Tlie system of tetrahedral coordinates is deter- 
mined when the coordinate planes ajj = 0, ajg = 0, a^g = 0, x^ = and 
the unit point (1, 1, 1, 1) have been chosen. 
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EXERCISES 

In the following problems, the equations in homogeneous co5rdinat6s of 
the coordinate planes of the given system of tetrahedral coordinates are 

3x + 3y + 2« + 2«e0, x-Sy + z + 2t=0. 

The homogeneous co(3rdinates of the unit point are (— 1, 2, —1,1). 

1. Find the tetrahedral co&rdinates of the points whose homogeneous 
rectangular coordinates are (a;, y, z, t), (0, 0, 0, 1), (1, 1, 1, 1), (6, 1, — 2, 1), 
(3,1,1,0), (0,1, -1,0). 

2. Find the rectangular coordinates of the points whose tetrahedral 
coordinates are (— 1, 1, 4, 3), (1, 2, — 1, — 6), (0, 0, 1, 3), (asi, X2, Oa, X4). 

3. Write the equation of the surface xi + 2 X2 — 2 x^ — z^ —0 in rec- 
tangular coordinates. Show that the locus is a plane. 

4. Write the equation of the plane bx + y -\- z ^t = in tetrahedral 
coordinates. 

5. Write the equation of the surface 21X2 + X8X4 = in rectangular 
coordinates. 

6. Solve Exs. 1 and 2 when the point whose rectangular coordinates are 
(3, 1, — 2, 2) is taken as unit point. 

7. Why may not a point lying in a face of the tetrahedron of reference 
be taken as unit point ? 

90. Bquation of a plane. Plane coordinates. From the equation 

ux + vy-\-v)Z'-\-st = (5) 

of a plane in homogeneous rectangular coordinates, the corre- 
sponding equations in tetrahedral coordinates can be found by 
solving equations (3) for x, y, 2, t and substituting in (5). The 
resulting equation is linear and homogeneous in a^, a^ x^, X4 of 
the form 

with constant coefficients v^y t^j, Wj, u^. Conversely, any equation 
of the form (6) defines a plane. For, if x^, Xf, o^, x^ are replaced 
by their values from (3), the resulting equation is 

ux -{^ vy + luz + St =i 0, 
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wherein u = AiUi -|- -^t^ -h -4,tt, + AiU4, 

w = Cji/i H- Ci^a + Cj^8 4- C4?i4, ^ ^ 

« = Awi + DjWj + Z>aMa + Aw4- 

The coefflcients t^, i^^, ^39 ^4 ^i^ (6) ^'^'^ called the tetrahedral 
coordinates of the plane (compare Arts. 27 and 29). It follows 
from equations (7) and (2) that, if Ui, u^, u^ u^ (not all zero) are 
given, the plane is definitely determined, and that, if the plane is 
given, its tetrahedral coordinates (v^j y^ u^, u^ are fixed except for 
an arbitrary multiplier, different from zero. 

01. Equation of a point. Let (o^, a^ a^ 0^4) be the coordinates 
of a given point The condition that a plane whose coordinates 
are (u^y u^ u^ u^ passes through the given point is, from (6) 

U^X^ + U^ + «8«8 + W4r«?4 = 0. (8) 

This equation, which is satisfied only by the co5rdinates of the 
planes which pass through the given point, is called the equation 
of the point (a?i, ajj, afg, 354) in plane coordinates (cf. Art. 28). 

It should be noticed that, in the equation (6) of a plane, 
(uiy u^ u^ u^ are constants and {xi, Xg, x^, x^) are variables. In 
the equation (8) of a point (a^, x^ x^ x^ are constants and 
(%, Wj, Wj, W4) are variables. 

02. Equations of a line. The locus of the points whose codrdi- 
nates satisfy two simultaneous linear equations 

u\x^ + w'jajj -h w'jajj -h w'4a;4 = 0, .^. 

is a line (Art. 17). The two simultaneous equations are called 
the equations of the line in point coordinates. 

Similarly, the locus of the planes whose coordinates satisfy 
two simultaneous linear equations 

aj'ii^ + aj'jM, + «'st^ 4- x\u^ = 0, .^^. 

»"i?fci -h «"2^ + »"j^ + x^\u^ = ^ ^ 

is a line (Art. 28). These two simultaneous equations are called 
the equations of the line in plane coordinates. 
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EXERCISES 

1. Write the equations and the codrdinates of the vertices and of the 
faces of the coordinate tetrahedron. 

2. Write the equations in point and in plane coordinates of the edges of 
the codrdinate tetrahedron. 

3. Find the equations of the following points: (1, 1, 1, 1), (3, — 5, 7, — 1), 
(-1,6, -4,2), (7, 2,4, 6). 

4. Write the coordinates of the following planes : 

Xl + iC2 + iCs + X* = 0, 7 iCi — X2 — 3X8 + «4 = 0, xi 4- 9x2 — 5x8 — 2X4 = 0. 

5. Write the equations of the line xi + Xa = 0, Xs — 7 X4 = in plane 
coordinates. 

SuG. Write the equations of two points on the line. 

6. Find the coordinates of the point of intersection of the planes (1, 2, 7, 
3), (1, 8, 6, 0), (1, 4, 5, 2). 

03. Duality. We have seen that any four numbers a^, a^ ^> ^4j 
not all zero, are the coordinates of a point and that any four num- 
bers tiiy U2, u„ u^, not all zero, are the coordinates of a plane. 
The condition that the point (a^, ajj, a?3, x^ lies in the plane 
(t^i, 1^2, t^s, u^, or that the plane (ui, t^ t^, u^ passes through the 
point {Xi, 9^29 a?8, x^ is 

tiiOSi + u^ + Wjajj -f- u^^A = ^* 

This equation remains unchanged if a^, a^, x^, x^ and u^ u^ u^, u^ 
are interchanged. 

The equations (9) and (10) of a line are simply interchanged if 
point and plane coordinates are interchanged. 

From the above observations, the following important principle, 
called the principle of duality, may be deduced ; namely, that if 
we interchange x^^ a^, a^, x^ and t^, t% u^y u^ in the proof of a 
theorem concerning the incidence of points, lines, and planes, or 
concerning point and plane coordinates, we obtain at once the 
proof of a second theorem. The theorem so derived is called the 
dual of the first. It is obtained from the given one by inter- 
changing the words point and plane in the statement. 

In the next two Articles we shall write side by side for com- 
parison the proofs of several theorems and their duals. 

The symbols (a?), (a?*), (w), etc., will be used as abbreviations for 
(ajj, X2J a?,, ^4), (aj'i, a?',, x\, x'^), (wi, Wj* ^8> ^4) etc., respectively. 
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04. Parametric equations of a plane and of a point. 



Let («'), («"), (xf") be three 
given non-collinear points. The 
equation of the plane deter- 
mined by them is found, by 
the same method as that em- 
ployed in Art. 11, to be 



x'\ 
x"\ 



x"\ 



Oh 

x'\ 

X"'t 



0>A 

A 

x\ 

X"'t 



= 0. (11) 



Let (x) be any point in the 
plane (11). From the form 
(11) of the equation of the 
plane it follows that there 
exist four numbers p, li, ^, ^> 
not all zero, such that 

pxi = kx\ 4- l^"i + l^'^'iy 

i = 1, 2, 3, 4. (13) 

In particular, we have p=^0, 
since otherwise it would follow 
that (a?' , («")> and («'") are 
coUinear (Art. 95), which is 
contrary to hypothesis. Con- 
versely, every point (aj) whose 
coordinates are expressible in 
the form (13), p=^0 lies in 
the plane (11) since its coor- 
dinates satisfy the equation of 
the plane. 

Equations (13) are called the 
parametric equations of the 
plane (11), and Zj, Zj, Z3 are called 
the homogeneous parameters of 
the points of the plane. 



Let (w'), (u"), (tt'") be three 
given non-collinear planes. The 
equation of the point deter- 
mined by then is found, by 
the same method as that em- 
ployed in Art. 11, to be 



«I 


Ml 


Wl 


M« 


u\ 


«'j 


«', 


< 


«"l 


u\ 


«", 


u\ 


«'", 


u"\ 


w'", 


«"'4 



= 0. (12) 



Let (w) be any plane through 
the point (12). From the form 
(12) of the equation of the 
point it follows that there 
exist four numbers p, l^, /,, Z,, 
not all zero, such that 

i = 1, 2, 3, 4. (14) 

In particular, we have p=^0 
since otherwise it would follow 
that (m'), (u"), and (w'") are 
collinear (Art. 95), which is 
contrary to hypothesis. Con- 
versely, every plane (m) whose 
coordinates are expressible in 
the form (14), p^O passes 
through the point (12) since its 
coordinates satisfy the equation 
of the point. 

Fquations (14) are called the 
parametric equations of the 
point (12), and Zi, Zj, Z3 are called 
the homogeneous parameters of 
the planes through the point. 
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The system of points (13) 
is said to form a plane field. 
The equation of the points of 
this plane field is found by sub- 
stituting the values of x^y x^, 
a?,, a?4 from (13) in the equation 
Sw»a;, = of a point. The re- 
sulting equation 



The system of planes (14) is 
said to form a bundle of planes. 
The equation of the planes of 
the bundle is found by sub- 
stituting the values of v^, v^ 
Uiy 1*4 from (14) in the equation 
2w<aj,=0 of a plane. The re- 
sulting equation 



^iSaJ'iW, + k^'i^i ■+" ^s^a/'V*. = l{%u\Xi + k%u'\x^ -f ?3Sw">,. = 



is the equation, in plane co- 
ordinates, of the plane field 
(13). 



is the equation, in point coordi- 
nates, of the bundle of planes 
(14). 



05. Parametric equations of a line. Range of points. Pencil 
of planes. 



Theorem. If (^) *« «wy 
point 071 the line determined 
by two given distinct points (a/) 
and (a"), every determinant of 
order three in the matrix 



Theorem. If (u) is any 
plan-e through the line determined 
by two given distinct planes (v!) 
and (w"), every determinant of 
order three in the matrix 





a?! X2 


«. 


x^ 




V: 


Ui 'vjt4fr.i---tt,. 




X^l X^2 
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a/. 


(16) 




U 1 W 2 W S 
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•/' ,,// ,,// 
U I U 2 W 8 


is eqm 


aJ to zero. 








is equi 


lU to zero. 



u^ 
v! 
u 



n 



(16) 



For, the points (a?), (a/), (a/') 
and any fourth point (aj"') are 
coplanar. Their coordinates 
consequently satisfy (11). Since 
(11) is satisfied for all values 
of aj"',, a/"2, a/'^s, a/"^, it follows 
that the coefficients of eachfof 
these variables is equal to zero, 
that is, that all the determi- 
nants of order three in (15) are 
equal to zero. 



For, the planes (i^), (w'), (w") 
and any fourth plane (w'") are 
concurrent. Their coordinates 
consequently satisfy (12). Since 
(12) is satisfied for all values 
of w'"i, w'"2, u'"3, u'"4, it follows 
that the coefficient of each of 
these variables is equal to zero, 
that is, that all the determi- 
nants of order three in (16) are 
equal to zero. 
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Conversely, if the determi- 
nants of order three in (15) are 
all equal to zero, the points (x), 
(xf), and (a/') are eollinear, 
since they are coplanar with 
any fourth point (a/") what- 
ever. 

It follows from the above 
theorem that there exist three 
numbers p, li, I2, not all zero, 
such that 



Conversely, if the determi- 
nants of order three in (16) are 
all equal to zero, the planes (?«), 
(u'), and (u") are eollinear, 
since they have a point in com- 
mon with any fourth plane (u'") 
whatever. 

It follows from the above 
theorem that there exist three 
numbers p, li, Jj, not all zero, 
such that 



p^.^Zia/.-h/jx",, 1=1,2,3,4. (17) i>w.=Zi<+^2w"., 1=1,2,3,4. (18) 



In particular, we have p^O, 
since otherwise the coordinates 
of the points (psT) and («") 
would be proportional so that 
the points would coincide. 

Equations (17) are called the 
parametric equations of the line 
determined by (a/) and (aj"). 
The coefficients Z^ and Zj are 
called the homogeneous param- 
eters of the points on the 
line. 

The system of points (17) 
is said to form a range of 
points. The equation of 
the points of this range is 
found, by substituting from 
(17) in the equation 

of a point, to be 



In particular, we have j> =^ 0, 
since otherwise the coordinates 
of the planes (w') and (u") 
would be proportional so that 
the planes would coincide. 

Equations (18) are called the 
parametric equations of the line 
determined by (w') and (u"). 
The coefficients Zi and Z2 are 
called the homogeneous param- 
eters of the planes through 
the line. 

The system of planes (18) 
is said to form a pencil of 
planes (Art. 24). The equation 
of the planes of this pencil is 
found, by substituting from 
(18) in the equation 

^UiXi = 

of a plane, to be 



ZiSa/^tt, + k^'i'^i = 0. 



li%u\Xi + li^v!\Xi = 0. 
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EXERCISES 

1. Prove the following theorems analytically. State and prove their duals. 

(a) A line and a point not on it determine a plane. 

(b) If a line has two points in common with a plane, it lies in the plane. 

(c) If two lines have a point in common, they determine a plane. 

(d) If three planes have two points in common, they determine a line. 

2. Write the parametric equations of the plane determined by the points 
(1, 7, - 1, 3), (2, 5, 4, 1), (10, -.1,-3,-6). Find the coordinates of this 
plane. 

3. Write the parametric equations of the point determined by the planes 
(- 5, 3, 4, 1), (7, - 5, 3, 2), (6, -4,-3, 1). Find the coordinates of 
this point. 

4. Write the equation, in plane coordinates, of the field of points in the 
plane xi-\-2x2^Xb — X4 = 0. 

Sno. First find the coordinates of three points in the plane. 

5. Find the parametric equations of the pencil of planes which pass through 
the two points Wi — 6 M2 + 3 tig — U4 = 0, 7 wi + 2 M2 — Ws — W4 = 0. 

6. Prove that the points (1, 2, - 3, - 1), (3, -2, 6, - 2), (1, -6, 11, 0) 
are collinear. Find the parametric equations of the line determinedly these 
points and the equation in plane coordinates of the range of points on this line. 

96. Transformation of point coordinates. Let (xi, x^j o^, x^ be 
the coordinates of a point referred to a given system of tetra- 
hedral coordinates, so that 

Xi =:ai^x + a^^ + a.a^ + 0^4?, i = 1, 2, 3, 4, (19) 

in which the determinant of the coefficients * 

-4 = I an 022 a33 ^44 1 =^ 0. 

Let the coordinates of the same point, referred to a second system 
of tetrahedral coordinates, be 

x\ = a\^x + a\iy -}- a\^z + a' J, i = 1, 2, 3, 4, (20) 
in which 

A* = \a\i a'22 a'ss cl'uI^O. 

* The symbol 1 a^ 022 Ogg 044 1 will be used for brevity to denote 

ail ^12 <*i8 ^14 
the determinant a^i Oqh agg ^34 

Ogi Cgs ass ^84 
^41 ^42 ^48 ^44 
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It is required to determine the equation connecting the two sets 
of coordinates (^i, x^^ a?,, x^ and (x\^ x^^ x\, x\). For this purpose 
solve equations (20) for x, y, z, t. The results are 

Ax = ^A\,xr, A'y = iA\^\, A'z = S^>',, A't = %A\,x\, 

in which A^^ is the cofactor of a^^. in the determinant A'. Sub- 
stitute these values of x, y, z, t in (19) and simplify. The result 
is of the form 

Xi = (Xi^x I -f- a|2*^ 2 ~l~ (^\zX^ -j- cti4ar 4, 

iCj = OaiiB'i -f ttajjOj'j + Chz^\ + a84»'4> 

«4 = <^A\^\ + a42aj'2 H- a43» V + «44^'4J 

wherein 

^'a.* = ^ii^a H- «.-2^'ik2 + ai3-^'*3 + a<4^ a, 
The determinant 



(21) 



t,A; = l, 2, 3, 4. (22) 



Oil 


«12 


ai3 


ai4 


021 


"22 


«23 


"24 


«31 


«82 


ass 


a34 


"41 


"42 


a48 


"44 



is called the determinant of the transformjltion (21). This deter- 
minant is different from zero, for if we substitute in it the values 
of the a.jfc from (22), we have at once * f 

\ \ A' A* A' 4' I — ^^ -^ (\ 

44-^11 -^22 -^33 •^44= — TTT^^' 



^-:i.i«" 



ct^ (hi a 



A'* 



* The prodact of two determinants of order four 

A = \aii oas 033 a^\ and B = \bii 622 ^ss ^44 1 
is also a detenminant of order four 

C7=|cu C22 Cjs C44I, 
in which 

CiJfc = a»i&t2 + a»2&*a + «»8^*8 + fl*4&*4» i, A; = 1, 2, 3, 4. 

This theorem can easily be verified by substituting these values of c%k in C and ex- 
pressing C as the sum of determinants, every element of each being the product 
of an element of A and an element of B. Of the sixty-four determinants in the 
sum, forty vanish identically, having all the elements of one column proportional 
to the elements of another. Each of the remaining twenty-four determinants has 
B as a factor. When the factor B is removed, the resulting expression is the 
expansion of the determinant A, 

t The determinant | A'n A'22 ^'ss ^'44 1 whose elements are the cofactors 
of the elements of A' is equal to A'^^ as is seen immediately by multiplying it by 
A* by the preceding rule, and simplifying the result. 



Arts. 96, 97] TRANSFORMATION 119 

Since T^ 0, the system (21) can be solved for a/i, a?',, a^„ sf^ in 
terms of x\, x\y x\y x\. The results are 



TX\ = Pi^ 4- i822«2 + A2«3 + Pi^i, 
TX\ = ^uOJi + j828«2 + i833«3 + i843»4, 
TX\ = fii^i + /324aJ2 + Pi^ + P^43 



(23) 



in which j8,n is the cofactor of a.^ in the determinant T. 

The transformations (21) and (23) are said to be inverse to each 
other. 

97. Transformation of plane coordinates. Let 

UiXi + u^ H- M,a^ + u^c^ = (24) 

be the equation of a given plane, referred to the system of tetra- 
hedral coordinates determined by (19). Let the equation of the 
same plane, referred to the system (20), be 

u\x\ + u^^\ + u\x\ -h u^\ = 0. (26) 

If, in (24), we replace x^^ ajj, x^y x^ by their values from (21), we 
obtain, after rearranging the terms, 

(Oll^l + a2i»*2 + 031^8 4- a4lW4)«'l + (012^1 + 022^2 + 032^3 4- «42W4)«'2 

+ (Ou^l + 023^ + «38^8 H- ^43^4)^8 + (014^1 + a24?/2 + 034^, 

+ a44W4)a/4 = 0. (26) 

Since equations (25) and (26) are the equations of the same plane, 
their coefficients are proportional, hence 

pu\ = Oi.Ui + 02,^2 + OiiV^ + a^u^y i = 1, 2, 3, 4, (27) 

where jj ^ is a factor of proportionality. If we solve equations 
(27) for Wi, t/2> ^8> ^4> ^© have 

<TU, = p,,u\ + p,,u^, + p,,u\ 4- Pi4u\, % = 1, 2, 3, 4, (28) 

in which o- :^ and the /S.^ have the same meaning as in (23). 

Since, when ajj, a^, Oj, a;4 are subjected to a transformation (21), 
Ml, ^2, M„ W4 are subjected simultaneously to the transformation 
(28), the systems of variables (x) and {u) are called contragredient. 
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EXERCISES 

1. Prove that the four planes determined by equating to zero the second 
members of equations (23) are the faces of the coordinate tetrahedron of the 
system («'i, x'21 as's? x'i). 

2. State and prove the dual of the theorem in Ex. 1 for the second mem- 
bers of equations (27). 

3. By means of equations (21) and (23) find the coordinates in each sys- 
tem of the unit point of the other system. 

4. Determine the equations of a transformation of coordinates in which 
the only change is that a different point is chosen as unit point. 

98. Projective transformations. Equations (21) were derived as 
the equations connecting the coordinates of a given arbitrary point 
referred to two systems of tetrahedral coordinates. We shall now 
give these equations another interpretation, entirely distinct from 
the preceding one, but equally important. 

Let there be given a system of equations (21) with determinant 
T not equal to zero. Let -P be a given point and let its coordi- 
nates, in a given system of tetrahedral coordinates, be {x\, x\, a/^, 
x\). By substituting the coordinates of P* in the second members 
of (21), we determine four numbers Xi, o^, iCg, x^, which we consider 
as the coordinates (in the same system of coordinates as those of 
P*) of a second point P. To each point P in space corresponds, in 
this way, one and only one point P. Moreover, when the coordi- 
nates of P are given, the coordinates of P are fixed by (23), so 
that to each point P corresponds one and only one point P, It is 
useful to think of the point P' as actually changed into P by the 
transformation (21) so that, by means of (21), the points of space 
change their positions. 

A transformation determined by a system of equations of the 
type (21), with determinant T not equal to zero, is called a pro- 
jectiye transformation. The projective transformation (23) is 
called the inverse of (21). If, by (21), P' is transformed into P, 
then, by (23), P is transformed into P'. 

By (21), the points of the plane (u') are transformed into the 
points of the plane (w) determined by (28). Equations (28) are 
called the equations of the transformation (21) in plane coor- 
dinates. 
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99. Invariant points. The points which remain fixed when 
operated on by a given projective transformation (21) are called 
the invariant points of the transformation. To determine these 
points, put Xi = px'i in (21). The condition on p in order that 
the resulting equations 

(oji — i>) »'i + oii^'2 + ais^'s -I- Oi^U = 0, 

a21»'l + (022 -i>) A + OZS^'S + 024^ 4 = 0, ™) 

a^x\ + a^sfc'i -f a48ic'8 + ("44 —p) ^\ = 
have a set of solutions (not all zero) in common is that 



D(|))= 
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OlS 




Ol4 




«21 




022- 


-P 


023 




O24 




«31 
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O33- 
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034 
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O42 




O43 




O44- 


-P 



= 0. (30) 



Let Pi be a root of 2>(p)= 0. If />i is substituted for jj in (29), 
the points (x^) whose coordinates satisfy the resulting equations 
are invariant points of the given transformation. 

If D{pi) is of rank three, equations (29) determine a single 
invariant point when p=Pi (Art. 35). If D{p^ is of rank two, 
equations (29) determine a line when p =pi. Each point of this 
line is an invariant point of the transformation. If D(pi) is of 
rank one, equations (29) determine a plane of invariant points 
when|)=px. If all the elements of D(pi) are zero, every point 
in space remains fixed. In this last case, the transformation is 
called the identical transformation. 

lOO. Cross ratio. The cross ratio of four numbers ki, k^ A;,, k^ 
is defined by the equation 

__ "^1 — "^ , "'3 — «'2 

The cross ratio of four coUinear points Pi, Pj? A> P^} or of four 
collinear planes irj, ir^j ttj, ir4, is equal to the cross ratio of the 
ratios of their homogeneous parameters (equations (17) or (18)). 
If the parameters of the given points or planes are, respectively, 
?i, ^2 ; ^'i> ^'2 ; '"i> V\ ; Z'"i, V^\, it follows that their cross ratio is 

__ Ml l\l 2 . ^ 2^ 1 — ^ 2^ 1 

7 7"' — J J"t 'Jffjfff ^Vf'V 

i'2y 1 •'I*' 2 • 2* 1 "^ • 2* 1 
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If <r = — 1, the four given points or planes are said to be 
harmonic. 

An important property of the cross ratio is stated in the follow- 
ing theorem : 

Theorem. The cross ratio of four poirUs (or planes) is equal to 
the cross ratio of any four points (or planes) into which they can he 
projected. 

In the projective transformation (21), let the points (a') and 
(aj") of equation (17) be projected into (y') and (j/"), respectively. 
It follows that the point of the range (17) whose parameters are 
li and Zs is projected into a point (y) of the range determined by 
(y') and (y") such that 

yi = liy\ + W\y 1 = 1,2,3,4. 

Since the parameters of the points are unchanged, the cross ratio 
is unchanged. Similarly for a set of four planes through a line. 

Conversely, two ranges of points, or pencils of planes, are pro- 
jective if the cross ratio of any four elements in the first is the 
same as that of the corresponding elements in the second! 

EXERCISES 

1. Let ^=(1, 0, 0, 0), 5=(0, 1, 0, 0), a=(0, 0, 1, 0), 2)=(0, 0, 0, 1), 
^=(1, 1, 1, 1). Find the equations of a projective transformation which 
interchanges these points as indicated, determine the roots of 2>(p) = 0, and 
find the configuration of the invariant elements when 

(a) ^ is transformed into A^ B into B^ C into (7, D into E, E into D. 
(6) A is transformed into B^ B into A^ C into D, D into C, E into E. 
(c) A is transformed into 5, B into (7, C into A^ D into D, E into E. 
{d) A is transformed into J3, B into C7, C into i>, D into E^ E into A. 

2. Show that a projective transformation can be found that will transform 
five given points Ay B, C, D, E, no four of which are in one plane, into five 
given points A', B', C, D', E', respectively, no four of which lie in one 
plane. Show that the transformation is then uniquely fixed. 

3. A non-identical projective transformation that coincides with its own 
inverse is called an invplution. Find the condition that the transformation 
(21) is an involution. 

4. Show that the transformations Xi = sc'i, X2 = x'2y aJs = ± as's? a:4 =— af 4 
are involutions. Find the invariant points in each case. 
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5. If P, P are any two distinct corresponding points in either involution 
of Ex. 4, prove the following statements : 

(a) The line PP contains two distinct invariant points Jtf, JT. 
(6) The points {PP'MM!) are harmonic. 

6. Find the invariant points of the transformation x\ = x'2) ^ = x's* 
Xs = x'4, X4 = x'l. Show that the points of space are arranged in sets of four 
which are interchanged among themselves. 

7. Interpret the equations (Art. 36) of a translation of axes as the 
equations of a projective transformation. Find the invariant elements. 

8. Interpret the equations (Art. 37) of a rotation of axes as the equations 
of a projective transformation. Show how this transformation can be 
effected. 

9. Find the cross ratio of the four points on the line (17) whose param- 
eters are (0, 1), (1, 1), (1, 5), (4, 3). 



CHAPTER X 

QUADRIC SURFACES IN TETRAHEDRAL CX)dRDINAT£S 

101. Form of equation. Since the equation F{Xy y, z, t) = 
may be transformed into an equation in tetrahedral coordinates 
by means of equation (3) of Art. 88, it follows that the equation 
of a quadric surface in tetrahedral coordinates is of the form 

4- 2 Qi^x^ + 2 a^x^z + 2 a^jp^^ + 2 o^^^k = 0. a,^ = a^, (1) 

Conversely, any equation of this form will represent a quadric 
surface, since by replacing each x^ by its value from (3), Art. 88, 
the resulting equation F (x, y, 2, «) = is of the form discussed in 
Chapters VI, VII, and VIII. 

102. Tangent lines and planes. Let {x) and (y) be any two 
points in space. The coordinates of any point (z) on the line 
joining (x) to (y) are of the form (Art. 95) 

2, = XXi + fiyi, i = 1, 2, 3, 4. (2) 

If (z) lies on the quadric ^ = 0, then 

XKiix) + 2 \fjui(x, y) + ft*^(y) = 0, (3) 

wherein 

A(x, y) = A(y, x) = (a^yi 4- a^^yz + a^i^s + (^4)y4)«i + 

(0213^1+ «22y2 4- 082^8 + a42y4)^ + (asi^i + a^^^-^ <hs3/s + 034^4)0^ + 

If (y) lies on ^ = 0, then -4(y) = and one root of (3) is X = 0. 
If {y) is so chosen that both roots of (3) are X = 0, we must have 
A(x, y) = 0. If (x) is regarded as variable, and A(x, y) is not 
identically zero, the equation A{Xy y) = defines a plane. The 
line joining any point in this plane to the fixed point (2^) on the 
quadric A touches the surface at the point (2^) (Art. 76). The 
line is a tangent line and the plane A{x^ 1/) = is a tangent plane 
to -4 = at (y). 

124 



Arts. 101-103] INDETERMINATE TANGENT PLANE 125 

EXERCISES 

1. Find the equation of the tangent plane to x^ + o^ + Xi^ — dh^^ = at 
the point (0, 0, a, 1). 

2. Show that equation (4) vanishes identically if 

A = axi^ 4- hx2^ + (^ = and (y) = (0, 0, 0, 1). 

3. Determine the coordinates of the points in which the line 

Xi + 2 a;2 + X4 = 0, xs — 2 3C4 = meets the surface x^ — XiXa+x^a^-^ii x^= 0. 

4. Show that the line 3:4 = 0, Xi — 3 0:2 = touches the surface 

X42 — 3 xi2 + 6 X2^ + x^{xi + 5 X2) 4- aJ8«4 = 0. 

103. Condition that the tangent plane is indeterminate. If 
equation (4) is satisfied identically, the coefficient of each x^ must 
vanish. Thus we have the four equations 

«12yi + 022^2 4- «32y8 + 042^4 = % t^\ 

(h^i + 0^2 + a^z 4- ^43^4 = 0, 

0142^1 + 0^2 + 034^8 + «442^4 = ^• 

If these equations are multiplied by yi, y^, yzy Va respectively, and 
the products added, the result is ^(y)=0, hence if the coordinates 
of a point (y) satisfy all the equations (6), the point lies on the 
surface -4 = 0. From (3) it follows that the line joining any 
point in space to a point (y) satisfying equations (5) will meet 
the surface -4 = in two coincident points at (y). If (x) is any 
other point on the surface A, so that A(x) = 0, it follows from (3) 
that every point on the line joining (x) to (y) lies on the surface. 
The surface A is in this case singular and (y) is a vertex (Arts. 
66 and 67). 

Conversely, if A(x) = is singular, with a vertex at (y), the 
two intersections with the surface of the line joining (y) to any 
point in space coincide at (y). The coefficient A(Xy y) is identi- 
cally zero and the coordinates of (p) satisfy (5). Since these co- 
ordinates are not all zero, it follows that the determinant 



A = 



ttji ai2 CtiS ^14 

^21 ^22 ^ ^ 

flsi «82 «88 «84 

^41 ^42 ^43 ^44 



(6) 
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vanishes. Conversely, if A = 0, then four numbers ^i, ^2? Vti Va 
can be found such that the four equations (5) are satisfied. The 
point (y) lies on A{x) = and in the plane A(x, y)=0. The line 
joining (y) to any point (x) will have two coincident points in 
common with A(x) = at (y) ; that is, (y) is a vertex of the quadric 
A. We thus have the following theorem : 

Theorem. The necessary and sufficient condition that a qvadric 
surfobce is singular is that the detemninarvt A vanishes. 

The determinant A is called the discriminant of the quadric A. 
If it does not vanish, the quadric will be called non-singular. 
Unless the contrary is stated, it will be assumed throughout this 
chapter that the surface is non-singular. 

104. The invariance of the discriminant. In Chapter YII cer- 
tain invariants under motion were considered. We shall now 
prove the following theorem which will include that of Art. 74 as 
a particular case. 

Theorem I. If the equation of a quadric surface is subjected to 
a linear transformation (Art. 96), tJie discriminant of the transformed 
equation is equal to the product of the discriminant of the original 
equaJti(m and the square of the determinant of the transformation. 

4 4 

Let A(x) = 5) 2 ^<*^<^* = be the equation of a given quadric, 

and let 

a?, = ai^x\ -h a,2^'2 + cLizx\ + a^^^^ i = 1, 2, 3, 4 

define a linear transformation of non-vanishing determinant T. 
If these values of x^ are substituted in A{x)y the equation becomes 



in which 

4 4 



^ t* — ^ ^ ^Im^li^mk' 



lz=\ m=] 
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If we now put 






it follows that 



4 



^1 



If we form the discriminant A' of -4'(a?'), we may write 

ail^*!! + 021^21 + asi' a + «41>'41 «11^12 + «21^22 + a8l^32 + a41>'42 
«12ni H- «22^21 + 082^1 + a42^'41 ai2»'l2 + «22»*22 + «82^82 + a42»'42 



A' = 



This determinant may be expressed as the product of two deter- 
minants T and E (Art. 96, footnote), thus 
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the columns in the first factor being associated with the columns 
in the second to form the elements of the rows in the product. 
Similarly, the second factor may be expressed in the form 



«2iail + «22«21 + a2S«81 + a24«41 



OnOij 4- 012022 + «13082 + 014042 

a2iOi2 + CI22O22 + 023032 + 024a42 



which is the product of A by T, the elements of the rows in the 
first factor being multiplied by the elements of the columns in 
the second, hence ^i __ rp^. 

On account of this relation, the discriminant is said to be a rela- 
tive invariant under linear transformation of tetrahedral co5rdi- 
nates. Moreover, the following theorem will now be proved. 

Theorem II. Any 8th minor of A' KMiy he expressed as a linear 
function of the sth minors of ^. 
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The method of proof will be sufficiently indicated by consider- 
ation of the minor 



a' 



a 



11 
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a'i2 



a 
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22 



of A'. 



This determinant, when written in full, 



Olini 4- a21»-21 + Osi^^Sl + 041^41 

ai2ni + «22^2i -I- fhini H- a42>"41 



011^2 -f 021^22 + «81^82 + a41^42 
^12^12 "I" ^22^22 I 082^Si i fX,^^ 



may be expressed as the sum of sixteen determinants, four of 
which vanish identically. The remaining ones may be arranged 
in pairs, by combining the determinant formed by the tth term of 
the first column and the Mh term in the second with that formed 
by the Arth term in the first column and the ith in the second. 
Every such pair is equivalent to the product of a second minor of 
A and a second minor of T, If i = 2, A;= 3, for example, we have 
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In this way it is seen that every second minor of A' is a linear 
function of the second minors of the determinant iJ, the coeffi- 
cients not containing r.-^. 

4 
By replacing each r^^ by its value 2)^<mO«* and repeating the 

111=1 
same process, it may be seen that each second minor of R may be 

expressed as a linear function of the second minors of A, the 
coefficients not containing any a.-^. The same reasoning may be 
applied to the first minors of A'. This proves the proposition. 
As a corollary we have the further proposition : 

Theorem III. Th^ rank of the discriminant of the equation of 
a quadric surface is not changed by any linear transformation with 
non-vanishing determinant. 
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For, it follows from Th. II that the rank of A' is not greater 
than that of A. Neither can it be less, since by the inverse trans- 
formation the minors of A may be expressed linearly in terms of 
those of A', 

We may now conclude : if the discriminant A is of rank four, 
the quadric A(x) = is non-singular (Art. 103). If A is of rank 
three, -4 = is a non-composite cone, for if we take its vertex 
(Art. 103) as the vertex (0, 0, 0, 1) of the tetrahedron of refer- 
ence, the equation ^ = reduces to 

Oii^i^ + «22^* + Osa^^^ + 2 ai2«iaJ2 + 2 OiaOJiajg -f- 2 a^on^ = 0. 

The line joining any point on the surface to (0, 0, 0, 1) lies on 
the surface, which is therefore a cone (Art. 46). Since by 
hypothesis A is of rank three, we have 

hence the cone is non-composite. If A is of rank two, the quadric 
is composite, for if we take two vertices as (0, 0, 0, 1) and 
(0, 0, 1, 0), the equation reduces to 

«ii«i' + «a2aa* + 2 ai^iX^ = 0, 

which is factorable. Since by hypothesis A is of rank two, 
^'ii^ — <h2^ is iiot zero, hence the two components do not coincide. 
If A is of rank one, the equation may be reduced to the form 
Xi^ = 0, which represents a plane counted twice. 

105* Lines on the quadric surface. 

Theorem. TTie section of a qvxidric surface made by any of 
its tangent planes consists of two lines passing through the point 
of tangency. 

For, let (y) by any point on a quadric surface A = 0, and (z) any 
point on the tangent plane at (y), so that A(y) = 0, A(yy z) = 0. 
If (z) is on the curve of intersection of A(x) = 0, A(Xy y) = 0, 
then A(z) = and (3) is identically satisfied, hence every point 
of the line joining (y) to (z) lies on the surface. Since the sec- 
tion of a quadric made by any plane is a conic (Art. 81) and 
one component of this conic is the line joining (y) to («), the 
residual component in the tangent plane is also a straight line. 
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The second line also passes through (y), since every line lying in 
the tangent plane and passing through (y) has two coincident 
points of intersection with the surface at (y). 

106. Equation of a quadric in plane coordinates. Let the plane 

UiXi -\- U3X2 -f n^i + u^pc^ = (7) 

be tangent to the given quadric Ay and let (2^) be its point of 
tangency. Since A (x, y) = is also the equation of the tangent 
plane at (y), the equation lu^x^ = must differ from A(x, y) = 
by a constant factor k (Art. 24), hence 

^11^1 + 021^2 + asi^a + 041^4 = ^> 

(h-lVl + «22y2 + 032^3 + «422/4 = ^^> /gx 

«13yi 4- 023^2 + «33y8 + «432/4 = ^^J 
ai42/l + «24y2 + «84y3 + ^44^4 = ku^. 

Moreover, since (y) lies in the tangent plane, we have 

^1^1 + W22/2 + ^3^3 + '^^A = 0. (9) 

On eliminating ^i, yz, y^, y^ and k between (8) and (9), we obtain 
as a necessary condition that the plane (u) shall be tangent to the 
surface, 
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= 0. 



(10) 



Conversely, if the coordinates of a plane (w) satisfy (10), and 
if also A :^ 0, then the plane is tangent to the quadric ^ = 0. 
For, if (10) is satisfied, five numbers ^j, ^2? Vz^ Va ^> ^^t all zero, 
can be found which satisfy (8) and (9). In particular. A; =/= 0, for 
otherwise, since A =^ 0, it would follow from (8) that y^=iy^= i 
y, = y^ = 0, contrary to the hypotheses. Since Wi, U2y 1^3, u^ are 
not all zero, it follows from (8) that ^i, y^, y^, y^ are not all zero, 
and hence are the coordinates of a point. By solving (8) for 
Ml, U2, W3, ^*4 and substituting in (9), we obtain A{y) = 0, hence 
the point (y) lies on the quadric A. From (4) and (7) it 
follows that the plane (7) is tangent to A at the point (y). 
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The equation ^(m) = is of the second degree in i*i, t^j, u^, u^- 
It is the equation of the quadric in plane coordinates. 

By duality it follows that any equation of the second degree 
in plane coordinates, whose discriminant is not zero, is the equa- 
tion of a quadric surface in plane coordinates. 

If A is of rank three, so that -4 = is the equation of a cone, 
the equation ^(u) = reduces to (2^^^^)^= 0, ^k^u^ = being the 
equation of the vertex of the cone. If A is of rank less than 
three, ^(u) = vanishes identically. The equation ^(u) = was 
in fact derived simply by imposing the condition that the section 
of the quadric by the plane (u) should be composite. 

EXERCISES 

1. If the equation A{x) = contains but three variables, show that it 
represents a singular quadric. 

2. Calculate the discriminant of x^^ + Xi^ + X2^ -^ x^^ = 0. 

3. Show that the discriminant of ^(u) = contains the discriminant of 
A(x) = as a factor. 

4. Given A(x) = axi^ + hx^ 4- cx^ + dx^ — 0, determine the form of 
the equation ^{u) = 0. 

5. When the equation *(«) = is given, show how to obtain the equation 
A{x) = 0. 

6. Given A{x^ = axi^ + bX2^ + 2 cxsx^ = 0, find ^(w) = 0. 

7. Find the discriminant of 

A{x) = xi^ — x^ — X1X9 — 02X814- XiXi + X2X4 + x^^ = 0, 
and determine the form of ^{u) = 0. 

8. Given *(m) = mi^ _ 2 U1U2 + W2^ + 2 uiUs + 2 uiu^ — 2 uzUs — 2 W2W4 4- 
tts^ 4- W4^ 4- 2 W8W4 = 0, find A(x) = and interpret geometrically. 

9. Find the two lines lying in the tangent plane Xi = to the quadric 
X1X2 4- aHi^ — X4* = 0. 

10. Write the equation of a quadric passing through each vertex of the 
tetrahedron of reference. 

11. Write the equation of a quadric touching each of the coordinate 
planes (use dual of method of Ex. 10) . 

12. Write the equation of a quadric which touches each edge of the tetra- 
hedron of reference. 

13. What locus is represented by the equation ^OikUiUk = when the dis- 
criminant is of rank three ? of rank two ? of rank one ? 

14. Show that through any line two planes can be drawn tangent to a 
given non-singular quadric. 
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107. Polar planes. When the coordinates Zj, z^, «3, z^ of any 
point (z) in space are substituted in A{x^ = 0, the resulting 
equation defines a plane called the polar plane of (z) as to the 
quadric A, 

Let {y) be any point in the polar plane of (2), so that 
A{y, z) = 0. Since the expression 

A{yy z) = A{z, y) 

is symmetric in the two sets of coordinates yi, y^ y^, y^ and z^, z^y 
23, 2?4, it follows that (z) lies in the polar plane of (y). Hence we 
have the following theorem : 

Theorem. If the point (y) lies on the polar plane of (z), then (z) 
lies on the polar plane of (y). 

Any two points (y), (z), each of which lies on the polar plane of 
the other, are called conjugate points as to the quadric A(x) == 0. 

Dually, any two planes are said to be conjugate if each passes 
through the pole of the other. 

108. Harmonic property of conjugate points. We shall prove 
the following theorem. 

Theorem. Any two conjugate points (a?), (y) and the two points 
in which the line joining them intersects the quadric constitute a set 
of harmonic points. 

The coordinates of the points (2) in which the line joining the 
conjugate points («), (jy) as to the quadric A are obtained by 
putting z^ = XoJi + fuyi and substituting these values in A{z) = 0. 
The values of the ratio A. : ^ are roots of the equation (Art. 102) 

\^A(x) 4- 2 \ilA{x, y) + iJ?A{y) = 0. 

Since A (x, y) = 0, if one root is Xi : /xi, the other is — Ai : fii. The 
coordinates of the points (x), (y) and the two points of intersec- 
tion are therefore of the form 

hence, the four points are harmonic (Art. 100). 

Dually, any two conjugate planes (u), (y) and the two tangent 
planes to the quadric through their line of intersection determine 
a set of harmonic planes. 
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109. Locus of points which Ue on their own polar planes. The 

condition that a point (y) lies on its own polar plane A(Xy y) = 
as to A(x)=^0 is A{y, y) = A{y) = 0, that is, that the point lies on 
the quadric. We therefore have the theorem : 

Theorem. The locus of points which lie on their polar planes as 
to a quadric A(x) = is the quadric itself. 

Since when (y) is a point on A(x) = 0, A(Xy ^) = is the equa- 
tion of the tangent plane to A(x) = at (y), it follows that the 
polar plane of any point on the surface is the tangent plane at 
that point. 

A point which lies on its own polar plane will be said to be 
self-conjugate. Dually, a plane which passes through its own pole 
will be said to be self -conjugate. 

no. Tangent cone. If from a point (y) not on the quadric A 
all the tangent lines to the surface are drawn, these lines define a 
cone, called the tangent cone to A from (y). 

Theorem. The tangent cone to a quadric from any point not on 
the surface is a quadric cane. 

Let (x) be any point in space. The coordinates of the points 
(z) in which the line joining {x) to {y) meets the quadric A are of 
the form 

in which A. : fi are roots of the quadric equation 

AM(aj) + 2 \f,A(x, y) + t^^A(:y) = 0. 

The two points of intersection will be coincident if 

[A{x, y)J = A{x)A{y). (11) 

If now (y) is fixed and (x) is any point on the surface defined by 
(11), then the line joining (x) to {y) will be tangent to ^ = 0. 
Since this equation is of the second degree in x, the theorem 
follows. 

The curve of intersection of the tangent cone from (y) and the 
quadric is found by considering (11) and A(x) = simultaneous. 
The intersection is evidently defined by 

[^(a:,y)]« = 0, A{x) = 0. 
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This locus is the conic of intersection of the quadric and the polar 
plane of the point (y), counted twice. 

If (y) is a point on the surface, then A{y) = and the tangent 
cone reduces to the tangent plane to -4 = at (y), counted twice. 

111. Conjugate lines as to a quadric. We shall now prove the 
following theorem. 

Theorem. The polar plane of every point of the line joining any 
two given points (y), (z) passes through the line of intersection of the 
polar planes of (jf) and (z). 

The polar planes of (y) and of (z) are A{xy y) = and A(Xy z) 
= 0. The coordinates of any point of the line joining (y) and (z) 
are of the form Xy^+ftz,-; and the polar plane of this point is 
A(x, \y -\- fiz) = 0. Since this equation is linear in ky^ + itz^, it 
may be rewritten in the form 

^^(^> 3^) + M(^^ 2J) = 0, 

which proves the theorem. 

From Art. 107 it follows that the polar plane of every point of 
the second line passes through the first. Two such lines are 
called conjugate as to the quadric. If from P, any point on the 
quadric, the transversal to any pair of conjugate lines is drawn, it 
will meet the quadric again in the harmonic conjugate of P as to 
the points of intersection with the conjugate lines, since its inter- 
sections with these lines are conjugate points (Arts. 107, 108). 

EXERCISES 

1. Determine the equation of the polar plane of (1, 1, 1, 1) as to the 
quadric x^ 4- «2^ + o^t^ + x^ = 0. 

2. Find the equation of the line conjugate to xi = 0, 0:2 = as to the 
quadric Xi^ + x^^ -{- x^^ + x^ - 0. 

3. Show that any four points on a line have the same cross ratio as their 
four polar planes. 

4. Find the tangent cone to x\x% — x^x^ = from the point (1, 2, 1, 3). 

5. If a line meets a quadric in P and Q, show that the tangent planes at 
P and Q meet in the conjugate of the line. • 
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6. Show that the quadrics Xi^ + xf-\-x^ — kx^ = 0, Xi^ -\-xt^^- x^^ — Ix^ 
P are such that the polar plane of (0, 0, 0, 1) is the same for both. Inter- 
pret this fact geometrically. 

7. Write the equation of a quadric containing the line xi = 0, 23 = 0. 
How many conditions does this impose upon the equation ? 

8. Write the equation of a quadric containing the line a;i = 0, a;2 = and 
the line xs = 0, X4 = 0. 

9. Show that through any three lines, no two of which intersect, passes 
one and but one quadric. 

112. Self -polar tetrahedron. Associated with every tetrahedron 
P1P2P1P4, is a tetrahedron Trijr2n'^Tr^ formed by the polar planes of 
its vertices, ir^ of Pi, ttj of Pj, ttj of Pj, and ir^ of P4. Conversely, 
it follows from Art. 107 that the plane P1P2P8 is the polar plane 
of the point 7ri7r27r8, etc. 

Two tetrahedra PiP^P^Pi, Ti7r27r,7r4, such that the faces of each 
are the polar planes of the vertices of the other as to a given 
quadric, are called polar reciprocal tetrahedra. If the two tetra- 
hedra coincide, so that the plane wi is identical with the plane 
P2P3P4, etc., the tetrahedron is called a self-polar tetrahedron. 

To determine a self-polar tetrahedron choose any point Pj not 
on A(x) and determine its polar plane wi. In this polar plane 
choose any point Pj not on A{x) and determine its polar plane ^2. 
This plane passes through Pi (Art. 107). On the line of inter- 
section of 7ri7r2 choose a third point Pg not on A(x) and determine 
its polar plane tt,. The plane tt^ passes through Pj and Pg. 

Finally, let P4 be the point of intersection of ^riTrjTr,. The polar 
plane w^ of P4 passes through points PiP^^. Hence the tetra- 
hedron PiP^P^P^ = 7ri7r27r87r4 is a self-polar tetrahedron. 

113. Equation of a quadric referred to a self-polar tetrahedron. 

Theorem. !7%e necessary and sufficient condition that the equa- 
tion of a quadric contains only the squares of the coordinates is that 
a self-polar tetrahedron is chosen cw tetraJiedron of reference. 

If the tetrahedron of reference is a self-polar tetrahedron, the 
polar plane of the vertex (0, 0, 0, 1) is x^ = 0. But the equation 
A(x, y) =0 of the polar plane of (0, 0, 0, 1) is a^^Xi + a^^ + a^;^ 
-f a44aj4 = 0, hence a^ = 043 = 04, = 0. Since the polar plane of 
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(0, 0, 1, 0) is ajj = 0, it follows further that 0^ = ajs = 0, and since 
the polar plane of (0, 1, 0, 0) is ajj = 0, that Oij = 0. But if these 
conditions are all satisfied, then the polar plane of (1, 0, 0, 0) is 
a^ = 0, and the equation of the quadric has the form 

Conversely, if the equation of a quadric has the form 

the tetrahedron of reference is a self-polar tetrahedron. Since 
A=^0, the coefficients a^ are all different from zero. 

If the coefficients in the equation of a quadric are real numbers, 
it follows from equation (4) that the polar plane of a real point is 
a real plane, hence from Art. 89 the equation of the quadric can 
be reduced to the form Sa.^a^ = by a real transformation of 
coordinates, that is, one in which all the coefficients in the equa- 
tions of transformation are real numbers. 

By a suitable choice of a real unit point the equation of the 
quadric may further be reduced to the form 

114. Law of inertia. The equation of a quadric having real 
coefficients may thus be reduced by a real transformation to one 
of the three forms 

(a) a;i2 + aJ2' + aJs' + »4' = 0, 

\Cj »Cj -f- X2 ~~' 3/3 — X^ ^ U. 

Theorem. The equation of any real non-singular quadric may he 
reduced by a real transformation to one and only one of the types (a), 
(6), (c). 

A quadric of type (a) contains no real points, as the sum of the 
squares of four real numbers can be zero only when all the num- 
bers are zero. If the equation is of type (6), the surface contains 
real points, but no real lines, for a real line lying on the surface 
would cut every real plane in a real point, but the section of (b) 
by a?4 = is the conic a^^ 4- ajg* + x^^ = 0, which contains no real 
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points. If the equation of a quadric can be reduced to type (c), 
the surface contains real points and real lines. The line 
Xi — aJs = 0, iCj— ^4 = ^> for example, lies on the surface. Any- 
real plane through it will intersect the quadric in this line and 
another real line. If the equation of a quadric can be reduced 
to one of those forms by a real transformation, it can evidently 
not be reduced to either of the others, since real lines and real 
points remain real lines and real points. 

The theorem of this Article is known as the law of inertia of 
quadric surfaces. It states that the numerical difference between 
the number of positive terms and the number of negative terms 
is a constant for any particular equation independently of what 
real transformation is employed. 

By a transformation which may involve imaginary coeflBcients 
the equation of any quadric may be reduced to the form Sa?^^ = 0. 

/vt 

For this purpose it is necessary only to replace o?^ by — l^z in the 
equation Sa^^oj^-^ = of Art. 113. 



115. Rectilinear generators. Reguli. If in the equation 
2aj^2 = 0, the transformation 

is made, it is seen that the equation of any quadric can also be 
written in the form 

x^X2 — a?3«4 = 0. (12) 

If the quadric is of type (c), its equation can be reduced to (12) 
by a real transformation. In the other cases the transformation 
is imaginary. 

The line of intersection of the planes 

lies on the quadric for every value of k^ : fcg, since the coordinates 
of any point (y) on (13) are seen by eliminating A^i : Ajg to satisfy 
(12). Conversely, if the coordinates of any point {y) on the 
quadric are substituted in (13), a value of k^ : k^ is determined 
such that the corresponding line (13) lies on the quadric and 
passes through (y). 
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No two lines of the system (13) intersect, for if kiXi = A^, 
JciX^ = A^jiBj, and kfiXi = k'^^y ^'ia?4 = k*^ are the two lines, the con- 
dition that they intersect is 

ki ki 

A 7V A 



k\ 





&', 
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*! 





k'. 





ft', 



But this condition is not satisfied unless ki:k2 = J(fi: k\, that is, 
unless the two lines coincide, hence : 

Theorem. Through each point aii the quadric (12) passes one 
and but one line of the system (13), lying entirely on the surface. 

A system of lines having this property is called a regulus 
(Art. 79). 
In the same way it is shown in the system of lines 

l^X^ = ^2*4, ZiOJj = l^ (14) 

is a regulus lying on the same quadric (12). Those two reguli will 
be called the A:-regulus and the ^regulus, respectively. It was 
seen that no two lines of the same regulus intersect. It will now 
be shown that every line of each regulus intersects every line of 
the other. Let t __ ^ ^ «. t 

be a line of the A^-regulus and 

l^x^ = l^^ ZjOJj = l^ 

be a line of the l^regulus. The condition that these lines intersect 

A^i ^2 
k2 ki 

li k 
Zj Zi 

But this equation is satisfied identically ; hence the lines intersect 
for all values oiki:k2 and Z^ : Zj. 

116. Hyperbolic codrdinates. Parametric equations. Each value 
of the ratio ki : k^ uniquely determines a line of the A^regulus ; each 
value of Zi : Zj uniquely determines a line of the Z-regulus. These 
two lines intersect ; their point of intersection lies on the quadric ; 



is that 



= 0. 
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through this point passes no other line of either regulus. Thus, 
a pair of values k^ : A^ and ^ : Zj fixes a point on the surface. 
Conversely, any point on the surface fixes the line of each system 
passing through it, and consequently a pair of values of kiiJcz and 
li : ^2. These two numbers are called hyperbolic coSrdinates of the 
point. 

From equations (13), (14) the relations between the coordinates 
^9 ^ ^Z9 ^4 of a point on the surface and the hyperbolic coordi- 
naiies /c^ i k^j '^ * ^ are 

These equations are called the parametric equations of the 
quadric (12). Since the equation of any non-singular quadric can 
be reduced to the form (12) by a suitable choice of tetrahedron of 
reference, it follows that the general form of the parametric 
equation of a quadric surface, referred to any system of tetra- 
hedral coordinates, may be written in the form 

x^ = a^Jcj^ 4- 02.^1^1 + «3»^i^2 + «4<^2^i> * = Ij 2, 3, 4. 

117. Projection of a quadric upon a plane. Given a quadric 
surface A and a plane tt. If each point Pof A is connected with a 
fixed point on ^ but not on tt, the line OP will intersect tt in a 
point P*, called the image of P. Conversely, if any point P' in ir 
is given, the point P of which it is the image is the residual point 
in which OP intersects A. If P describes a locus on A, P will 
describe a locus on tt, and conversely. This process is called the 
projection of A upon tt. 

Through pass two generators g^ and gfj of Ay one of each 
regulus. These lines intersect ir in points Oi, O2, which are 
singular elements in the projection, since any point of g^^ has Oi 
for its image, and any point of ^2 l^as O2 for its image. The tan- 
gent plane to ^ at contains the lines gi, g^j hence it inter- 
sects the plane v in the line OiOj. Any point P of O1O2 will 
be the image of 0. The line O1O2 will be called a singular line. 

The tangent lines to -4 at form a pencil in the tangent plane ; 
any line of this pencil is fixed if its point of intersection with 
O1O2 is known. If a curve on A passes through 0, the point in 
which its tangent cuts O1O2 will be said to be the image of the 
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point on that curve. The generators of the regulus to which g^ 
belongs all intersect g^ ; each, with O, determines a plane passing 
through gTjj and the intersections of these planes with w is a 
pencil of lines passing through Oj. Similarly for the other regu- 
lus and Oj. The two reguli on A have for images the pencils of 
lines in ir with vertices at Oj, O2. 

118. Equations of the i>rojection. Let 0, Oi, O2 be three vertices 
of the tetrahedron of reference ; take for fourth vertex the point 
of contact O' of the other tangent plane through O1O2. If 

= (0, 0, 0, 1), 0, =(0, 0, 1, 0), 0' =(1, 0, 0, 0), O2 = (0, 1, 0, 0), 

the equation of the surface may be written 

Let li, fjj ^3 be the coordinates of a point in the image plane, re- 
ferred to the triangle of intersection of Xi = 0, rcj = 0, a^s = ^ ^'^^ 
the image plane v or Saia/\=0. Any point of the line joining 
(0, 0, 0, 1) to (2/1, ^2? Vzi Vi) on A will have coordinates of the form 

kyiy ky2, ky^, ky^ -f- A, 

wherein k^a^y^ -f a^\ = for the point in which the line pierces 
the plane ir. 

Moreover, since ^, = %< {i = 1, 2, 3) and yiy^ — y^^ = 0, 

Hence, a point (y) on A and its image (i) in ir are connected by 
the equations 

If fi = 0, then 2/1 = 0, ^2 = 0? Vi = 0, so that any point of the line 
O1O2 corresponds to 0. If ^1 = and ^2 = 0, all the y^ vanish, but 
if we allow a point to approach 0^ in w along the line ^1 — t^j = ^> 
then the corresponding point on ^ is 

pyi=^r%^y py2 = ri2\ PVz^rii^^, py^^ it^sy 

from which the factor fj can be removed. If now ^2 is made to 
vanish, the point on A is defined by 

2/1 = 0, 2^2 = 0, y3-ry^ = 0. 
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Thus, to the point Oi correspond all the points of the generator 
gi, but in such manner that to a direction d — t^2 = ^ through Oi 
corresponds a definite point (0, 0, t, 1) on g^. To the line 
ii — T^j = as a whole corresponds the line 

Vi - T2/2 = 0, yj - ry^ = 0, 

that is, a generator of the regulus gi. A plane section cut from A 
by the plane ^u^x^ = has for image in ir the conic whose equa- 
tion is 

It passes through Oi, O2. 

EXERCISES 

1. Prove that if the image curve C is a conic not passing through Oi nor 
O2, then the curve C on ^ has a double 'point at 0, intersects each generator 
of each regulus in two points, and is met by an arbitrary plane in four points. 

2. If C is a Conic through Oi bat not O2, then (7 passes through O, inter- 
sects each generator gi in two points and each generator ^2 iu one point; it 
is met by a plane in three points. 

3. By means of equations (16), show that C of Ex. 1 lies on another 
quadric surface, and find its equation. 

4. By means of equations (16), show that C of Ex. 2 lies on another 
quadric, having a line in common with A. Find the equation of the surface 
and the equations of the line common to both. 

119. Quadric determined by three non-intersecting lines. Let 
the equations of three straight lines I, Z', Z", no two of which inter- 
sect, be respectively 

Si^,a?» = 0, Sv,a;< = ; 2w'»«, = 0, Sv>,. = ; l,u"iXi = 0, l,v"iXi = 0. 

It is required to find the locus of lines intersecting Z, V, V, 
Let {y) be a point on Z" so that 

S<2^.=.0, Sy",y, = 0. (17) 

The equation of the plane determined by (2^) and Z is 

^u^y^^ViXi - Sw,a?,Sv,y,- = 0, (18) 

and of the plane determined by {y) and V is 

2w\2/<Sv^aj,. - ^u\Xi%v\yi = 0. (19) 
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The planes (18) and (19) intersect in a line which intersects I, I', 
t'. Moreover, the equations of every line which intersects the 
given lines may be written in this form. If we eliminate y^, y„ 
Vi, Vi from (17), (18), (19), we obtain a necessary condition that 
a point (x) lies on such a line. The equation is 



Ui(vx)—Vi(ux) tif(yx)—v^vx) tt,(tM!)— «,(««) Ut{vx) —V4,(vx) 
u\(y'x)—v'i(u'x) — — — 















= 0, 
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= ttK, 



wherein {ux) is written for Swia^, etc. 

Since this equation is of the second degree, the locus is a quadric. 
The skew lines ?, l\ I" all lie on it, hence it cannot be singu- 
lar. The common transversals of I, V, I" belong to one regulus, 
and Z, V, Z" themselves are three lines of the other regulus. 

If aj, = 0, a52 = is chosen for Z', and o^ = 0, x^=0 for Z", the 
equation becomes 



= 0. 



If we write 

this assumes the form 

The pencil of planes k^Xi + k^ = is associated with the pencil 
kiX^ + k^^ = in such a way that associated planes pass through 
the same point of the line Z. Two pencils of planes associated in 
this way are projective (Art. 100). 

The locus of the intersection of corresponding planes of two 
projective pencils of planes whose axes do not intersect is a non- 
singular quadric containing the axes of both pencils. 

Dually, the lines joining the corresponding points of two projec- 
tive ranges generate a quadric surface. The lines containing the 
given ranges of points belong to the other regulus of the quadric. 
For this reason it is sometimes convenient to consider the gener- 
ators of one regulus as directrices of the other regulus. 
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120. Transversals of four skew lines. Lines in hyperbolic posi- 
tion. We can now solve the problem of determining the number 
of lines in space which intersect four given skew lines Zj, Zj? hf h 
by proving the following theorem : 

Theorem. Four skew lines have at least two (distinct or coirir 
ddent) transversals. If they have 7ru)re than two, they all belong to 
a regulus. 

Any three of the lines, as l^ I2, ?8, determine a quadric on which 
li, I2, l^ lie and belong to one regulus. The common transversals 
of li, I2, Iz constitute the generators of the other regulus. The 
line Z4 either pierces this quadric in two points Pj, P2, or lies 
entirely on the surface. In the first case, through each of the 
points Pi, P2 passes one generator of each regulus, hence one line 
meeting ^, Zj, Z3. But Pj, Pj are on l^ hence through Pj, Pj passes 
one line meeting all four of the given lines. In the second case, 
Z4 belongs to the same regulus as li, I2, Z,. 

Four lines which belong to the same regulus are said to be in 

h3rperbolic position. 

EXERCISES 

1. Write the equations of the quadric determined by the lines 

aji + 052 = 0, Xs + «4 = ; 2 aci + X2 — a^ = 0, 0:2 4- 358 — 2 X4 = ; 

Xi — Xi — Xs-{'X4 = 0, Xi + 2 052 + 3 Xg + 4 0:4 = 0. 

2. Find the equations of the two transversals of the four lines 

Xi = 0, X2 = ; Xs = 0, X4 = ; Xi + Xg = 0, X2 + X4 = ; 
Xi + X4 = 0, X2 — Xs = 0. 

3. When a tetrahedron is inscribed in a quadric surface, the tangent 
planes at its vertices meet the opposite faces in four lines in hyperbolic 
position. 

4. State the dual of the theorem in Ex. 3. 

5. Find the polar tetrahedron of the tetrahedron of reference as to the 
general quadric ^ = 0. 

121. The quadric cone. It has been seen (Art. 104) that the 
surface -4 = Sa<taj,»fc = ^ represents a proper cone if and only 
if the discriminant is of rank three. In this case there is one 
point (7/) whose coordinates satisfy the four equations < 

«»iyi + «.2y2 + (^izy» + <^i^A. = 0, i = 1, 2, 3, 4. (21) 

The point {y) is the vertex of the cone. 
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The equation of the polar plane (Art. 107) of any point (z) with 
regard to the cone is 

CiaaZi) Xi -h (Sa<22;<) x^ + (Sa^a^i) «8 + (Sa,^.) x^ = 0. (22) 

On rearranging the equation in the form 

(%auXi)Zi + {%a^Xi) z^ -\- (Saj^a.) z^ + {%a^x,) z^ = 0, (23) 

it is seen that the coordinates of the vertex (y) will make the 
coefficient of every coordinate z^ vanish, hence : 

Theorem I. The polar plane of any point in space with regard 
to a quadric cone passes through the vertex. The polar plane of the 
vertex itself is indeterminate. 

Moreover, the polar plane of all points on the line joining any 
point (z) to the vertex will coincide with the polar plane of («), 
since the coordinates of any point on the line joining the vertex 
(y) to the point (z) are of the form kiy^ -|- k^^. On substituting 
these values in (23) and making use of (21) we obtain (22) again. 
In particular, if (z) lies on the surface, the whole line (y) (z) is on 
the surface ; the polar plane is now a tangent plane to the cone 
along the whole generator passing through (z). Hence : 

Theorem II. Every tangent plane to the cone passes through the 
vertex and touches the surface along a generator. 

If the vertex of the cone is chosen as the vertex (0, 0, 0, 1) of 
the tetrahedron of reference, then from (22), ai^ = a^ = a^ =044=0, 
hence the equation of the surface is independent of x^. Con- 
versely, if the equation of a quadric does not contain x^ then 
A = and the surface is a proper or composite cone with vertex 
at (0, 0, 0, 1). The equation of any quadric cone with vertex at 
(0, 0, 0, 1) is of the form 

K = Sa^jtic^oj^ = 0, i, fc = 1, 2, 3. 
The equation of the tangent plane to ^ at a point (z) is 

-f (^Sl^^l + (^S!^2 + f^di^i) X^ = 0. 
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If a plane 'Xu^Xi = coincides with this plane, then 

Moreover, the point (2) must lie in the plane Sw,aj< = 0, hence 
^u^Zi = 0. If 2^, 2^29 ^39 ^ ^1^0 eliminated from these equations, the 
resulting equations are 

Ot\\ (lj2 Cti3 ttj 

0t2i fl22 ^^ ^^ 

0^31 Gf82 ^88 '^3 
Ui Wj Ws 



^4 = 0, 



= 0, 



(24) 



which define the cone in plane coordinates. 

If the vertex of the cone -4 = is at the point (A;), then ^(u) 
= (SM<)' = (Art. 106). If A;..:9fcO, the section of ^ = by 
the plane a?^ = is a conic whose equation in plane coordinates 
is obtained by equating to zero the first minor of ^{u) correspond- 
ing to a,^. The first minor of any element a,, of the principal 
diagonal equated to zero, together with *(w) = 0, will, if Ic^ ^ 0, 
define the given cone. 

122. Projection of a quadric cone upon a plane. Given a point 
on a cone Ky but not at its vertex. To project the cone from 
O upon a plane ir not passing through 0, connect every point P on 
K with 0. The point P' in which OP cuts ir is called the projec- 
tion of P upon IT. Let g be the generator of JfiT through O, and 0' 
the point in which g pierces v. Let I be the line of intersection 
of IT and the tangent plane along g. The point on ^ corre- 
sponds to any point of Z, and to 0' in if correspond all the points 
of g. With these exceptions there is one-to-one correspondence 
between the points of w and of K. A curve defined on either 
will uniquely determine a curve on the other. 

Let ^be defined by x^x^—x^^O, ir by 0^3=0, and O=(0, 0, 1, 0). 

If P' = (^1, ^2, 0, ^4), the coordinates of P = (ajj, a^, a?j, 0^4) are 
seen, as in Art. 108, to be connected with those of P' by the 
equations 

p^x = iiy p^ = f i&> P^ = y> P^i = ^A- 
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EXERCISES 

1. Show that 

represents a cone. Find the coordinates of its vertex. 

2. Find a value of k such that the equation 

xi^ — 6 xiXt + 6x2^ + 4 xz^ — kxzx^ + 0542 = 
represents a cone. 

3. Write the equations of the cone of Ex. 1 in plane co5rdinates. 

4. In equations (24), replace m by Xi and interpret the resulting equations. 

5. Prove that if the two lines of intersection of a quadric and a tangent 
plane coincide, the surface is a cone. 

6. What locus on the cone K has for its projection in t a conic : 

(a) not passing through O' ? 

(6) passing through O', not touching I ? 

(c) touching Z at O' ? 

7. State some properties of the projection upon t of a curve on K which 
passes k times through O, has k' branches at the vertex, and intersects ^ in n 
additional points. 



CHAPTER XI 

LINEAR SYSTEMS OF QUADRICS 

In this chapter we shall discuss the equation of a quadric sur- 
face under the assumption that the coefficients are linear functions 
of one or more parameters. 

123. PencU of quadrics. If 

A = ^aijpc^Xj, = 0, B=, ^hijpHiXj, = 
are the equations of two distinct quadric surfaces^ the system 

A-\B=% (a,, - X6,,) x,x, = 0, (1) 

in which X is the parameter^ is called a pencil of quadrics. 

Every point which lies on both the given quadrics lies on every 
quadric of the pencil, for if the coordinates of a point satisfy the 
equations -4 = 0, S = 0, they also satisfy the equation A — \B = 
for every value of X. 

Through any point in space not lying on the intersection of 

u4 = 0, -B = passes one and but one quadric of the pencil. If 

(jU) is the given point, its coordinates must satisfy the equation (1), 

hence 

^(y)-XB(y) = 0. 

If this value of X is substituted in (1), we obtain the equation 

A(y)B^B(y)A=^0 

of the quadric of the pencil (1) through the point (y). 

124. The X-discriminant. The condition that a quadric 
-4 — Xi5 = of the pencil (1) is singular is that its discriminant 
vanishes, that is. 



a^* — X6itl = 



Hh '^^ih 
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= 0. (2) 
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This determinant will be called the X-discriminant. If it is iden- 
tically zero, the pencil (1) will be called a singular pencil. If the 
pencil is not singular, equation (2) may be written in the form 

^4 + 4®A» 4" 6*X2 -f 40'A. + A' = 0. (3) 

If A ^ 0, this equation is of the fourth degree in A. If A = 0,. 
the equation will still be considered to be of the fourth degree, 
with one or more infinite roots. It follows at once from equation 
(3) that in any non-singular pencil of quadrics there are four 
distinct or coincident singular quadrics. If in (3), A, is put equal 
to zero, A' results. But from (2), this is the discriminant of 
-4=0. Similarly, A is the discriminant of B = 0. Let fi^^ be 
the cof actor of bn, in A. From (2) and (3) we obtain 

If = 0, ^ = is said to be apolar to B = 0. Similarly, if 0'= 0, 
B= is said to be apolar to .4 = 0. A geometric interpretation 
of this property will be given later (Art. 149). 

125. Invariant factors. If the equations of the quadrics of a 
non-singular pencil are transformed by a linear substitution such 
that -4 = is transformed into -4' = and B = into ^ = 0, 
then A — \B = becomes 4' — KB' = 0. Moreover, if T is the 
determinant of the transformation of coordinates, then (Art. 104) 

From this formula we have at once 

Theorem I. If (A.— \i)*o is a factor of \ a.^ — Xbn, |, it is also a 
factor of I a'<4 — AZ*',* | and conversely. 

Hence the numerical value and multiplicity of every root of 
the X-discriminant is invariant under any linear transformation 
of coordinates. Moreover, by a proof similar to that of Theorem 
II, Art. 104, we obtain the following theorem : 

Theorem II. Every sth minor of the transformed X-discriminant 
is a linear function of the sth minors of the original X-discriminant 
a7id conversely. 

From the two theorems I and II we obtain at once 
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Theorem III. If {\— Ai)* is a factor of all the sth miiuyrs of 
I a^j, — X^rt {, then it is also a factor of all the sth minors of 
I <*'•» — ^'ik I <*^^ conversely. 

Let (A. — Ai)*o be a faxjtor of the X-discriminant, 
(A — Ai)*i of all its first minors, 
(A — Ai)*« of all its second minors, etc., 
A;, being the highest exponent of the power of (A — Ai) that 
divides all the ath minors, and k^ being the first exponent of the 
set that is zero. 
Let also 

A = ^o-^i> Li — ki — kz, •••, A = A;,_i. (4) 

From Theorem III we have : 
Theorem IV. The expressions 

(A-AOS (A-AOS -.-, (A-Ai)^' 
are independent of the choice of the tetrahedron of reference. 

These expressions are called invariant factors or elementary 
divisors to the base A — Ai of the A-discriminant. 
We shall next prove the following theorem : 

Theorem V. The exponent of each invariant factor is aJt least 
unity. 

^^* I a,, - Aft,, I = (A - A0*o2^(A), 

where F{\) is not divisible by (A — Aj). 
Then ^ 



^^ , a,, - Aft,, I = (A - AO*o-V(A), 

where /(A) is not divisible by (A — Ai). But the derivative of 
I <^ik — ^ft.» I with respect to A may be expressed as a linear function 
of the first minors,* and is consequently divisible by (A — Ai)*i 
at least. 

* If the elements of a determinant |a&cd| are functions of a variable, it follows 
from the definition of a derivative that the derivative of the determinant as to the 
variable may be expressed as the sum of determinants of the form 

I a'bcd I + 1 ab'cd | + 1 abc'd \ + 1 abed' |, 
hi which a\ is the derivative of ai, etc. 

If these determinants are expanded in terms of the columns which contain the 
derivative, it follows that the derivative of the given determinant is expressible as 
a linear function of its first minors. 
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Hence k,^lc^-l or L,^l. 

The proof in the other cases may be obtained in a similar way. 

126. The characteristic. It is now desirable to have a symbol 
to indicate the arrangement of the roots in a given X-discriminant. 
There may be one, two, three, or four distinct roots. If fc^ = 1 for 
any root Xj, then L^ = 1, and no other i, appears for that factor. 
If Aiq = 2, then L^ may be 1 or 2, according as the same factor is 
contained in all the first minors or not. If all the exponents X, 
associated with the same root are enclosed in parentheses (Zi, 
L29 •••), and all the sets for all the bases in brackets, the config- 
uration is completely defined. This symbol is called the charac- 
teristic of the pencil (1). E.g., suppose 

and that X — X2 ^^ ^^^o a factor of all the first minors, but that 
X — Xi is not. The characteristic is [2(11)]. If X — Xi is also a 
factor of all first minors so that A = 1? A = 1 ^ ^'^ base X — Xi, 
the symbol has the form [(11)(11)]. 

From (4) it is seen that A + A -h ••• + A = ^w ^^^^ is, that the 
sum of the exponents for any one root is equal to the multiplicity 
of that root. Since the sum of the multiplicities of all the roots 
is equal to four, we have the following theorem : 

Theorem. The sum of the exponettts in the characteristic is 
always equal to four. 



1. Express the minor 



of I a'ik — Wih I 1° terms 



EXERCISES 
a'i2 — ^&'i2 a'i8 — ^&'i8 

a'28 — X&'28 0,'ZZ — ^ft'sj 

of the second minors of | aik — X&»jb|- 

2. Find the invariant factors and characteristic of each of the following 
forms : 
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127. Pencil of quadrics having a common yertez. If the X-dis- 
criminant is identically zero^ the discussion in Arts. 124-126 does 
not apply. In case all the quadrics have a common vertex, we 
may proceed as follows. If the common vertex is taken as 
(0, 0, 0, 1), the variable x^ will not appear in the equation. We 
then form the A.-discriminant of order three of the equation in 
^i> ^> ^« I^ t^is discriminant is not identically zero, we deter- 
mine its invariant factors and a characteristic such that the sum 
of the exponents is three. 

Similarly, if the quadrics have a line of vertices in common, we 
form the X-discriminant of order two, and a corresponding charac- 
teristic ; if the quadrics have a plane of vertices in common, the 
X-discriminant is of order one. 

128. Classification of pencils of quadrics. The principles de- 
veloped in the preceding Articles will now be employed to classify 
pencils of quadrics and to reduce their equations to the simplest 
forms. When the equation of the pencil is given, the charac- 
teristic is uniquely determined. It will be assumed that for any 
given pencil A — \B = 0, the X-discriminant has been calculated 
and the form of its characteristic obtained. For convenience, the 
cases in which A = and B = coincide will be included in the 
classification, although in this case A — \B = does not constitute 
a pencil as defined in Art. 123. 

Since any two distinct quadrics of a pencil are sufficient to 
define the pencil, we shall always suppose that the quadric ^ = 
is so chosen that the X-discriminant has no infinite roots. 

129. Quadrics having a double plane in common. By taking the 
plane for a?i = 0, the equation reduces to 

A =^ XjAq , JS^ Xi y 

and the characteristic is [1]. 

130. Quadrics having a line of vertices in common. Let o^ = 0, 
as2=0 be the equations of the line of vertices. Every quadric 
consists of a pair of planes passing through this line, and the 
equation of the pencil has the form 

-4 — XB = OiiOi' + 2 ai^x^ -I- 02202* — -^(^u^' + 2 hi>p^X2 + h^sfn^ =0. 
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Three oases appear : 

(a) The A.-discriminant has two distinct roots Xi, A^. 

(b) The A-discriminant has a double root Ai, but not every first 
minor vanishes for A = Ai. 

(c) The A-discriminant is of rank zero for A = Aj. 

In case (a), A — AijB is a square and A — AjS is another square. 
Let the tetrahedron of reference be so chosen that 

A — Ai^ = a52^ -^ — A2B = x^- 

If we solve these equations for A and JB, we may, after a suitable 
change of unit point, write A, B in the form 

In case (6) we have the relation 

(011622 — «22^i)* = 4 (011612 — Oi2&ii)(Oi2622 — OtaMj 

which is the condition that -4 = 0, ^ = have a common factor. 
By calling this common factor x^ and the other factor of JB = 
(which is by hypothesis distinct from the first) 2 a?,, we may put 

A-\^B = x^, Bz=2xiX^ 

Solving for A, B, we have 

A = Xi^ ■}-2 AiOJiajj, B = 2 o^x^. 
In case (c), we have ^ — AiB s 0, hence we may write at once 

\(x^ + x{) -\(x^ + ^ = 0. 

The invariant factors are A — Ai, A — Ai. 
In this case we have then the following types : 

[11] A^\x^-\-\^^y 5 = aJl«4-aJ2^ 

[2] ^ = 2 AiOJiiBj + i»l^ ' B=z2xiX^, 

[(11)] A = AiCoH* + x^), B = x,^ + x,\ 

131. Quadrics having a vertex in common. Let the common 
vertex be taken so that the equation of the pencil contains only 
three variables, Xi, x^, x^. It will first be assumed that the A-dis- 
criminant is not identically zero. 

Suppose |o,-4 — A6jfc,| = has at least one simple root Ai- The' 
expression A — X^B is the product of two distinct linear factors, 
hence the quadric J. — AiB = consists of two distinct planes. 



ttit — bit, I == 



"a ^ik 
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both passing through the point (0, 0, 0, 1). Let the line of inter- 
section of the planes be taken for o^ = 0, o^ = 0^ so that the ex- 
pression A — \iB does not contain x^. It follows that 

ttii — Xi6n =0, ai2 — \ibi2 = 0, a^ — Xb^ = 0. 

By means of those relations an, ai2, a^, can be eliminated from 
the A-discriminant. The result may be written in the form 

6n(A-Xi) &i2(A-Xi) 6i8(A-\i) 

buQ^ — Aj) 022 — X^22 <ha — ^88 

bizi^—Xi) Oja — X^28 ^ — ^88 

Since Xj was assumed to be a simple root of | a,^ — Xbn, \, it follows 
that bii =^ 0. The equation of the peucil now has the form 

— A(6a«i' + 2 by^js^i -\- 2 b^^x^ -h 622*2* + 2 628«2«8 -h bnQc/)= 0. 
If we make the substitution 

y^ ^ aj^ ^ _12«2_dL_J8^, y2 = a?2» 2/8 = «8, 

bn 

then replace ^1, ^2> ^s ^7 *i> *2» *s> ^^^ equation of the pencil takes 
the form 

Xi«i* + <^(«2, iKj) - ^(aji* +/(a^ «8))= 0, 

in which ^(o^ ^) aJi<i /(^> ^s) ^.re homogeneous quadratic func- 
tions of X2, Og- The above transformation may be interpreted 
geometrically as follows : Since b^ =^ 0, the quadric B = does 
not pass through the point (1, 0, 0, 0). The polar plane 

biiXi + bi^ + bi^i = 

of the point (1, 0, 0, 0) as to B is consequently not a tangent 
plane to B at this point. The transformation makes this polar 
plane the new x^ changes the unit point, and leaves «2 = ^> Xi = 
unchanged. 

The expression 4>(x^, x^) — A/(a?2, 05,) may now be classified ac- 
cording to the method of Art. 130, and the associated functions 
of Xiy x^, x^ are obtained by adding X^x^^ to ^(ajg, «8)» ^* to/(*2« ^s)- 

Next suppose that |a,|. — X^.tl =0 has no simple root. It has, 
then, a triple root which we shall denote by Xj. If X— X^ is not 
a factor of all the first minors, the quadric A — XiB = consists 



\<^ik-^^ik\ = 
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of two distinct planes. Let the tetrahedron of reference be 
chosen in such a way that these two planes are taken as 0^ = 0, 
a^ = 0, so that the equation of the quadric has the form 

^ - X,S = 2 (oa - Xi6a)avr, = 0, 
wherein ajj — Ai^js ^ ^> ^^^ 

Oil — ^1^18 = % 3nd 

bn(\-\i) &i2(A-X0 6„(A-A0 
612 (A — Xi) 622 (A. — Ai) Ojg — X62S 

&18(A—Ai) 023 — \628 &88(A — Xi) 

Since (X — Xi)' is a factor of this determinant and Ojs — Xi^as =^ 0» 
it follows that bu = 0, and 613&12 = 0, that is, either &i, = or 
&„ s 0. Since it is simply a matter of notation which factor is 
made to vanish, let 613= 0. Then 612=^0, since | a.^ — Xft^^ | ^ 0. 
Geometrically, this means that the plane 0^ = touches 5 = 
along the line o^ = 0, a;, = 0. The plane ojg = intersects the cone 
J5 = in the line x^^O, Xi = and in one other line. By a 
further change of coordinates, if necessary, the tangent plane to 
B=0 along this second line may be taken for aji = 0. 
We then have 

5 = 2 bi^x^ + 6„aj,*, 
but since 

A = \iB -h 2 (023 — Xi628)a¥»8> 

we may, by a suitable choice of unit point, write the equation of 
the pencil in the form 

^ - XB = Xi(2 a?ii»2 + aj,«) +2 aj2«8 - X(2 anajj 4- 03') = 0. 

If X — Xi is also a factor of all the first minors of the X-dis- 
criminant, but not of all its second minors, A — \iB is a square 
and represents a plane counted twice. This plane may be chosen 
f or a^ = so that 

A — XiB = (022 — X1622) «2*. 

Since (X — Xi)' is a factor of the X-discriminant, we must also 
have 
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Geometrically, this condition expresses that o^ = is a tangent 
plane to the cone JB = 0. We may now write 

Hence, by a suitable choice of unit point, the equation of the 
pencil may be reduced to 

Ai(2 x^x^ 4- Os') + «2' " A(2 x^x^ + x^) = 0. 

If X — Ai is also a factor of all the second minors of | a,^ — Aft,*] , 
the equation of B = is a multiple of that oi A — and the equa- 
tion of the pencil may be written in the form 

We have thus far supposed, in this Article, that the X-discrimi- 
nant did not vanish identically. It may happen that the deter- 
minant I a,j^ — Xbij, I is identically zero even though the quadrics of 
the pencil do not have a line of vertices in common. In this case 
every quadric of the pencil consists of a pair of planes. Let 
^ = ^ (iTj, 053), B =f(3C29 x^). Since | a^ — Aft^j | is identically zero, 
it follows that 

«ll(M38 — ^28*) = 0, 688(ail«22 — «12*) = 0, 

and hence that o^ = 0, 633 = 0, as otherwise the quadrics would 
have a line of vertices in common, contrary to hypothesis. 

By an obvious change of coordinates, we may write the equa- 
tion of the pencil in the form 2 ^X2 — X2 x^ = 0. This is called 
the singular case in three variables. Its characteristic will be 
denoted by the symbol { 3 1. Collecting all the preceding results 
of the present Article, we have the following types of pencils of 
quadrics with a common vertex. 

[Ill] XyXi' + XjiBj' + Aja;,' x,* + x^i + x,* 

[21] X^Xi^ + 2 X^x^ 4- iCj* a?i« + 2 avB| 

[1(11)] XiXj' -{- X2(X2^ + x,^ ai' + aSz'+V 

[3] Ai(2 X1X2 4- aj3«) -f 2 ajjo^ 2 x^x^-^-x^^ 

[(21)] X,(2 x,X2 + x,^) 4- «,» 2x,x,-hx^ 

[(111)] X,(x,^+x,' + x^) x.^ + x.^+x^ 

{31 2X1X^3^ 2x^ 
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EXERCISES 

1. Determine the invariant factors for each pencil in the above table. 

2. Determine the nature of the locus ^ = 0, J5 = for each pencil in the 
above table. 

3. Find the invariant factors and the characteristic of the pencils of 
quadric cones defined by 

(a) A = Sxi^-\-9xi^ + i x^z - 2 xix^ - 6 Xix^ = 0, 

B = 5 xi^ + 8 a5a« - 2 X8* — 6 XiXg - 14 XiXa = 0. 
(6) -4 = 6 Xi2 + 3 Xi2 + 2 X32 + 4 XjXg - 2 XiXs + 2 xiXs = 0, 

B = 9x1^ - xa* + xs^ - 4x2X8 + 14 XiXs + 42 X1X2 = 0. 
(c) ^ = 6 xi^ - 6 xa^ + xs^ -I- 6 xjXg + 10 XiXg - 4 xix« = 0, 

B= 10xi* + 2xj2+ 10x8*-10xaX8 + 24xiX8- 16xix« = 0. 
{d) ^ = 2.xi2 + 2 X2« - 2 X2X8 - 2 X1X8 = 0, 

B = Xi^+S Xa^ + Xs^ — 4 XaX8 — 2 XiXs = 0. 

4. Find the form of the intersection of .4 = 0, J5 = in each of the pencils 
of Ex. 3. 

5. Write the equations of each of the pencils in Ex. 3 in the reduced form. 

132. Quadrics having no yertez in common. As in the preced- 
ing case, we shall suppose, except when the contrary is stated^ 
that I a^j, — A.6,.jk | is not identically zero. If (A — Xi) is a simple 
factor of the A.-discriminant, then A — kiB = is the equation of 
a cone. By choosing its vertex as (1, 0, 0, 0) and proceeding 
exactly as in Art. 131, the equation may be reduced to the form 

By this process the variable Xi has been separated and the func- 
tions <^(iB2, 0^, x^y /(a52j a?3> ^i) can be reduced by the methods of 
Art. 131, not including the. singular case. 

The only new cases that arise are those in which the roots of 
I a^jb — A6<t I = are equal in pairs or in which all four are equal. 

Consider first the case in which there are two distinct double 
roots \i and X2, neither of which is a root of all the first minors of 
the X-discriminant. The quadrics A -— kiB =0, A — X^B = are 
cones having distinct vertices. Let the vertex of the first be 
taken as (0, 0, 0, 1) and that of the second as (0, 0, 1, 0). The 
equation of the former does not contain x^. Hence, we have 
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When those values of a^ are substituted in | a,*— Xft.t | = 0, X — Xi 
is seen to be a factor. The condition that (X — Xi)* is a factor is 
that either 644 = or that X — Xi is a factor of the minor cor- 
responding to 044 — X644. But in the latter case X — Xj is a factor 
of all the first minors, contrary to hypothesis, hence b^ = 0. 
Proceeding in the same way with the factor X— X2, it is seen that 

and also that 633 = 0. Hence the vertices of both cones lie on the 
quadric 5=0. Let the tangent plane to 5 = at (0, 0, 0, 1) be 
taken as a^ = 0, and the tangent plane to 5 = at (0, 0, 1, 0) be 
taken as o^i = 0. Since B = is non-singular, b^ in the trans- 
formed equation does not vanish, hence the plane a^ = intersects 
the cone A — XiJB = in the line ajj = aj2= and in another line. 
Let the tangent plane along this second line be taken as a^s = 0; 
that is, make the transformation 

2 &i8(A2 - Xi)y3 = (Ou - Xi&n)aa + 2 (ou - \fii2)x2 -h 2 ftiaCXj - Xi)ara, 
y* = a?4. 

The equation of the cone has now the form 

A — kiB = (022 — K^7!i)^2 + 2(ai8 — Khz)^^z = 0- 

Similarly, the plane a?i = intersects the cone A — K2B =s in 
the line aji = 0, a^ = and in another line. Make a further trans- 
formation by choosing the tangent plane to ^ — X2B = along 
this line for the new a?4, thus 

yi = »i, 2^2= «2, yz = ^y 

2 624(^1 - ^)yi=((h2 - A2&12)«1 +(022 - X2&22)«2 + 2 624(^1 - X4)aj4. 

The equation of the second cone now has the form 

A — X^B = (oii — Xpi^x^ -I- 2(024 — ^2/^^"^^ = ^« 

By a suitable choice of unit point the equation of the pencil may 
be reduced to 

Xi(aJi« -h 2 av»4) + X2(a^* 4- 2 aj^ajj) — \(x^ -f Oj' + 2 ajjaj, + 2 ai>aj4) = 0. 

If the invariant factors are (X — Xi), (X — Xi), (X — Xj)*, the quad- 
ric A — XiB = is a pair of distinct planes and as before A — X^B = 
is a cone having its vertex on the quadric B = 0, Let the line of 
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intersection of the two planes oi A — \iB = be taken as a^ = 0, 
a?4 = 0, and let the vertex of -4 — X^B =s be at (0, 0, 1, 0) as before. 
Since this vertex lies on ^ — A^B = and on B = 0, it lies on every 
quadric of the pencil, in particular, therefore, on -4 — AiB = 0. 
Thus, one of the planes of the pair constituting A — XiB = is the 
plane x^ s 0. The other may be taken as o^ = so that 

A — \iB = (a84 — Ai&34)av»4 = 0. 

The plane ^4 = is not tangent to A — X^B = 0, since otherwise the 
discriminant | a.-^ — Xbn, \ would vanish identically. Hence we may 
choose for a^ = 0, and a^ = any pair of planes conjugate to each 
other and each conjugate to aj4 = as to the cone A — X^B = 0. The 
equation of the cone A — X^B = is now 

A — XiB = (oii — kjbii)xi^ + (022 — XJ)22)x2^ + (a^ — Xjb^)x^* = 0. 

From these two equations we may reduce the equation of the pen- 
cil to the form 

If (A— X2) is also a factor of all the first minors, so that the in- 
variant factors are (X — Ai), (X — Xi), (X — X^), (X — X2), the quadrics 
A — XiB = and A — X^B = both consist of non-coincident planes. 
These four planes do not all pass through a common point, since 
in that case all the quadrics of the pencil would have a common 
vertex at that point, contrary to the hypothesis. We may conse- 
quently take 

A — XiB= (a^, — Xi633)aJ,2 + (a44 — Xi644)a54* = 0, 
A — KiB = (Oii — Xa&n)^!^ + («22 — ^22)^^ = 0. 

By a suitable choice of unit point the equation of the pencil as- 
sumes the form 

The remaining cases to consider are those in which |a,t — X&,jfe| 
has a fourfold factor (X — Xi)*. Suppose first that X — Xi is not a 
factor of all the first minors. The quadric A — XiB = is a cone 
with vertex on B = 0. Its vertex may be taken as (1, 0, 0, 0), and 
the tangent plane to B = at this point as 0^2 = ^« Since A — 
XiB = is a cone with vertex at (1, 0, 0, 0) we have 

Oil — Xi6ii = 0, ctij — Xi6i2 = 0, ctij — X1618 =s 0, ai4—Xi 614=0. 
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Since (1, 0, 0, 0) lies on B = 0, we have bu = 0, and since the tan- 
gent plane at (1, 0, 0, 0) is ajj = 0, it follows that ft^ = 0, &14 = 0. 
The X-discriminant now has the form 



&i2(A-X0 








big{k — Ai) Ojj — X&22 


Oj,— Aftja 


024— A&J4 


Oa — A623 


Oja — A638 


«84— A&34 


Ct24 — A.624 


034 — A684 


^44— A644 



Since (A — Ai)* is a factor and 612 ^ ^? i* follows that 



'84 



'84 



'44 



(x-\o'= 



(Z33 — AO3S fl84 — AO34 
034— A634 a44— A644 



The section of the pencil of quadrics A — \B = by the plane 
0^2 = is the pencil of composite conies 

aasOJs* -h a44a?4* + 2 a^^x^ — K^si^^ + ^44i»4^ + 2 634ajjaj4) =b 0, a?2 = 0. 

The characteristic of this pencil of composite conies is [2]; it con- 
sists (Art. 130) of pairs of lines through (1, 0, 0, 0) all of which 
have one line g in common. The plane iCj = ^ cuts the cone A — 
Ai-B = in the line g counted twice, and g is defined by one of the 
factors of b^^^-^- 2 b^^x^^+b^x^, since it is common to all the conies 
of the pencil. The tangent plane X2 = to 5 = therefore con- 
tains the line g and another line gK Through the line g\ which 
passes through the vertex of the cone ^— Ai5=0, can be drawn 
two tangent planes to the cone. One of them is a^ = 0. Choose 
the other for a^ = 0. The plane a^ = will touch the cone A — 
\iB = along a line gr". The plane containing the two generators 
gj g^^ of the cone is next chosen as x^ = 0. The equation of the 
cone A — \iB = now has the form 

A — \iB = 2(02, — K^fA)^N'^ + (^44 — Ai&44)aj4* = 0. 

The plane a?, = contains the generator gr' of 5 = 0, hence it is 
tangent to B s 0, and intersects ^ = in a line gi of the other 
regulus. The plane aj4=0 contains the generator gr of jB=sO, 
hence meets the surface in another line g^- The lines g, ^ are of 
opposite systems, hence g^t g^ belong to different reguli and inter- 
sect. The plane of g^y g^ may be taken as the plane a^ = 0. The 
quadric ^ = now has the equation 

5 = 2 6i2a^a?2 + 2 b^iffn^^ = 0. 
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By means of this equation and the equation of the cone A— \B 
= it is seen that the equation of the pencil may be reduced, by 
a suitable choice of unit point, to 

Now suppose X — Xx is also a factor of all the first minors, but 

not of all the second minors. The surface A — kiB = consists 

of a pair of planes which may be taken for a^ = and x^ = 0, so 

that 

A — \iB = 2(a84 — kibz^)x^x^ = 0, 

and A — \B = 2(a34 — kfi^x^^ -h (X^ — X) B. 

If the X-discriminant is calculated and the factor (X— Xj)* re- 
moved, it is seen that in order for | a^^ — X6,fc | to have the further 
factor (X — Xi)* the expression 611622 — 612* must vanish. Hence 
611^*^1' + 2 6i2a;iaj2 4- 6222:2* either vanishes identically, or is a square 
of a linear expression. 

In the first case, 611 = 0, 612 = 0, 622 = 0, so that the line x^ = 0, 
aj4 = lies on the quadric B = 0, The plane a?, = passes through 
this line and intersects JB = in a second line gf. Similarly, 
aj4 = intersects B = in x^ = and in another line /'. Another 
tangent plane through g' may be taken as a?2 = 0, and the plane of 
gf" and the second line in a^ = as a?i = 0. The equation of 5 = 
is 

5 = 2 6i3ajiaj3 -f 2 6243^^4 = 0, 

and the equation of the pencil may be reduced to the form 

Xi(2 iCiX^ -h 2 a:2a?4) + 2 a33aj4 — X (2 a:ia?8 -|- 2 052054) = 0. 

In case buX^^ -f 2 6i2a^a?2 + 622^* is a square, not identically zero, 
the line a?3 = 0, x^ = touches B = but does not lie on it. Let 
the point of tangency be taken as (0, 1, 0, 0) so that 612 = 0, 
622 = 0. If we now remove the factor (X — Xi)* from the X-dis- 
criminant and then put X equal to Xi, the result is 623624(a84— X1684). 
This expression is equal to zero, since (X — Xi)^ is a factor of the 
X-discriminant. But a84 — X1684 1^ 0, as otherwise A would be 
identical with B ; hence either 623 = or 624 = 0. Let the nota- 
tion be such that 624 = 0. Then the section of the quadric J5 = 
by the plane a^ = consists of two lines through (0, 1, 0, 0). 
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Let L be the harmonic conjugate of the line ajg = 0, aj4 = with 
regard to these two lines, and let P be any point on the conic 
a?4 = 0, 5 =s 0. If the plane determined by P and L is chosen for 
j»i = and the tangent plane to B = at P is taken for a^ = 0, the 
equation of JB = becomes 

B = hiiQC^ -I- 2 ftaa^ajj + h^x^ =s 0, 

and the equation of the pencil has the form 

^iW + aJ*' + 2 a^,)+ 2 a?3»4 '-\{x^^ + 2^4' + 2 0520:3)=: 0. 

Now suppose that X — Xi is a factor of all the second minors, 
but not of all the third minors, so that ^ — XiB = is a plane 
counted twice. Let this plane be taken as x^ = 0. 

A — \iB=: (a^ — \ib^)x^ = 0. 

By substituting these values in the A-discriminant, it is seen that 
the determinant | &ii2'22^83 1 must also vanish if X — Xj is to be 
a fourfold root. This means that the section of the quadric 
J5 = by the plane 054 = consists of two lines, hence that x^ = 
is a tangent plane to 5 = 0. Let planes through these two lines 
be taken as aji = 0, a?2 = 0. The remaining generators in a?! = 
and m QD2 = belong to opposite reguli and therefore intersect. 
The plane determined by them is now to be taken as x^ = 0. The 
equation of JB = is 2 bi^iO^ -f- 2 b^^^^ = 0, hence the equation 
of the pencil may be reduced to the form 

Xi(2 X1X2 + 2 0^X4) 4- x^ — X(2 X1OS2 + 2 a^a?4)= 0. 

If finally X — Xi is a factor of all the third minors, the two 
equations ^ = 0, J5 = differ only by a constant factor. If jB = 
is reduced to the sum of squares by referring it to any self-polar 
tetrahedron, the equation of the pencil becomes 

Thus far it has been assumed that the X-discrirainant did not iden- 
tically vanish. Now suppose | a.^ — \bi^\ = so that all the quad- 
rics of the pencil are singular. By hypothesis they do not have 
a common vertex. In the singular pencil two distinct composite 
quadrics cannot exist, for, if -4 = 0, J5 = were composite, we 
could choose A ^2 ociOCzy 3 = 2 x^^ since the quadrics of the pencil 
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do not have a common vertex. But the X-discriminant of the 
pencil -4 — AJ5 = is not identically zero, contrary to hypothesis, 
hence the pencil does not contain two distinct composite quadrics. 
The quadrics -4 = 0, JB = may therefore be chosen as cones. 
Let the vertex of -4 = be taken as (0, 0, 0, 1) and the vertex of 
5 = 0as(l, 0, 0, 0). 

Let g, g* be generators of .4 = 0, B = which intersect, but 
such that the tangent planes along each of them does not pass 
through the vertex of the other cone. The plane g, g^ can be 
taken as ajj = 0, the tangent plane to ^ = along gr as aji = 0, and 
the tangent plane to -B = along g^ as x^ = 0. 

The equations of the singular quadrics ^ = 0, JB = are now of 
the form 

A = a^ix^ + 2 a^^x^ + 2 (h^x^ + a^Xz = 0, 
B = 683a?8' + 2 624«2«4 + ^h^x^x^-\-h^^ =^0y 

and the X-discriminant is 



la^ — X&<j| = 



Oil 


ai2 


ai3 





«12 








— XZ>24 


<hz 





a^ — X633 


-X634 





— X624 


-A34 


-X544 



Since this expression vanishes identically, the coefficient of each 
power of X must be equal to zero. Tliese conditions are Oh = 0, 
^44 = ^> <*i2^84 — ^24<*i3 = 0. The last condition expresses that the 
planes OijO^ + (h»h = ^ ^^^ ^24^ 4- b^^ = are coincident. By 
transforming the equation of this plane to ajj = 0, the equation of 
the pencil reduces to 

2 0^X2 + ax^ — X(2 x^^ + x^ = 0. 

This case is called the singular case in four variables. The char- 
acteristic will be denoted by the symbol [ {3} 1]. 

The determination of the invariant factors and the form of the 
characteristic for each of the above pencils is left as an exercise 
for the student. The properties of the curve of intersection will 
be developed in Chapter XIII, but in each case the curve is 
described in the following table for reference. The table includes 
only those forms which do not have common double point. 
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183. Forms of pencils of quadrics. 

Simplified Fobms of A aitd B 



Obabaotxb- 

I8TI0 

[1111] 



[112] 



[22] 






[11(11)] A = X^x,^ + A^' -h KW + x^) 
B^x^^ + x^ + x^^^x,^ 

[13] ^ = XiOJi* -f A2(2 av»8 + «4') 4- 2 x^^ 

[1(21)] ^ = Xia?i« + A2(2 iB^iB, + a;^*) + «,« 
J5 = aJi*-f-2avB8 4-a?4* 



[1(111)] ^ = Aio?!* + X,{x^ + a^« + ir,«) 



A = Ai(a5i' 4- 2 x^^ + 
ki (X2^ + 2 aji«s) 
^ = «!* + «2* + 2 052^4 + 2 a?iaj, 



[2(1 1)] ^ = Xi(aH« + Og' + iC42) + 2 A«a?3aj4 
5 = a?i* -I- »2* + 054* + 2 a?8a:4 



[(11)(11)] ^ =Xi(a^« -h a^*) + A,(x,« + x^) 
B^x^^ + x^-\-x^^ + x^ 



CVSTK OF iNTKBSXOnON 
OF ^aO AND ^=0 

A general space 
quartic of the 
first species. 

A nodal quar- 
tic. 

Two conies 
which intersect at 
two distinct 
points. 

A cuspidal 
quartic. 

Two conies 
which touch each 
other. 

A conic counted 
twice. At each 
point of this conic 
the quadrics are 
tangent. 

A generator and 
a space cubic. The 
generator and the 
cubic intersect in 
distinct points. 

Two intersect- 
ing generators, 
and a conic which 
intersects each 
generator. The 
three points of in- 
tersection are dis- 
tinct. 

Four generators 
which intersect at 
four points. 



164 



LINEAR SYSTEMS OF QUADRICS [Chap. XL 



Gharao- 
txkibtio 



[(211)] 



[i3|l] 



A 
B 



[(22)] A 
B 



SuiPLnrixD FoHMS or 

A AND B 

2 a^Xs + 2 x^4 



Xi(2a;iaj, + 2 ic^^)'\-2x^^ 
2 a^auj + 2 x^^ 



[(31)] ^ 



Xi(a^2 ^ aj42 4- 2 av^s) 

-f 2 aJ3aj4 
ai' 4- a;4* H- 2 avcj 



J3 



[(1111)] ^ = 



A 
B 



Xi(2 i»iaj2 -h 2 a?,a?4) -f aJi* 
2 XiO^ -{- 2 XiX^ 

Ai(aH* + aj2* + «,*4-a?4») 
2 aji«2 + aa:s* 

^ X^^ -\- flJj 



ClTBTa OF iNTEBSKOnON OF 
^aO AND ^»0 

A generator and a space 
cubic. The generator 
touches the cubic. 

Three generators^ one 
counted twice. This 
generator intersects 
each of the others. 

Two intersecting gener- 
ators and a conic 
which touches the 
plane of the generators 
at their point of inter- 
section. 

Two intersecting gener- 
ators each counted 
twice. The quadrics 
touch at each point of 
each generator. 

The quadrics coincide. 

A conic and a generator 
counted twice. The 
vertices of the cones 
all lie on this gen- 
erator. 



EXERCISES 

1. Derive the invariant factors of each of the above systems of quadrics. 

2. Find the equations of each conic and each rectilinear generator of in- 
tersection of the quadrics of the above pencils. 

3. Determine the invariant factors; find the equations of the curve of 
intersection, and write the equations in the reduced form of the pencils 
determined by 

A = Xi2 — «2^ + 2X8^ + 2X42 + 5X8JC4 = 0, 

B = 3xi2 - X22 + Xi^ - 8x4* - 2x1X2 - 2x8X4 = 0. 



(a) 
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(c) 



A = xi^ + Xi^-\- 43^8^ + X4* + 4a;ia;2 + 6x2X8 + 4x1X8 = 0, 
5 = XjS + 3X8^ -f- X42 + 2xiX8 + 2x2X8 = 0. 

^ = 3xi2 — X2'* — 2 X82 + 2X4^ + 2 X1X2 — 4xiX8 = 0, 

B = 4Xi2- X2* + 2X8^^ + 3X4* + 2X1X2 + 2X1X4 + 4X8X4 = 0. 

^ = 3xi2 + 2x2* — X82 — X43 + 4XiX2 — 2x8X4 = 0, 

B = 3X1*-* — X2* — X8* — X4^ + X1X2 — 2x8X4 — 3x2X4 — 3x1X4 = 0. 



4. To what type does a pencil of concentric spheres belong ? A pencil of 
tangent spheres ? 

134. Line conjugate to a point. The equation of the polar 
plane of a point (y) with respect to any quadric of the pencil (1) is 

As X varies, this system defines a pencil of planes (Art. 24). The 
axis of the pencil, namely the line 

is said to be conjugate to the point (y) as to the pencil of quadrics. 
Let (y) describe a line, two points of which are (1/) and (3/'). 
It is required to find the locus of the conjugate line. Since 

Vi = fiy. + fJ^'i, i = 1, 2, 3, 4 

(Art. 95), the line conjugate to (y) is, by definition, 

thSaikl/i^k -h th^ikl/'i^k = 0, /iiS6.4y,«* +- ^W)n^'iX^ = 0. 

As (y) describes the line joining (y') to (2/") the ratio fii : fj^ takes 
all possible values. If between these equations fiiifj^ is elimi- 
nated, the resulting equation defines the quadric surface 

Mkl/i^k • ^^iiSf'i^k - Mk!/'i^k • ^ikl/i^k = 0. (5) 

From the method of development it follows (Art. 119) that all the 
lines of the system belong to one regulus (Art. 115). 

The polar planes, with respect to a given quadric of the pencil, 
of two fixed points (t/), (/') on the given line intersect in the line 

If between these equations X is eliminated, the resulting equation 
defines the same quadric (5). From Art. 115 it follows that this 
second system of lines constitutes the other regulus on the surface. 
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135. Equation of the pencil in plane codrdinates. TjetA—XB=0 
be the equation of a non-singular pencil of quadrics. The 
equation 



Oil — Xbii 


<hi — ^^12 


Ois-Afti, 


014— X614 


Wl 


ai2 - A612 


022 — X622 


CI2S — ^^28 


^24 — A^24 


t£2 


Ois - A.613 


028 — A628 


Oaj — X6s3 


«84— -^^84 


'^ 


flu — -^^M 


«24 — -^^24 


^84 — A.&34 


O44 — X^44 


W4 


Wi 


W2 


«^ 


W4 






= (6) 



expresses the condition that the section of a quadric of the pencil 
by a plane {u) is composite (Art. 106). For a given value Xi of X, 
(6) is the equation of the quadric A — X^B = in plane coordi- 
nates, if it is non-singular. If -4 — Xi5 = is a cone, (6) is the 
equation of its vertex counted twice. If -4 — X^B = is composite, 
(6) vanishes identically. 

Equation (6) is called the equation of the pencil in plane coor- 
dinates. Arranged in powers of X, it is of the form 

^i(^)X^ + 3 ^i(w)X* -♦- 3 %{u)\ H- ^^{u) = 0. (7) 

If ^i{u) =^ 0, the equation is of the third degree in X. When (7) 
is not identically zero, it vdll be said to be a cubic in any case, 
even if it has one or more infinite roots. Hence we have the fol- 
lowing theorem : 

Theorem. Every plane intersects three distinct or coincident 
quadrics of a non-singular pencil in composite conies. 

The coefficient of each power of X in (7) is homogeneous and of 
the second degree in Wj, Wjj ^a, u^ (if it is not identically zero), hence, 
when equated to zero, it defines a quadric in plane coordinates. 
Since the pencil is non-singular, we may, without loss of general- 
ity, assume that the quadrics -4=0, and J5 = are non-singular 
(Art. 128). The equation ^^i^) = is seen, by putting X = in 
(6), to be the equation of -4 = in plane coordinates. An analo- 
gous statement holds for ^i(w) = and jB = 0. The geometric 
meaning of the other coefficients will be discussed later (Art. 
149). 
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EXERCISES 

1. Write the equation in plane co5rdinates of the pencil of quadrics 
«!* - ac2^ + a^^ + 3 %^ - 6 x\x^ + 4 .^3X4 — X(2 «2X4 + «i^ + a^^ + aJs*) = 0. 

2. Determine the equations of the three quadrics of the pencil of Ex. 1 
which touch the plane x^ = 0. 

3. Determine equation (7) for the pencil 

a(2 x\X% + 2 313X4) + «i* — X(2 «iX2 + 2 X3X4) = 0. 

Show that (7) vanishes identically for each of the planes a;i= 0, Xz = 0, 
X4 = 0, and interpret the fact geometrically. 

136. Bundle of quadrics. If ^ = ^a^^x^Xi, = 0, J5 = S6i*a?,a;^ = 0, 
G = ^CiiPCiXf^ = are three given quadrics which do not belong to 
the same pencil, the system defined by the equation 

XiA + XjjB + A3C = 0, (8) 

in which X^, A^, A^ are parameters, is called a bundle of quadrics. 
The three given quadrics -4 = 0, 5 = 0, (7=0 intersect in at least 
eight distinct or coincident points,* through each of which pass 
all the quadrics of the bundle. These eight points cannot be 
taken at random, for in order that a quadric shall pass through 
eight given points, the coordinates of each point must satisfy its 
equation, thus giving rise to eight linear homogeneous equations 
among the coefficients in the equation of the quadric. If the 
eight given points are chosen arbitrarily, these eight equations are 
independent and the system of quadrics determined by them is a 
pencil. 

It is seen that seven given arbitrarily chosen points determine 
a bundle of quadrics passing through them. Since all the quadrics 
of the bundle have at least one fixed eighth point in common, we 
have the following theorem : 

Theorem I. All the quadric aurjaces which pass throtigh seven 
independent points in space pass through a fixed eighth point, 

* Three algebraic surfaces whose equations are of degrees m, n^p, respectively, 
intersect in at least mnp distinct or coincident points. If they have more than 
mnp points in common, then they have one or more curves in common. For a 
proof of this theorem see Salmon: Lessons Introductory to Modern Higher 
Algebra, Arts. 73, 78. We shall assume the truth of this theorem. 
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These points are called eight associated points. If the coordi- 
nates of any fixed arbitrarily chosen point (y) are substituted in 
(8), the condition that (y) lies on the quadric furnishes one linear 
relation among the \.. Hence through (y) pass all the quadrics 
of a pencil and therefore a proper or composite quartic curve 
lying on every quadric of the pencil. This quartic curve passes 
through th« eight associated points of the bundle. 

If (y) is chosen on the line joining any two of the eight asso- 
ciated points, every quadric of the pencil passing through it will 
contain the whole line, since each quadric of the pencil contains 
three points on the line (Art. 65, Th. II). The residual intersec- 
tion is a proper or composite cubic curve passing through the 
other six of the associated points and cutting the given line in 
two points. 

137. Representation of the quadrics of a bundle by points of a 
plane. Let Xi, A^, A^ be regarded as the coordinates of a point in a 
plane, which we shall call the X-plane. To each point of the X- 
plane corresponds a definite set of values of the ratios A.^ : A2 : A3 and 
hence a definite quadric of the bundle (1) and conversely, so that 
the quadrics of the bundle and the points of the A-plane are in one 
to one correspondence. To the points of any straight line in the 
A-plane correspond the quadrics of a pencil contained in the bundle. 
The line will be said to correspond to the pencil. Since any two 
lines intersect in a point, it follows that any two pencils of quadrics 
contained in the bundle have one quadric in common. 

138. Singular quadrics of the bundle. Those values of Ai, A^, A3 
which satisfy the equation 

I ^i^.* + Xj>ik + AgC,* 1 = (9) 

will define singular quadrics of the bundle. Unless special rela- 
tions exist among the coefficients a,.^ 6^^, c^^, none of these cones 
will be composite, for in that case all of the first minors of (9) 
must vanish, thus giving rise to three independent conditions among 
the Ai, A2, A3, which are not satisfied for arbitrary values of the 
coefficients. It follows further that, under the same conditions, no 
two cones contained in the bundle have the same vertex. For, if 
K=Oj L = were two cones having the same vertex, then every 
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cone of the pencil XiK-^- X^L = would have this point for a ver- 
tex. By choosing this point as vertex (0, 0, 0, 1) of the tetrahe- 
dron of reference, the pencil could be expressed in terms of the 
three variables a^, ajj, x^. The discriminant of this pencil equated 
to zero would be a cubic in A.^ : A^ whose roots define composite 
cones which were shown above not to exist for arbitrary values of 

^»*> ^ik> ^ik* 

It follows from (9) that the points in the X-plane determined by 
values of Ai, A2, A3 which define cones of the bundle of (8) lie on a 
quartic curve C4. Every point of this curve defines a cone of the 
bundle, and conversely. Each cone has a vertex, and it was just 
shown that no two cones have the same vertex. We have therefore 
the following theorem : 

Theorem. Tlie vertices of the cones in a general bundle describe 
a space curve J. The points of J are in one to one correspondence 
with the points of the curve d in the X-plane, 

The four points in which any line in the X-plane intersects C^ 
correspond to the four singular quadrics of the pencil which cor- 
responds to the line. If P is any point on the quartic curve, .the 
tangent line to C4 at P defines a pencil of quadrics in which one 
singular quadric is counted twice ; if the residual points of inter- 
section of the tangent line and d are distinct from each other and 
from the point of contact, the characteristic of the pencil is [211]. 
All the quadrics of the pencil pass through the vertex of the cone 
corresponding to the point of contact. 

139. Intersection of the bundle by a plane. If the quadrics of 
the bundle (8) are not all singular, the equation 
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= 0, (10) 



wherein «,* = ^1^.* + ^^a + ^<^.t> is called the equation of the 
bundle in plane coordinates. If the coordinates of a given plane 
(u) are substifetwited in (10), the resulting equation, if it does not 
vanish identically, is homogeneous of degree three in X^, A^, A, and 
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is consequently the equation of a cubic curve C^ in the \-plane. 
Equation (10) is the condition that the section of the quadric 
(Ai, Aj, As) by the plane {u) shall be composite. Every such com- 
posite conic in the plane (u) has at least one double point. It will 
now be shown that the locus of the point of tangency to (w) of the 
quadrics of the bundle which are touched by (?^) is a cubic curve. 

The equation of any plane (u) may be reduced to aj4 = by a 
suitable choice of co5rdinates. Let Xi, A^, A, be any set of values 
of Ai, A2, A3 which satisfy (10) when we have replaced i*i, t«2, «„ each, 
by zero and u^ by 1. 

The section of the quadric Ai-4 + A2B + A8(7=0 by the plane 
a?4 = is a composite conic having at least one double point (^x, yi, 
y„ 0). The coordinates of (y) must satisfy the relations 

Ai2a,.*yt -f AjS^^y* H- l^^ikyk = 0, for i = 1, 2, 3. 

If from these three equations Xj, A2, Ag are eliminated, the result is 
the equation of the locus of the point of contact (y). Since the re- 
sulting equation is of degree three in the homogeneous variables 
yi9 Vif Vz) the locus is a cubic curve. It is called the Jacobian of 
the net of conies in the given plane. 

140. The vertex locus /. The order of a space curve is defined 
as the number of its (real and imaginary) intersections with a 
given plane. 

We shall now prove the following theorem : 

Theorem. TTie vertex locus J of a general bundle is of order six. 

For, the condition that the vertex of a cone of the bundle lies 
in a given plane (u) is that the corresponding point in the A-plane 
lies on each of the curves (9) and (10). The theorem will follow 
if it is shown that these curves have contact of just the first order 
at each of the common points so that their twelve intersections 
coincide in pairs. 

Let the given plane be taken as x^ = 0. The equation of a cone 
of the bundle having its vertex in this plane can be reduced to 

and that of the bundle to the form 
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The point in the \-plane corresponding to the cone is (0, 0, 1). 
It lies on ^(X) and on Ci(X). It is to be shown that C^^K), C8(X) 
have the same tangent at (0, 0, 1), but that they do not have con- 
tact of higher than the first order. In (9) put C22 = C33 = C44 = 1 
and all the other c^j = 0, and develop in powers of A«. The re- 
sult may be written in the form 



KAi + 6iiXa) V + 



+ 



<^14 <^44 



.V + — =0, 



<I>12 <l>22 <^13 <^38 

wherein <^<4 = a^tXi + bi^X^ = <^«. 

Similarly in (10) put Wj = Wj = t^ = 0, wj = 1, c^^ = 0, and 
develop in powers of Xj. The result is 



(auXi + 6u^) V + 






<^12 
<l>22 



+ 



^11 ^18 
^18 <^ 



A«-|-...=0. 



These curves both pass through the point (0, 0, 1) and have the 
same tangent anXi + 611X2 = at that point. By making the two 
equations simultaneous, it is seen that they do not have contact 
of order higher than the first unless 

^l<^44 — ^4f 

which is not satisfied unless particular relations exist among the 
coefficients a^j, 6,^. 

141. Polar theory in a bundle. 

Theorem. The polar planes of a point (y) with regard to all the 
quadrics of a bundle pa^s through a fixed point (j/). 

For, the polar plane of the point (y) with regard to a quadric 
of the bundle \iA -f- A^B -f \^G = has the equation 

XiSa<4aj,yjfc + ^a^ik^iVk + ^i^CitX^y^ = 0. 

For all values of A„ X^ A3 this plane passes through the point (y') 
of intersection of the three planes 

Sa»*«iyife = 0, S^fcaj<yfc = 0, Sc^^aj^y^ = 0. (11) 

From the theorem that if the polar plane of (y) passes through 
(y'), then the polar plane of (y') passes through (y), it follows that 
all the points in space are arranged in pairs of points (y), (j/) 
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conjugate as to every quadric of the bundle. Since the coordinates 
Viy Vij y»j Va and }/i, y'j, i/s, y'4 appear symmetrically in the equations 

defining the correspondence between (j/) and (j/), the correspond- 
ence is called involutorial. 

By solving the equations defining the correspondence for y'l, 
y'j? ^tj i/a we obtain 

Soafet/fc Sa^fc Sa^^ 

<ryi'= Sftaby* S6»fcy* S64*y* 

Scji^fc Sca^y^ Sc44y, 

and similar expressions for 2/2) 3^8> /i- If we denote the second 
members of the respective equations by <^,(y), then replace both 
y,. and \fi by a?^ and a/„ respectively, the equations defining the 
involution may be written in the form 

<r<- = i>,{x), pXi = <l,,{a/), (12) 

If (y) describes a plane Sw,«,. = 0, the equation of the locus of 
(y) may be obtained by eliminating the coordinates of (y) from 
(11) and the equation Sw,y< = 0. The result is 
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= 0. 



(13) 



Hence, if (y) describes a plane, (y') describes a cubic surface. 
Similarly, if (y') describes a plane, (y) describes a cubic surface. 

If (y') describes a line Z, the point (y) to which it corresponds 
describes a curve of order three. For, corresponding to each 
intersection of the locus of (2^) with the plane Sw,a5< = there is 
a point of intersection of I and the cubic surface, image of the 
plane. But I intersects the surface (13) in three points, hence 
^u^Xi =s intersects the locus of (y) in three points ; that is, the 
locus is a curve of order three. Similarly, if (y) describes a 
straight line, (y') will describe a curve of order three. 

The vertex locus J lies on the surface (13) for all positions 
of the plane Sw,a;< = 0. For, let (y') be any point on J, Since 
(y') is the vertex of a cone belonging to the bundle, its polar plane 
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with respect to this cone is indeterminate (Art. 121). Hence 
there exists a set of values of Xj, A2, A,, not all zero, for which this 
plane is indeterminate. It follows that the matrix 

5ai*»* ^ifhf^k ^(hiPi^k ^4ifh 
^i^k ^^2iPiik SftsfcOj^fc 26440;* 

^Up^k SCjjkO/n SCu^^jb ^CuPPk 

is of rank at most two. Thus, in the equation of the cubic sur- 
face (13), the coefficient of each u^ vanishes when the coordinates 
of any point J are substituted in it ; hence the equation is satisfied 
for all values of (ui, u^, r^, u^). 

Any two planes Sw»a?, = 0, Sv<a?, = intersect in a line ; their 
image surfaces intersect in a composite curve of order nine, consist- 
ing of «7and the cubic curve, image of the line. If the point (y) 
is the vertex of a cone belonging to the bundle, the three polar 
planes of (y) determined by (11) belong to a pencil. Let I be the 
axis of this pencil. Every point of the line I corresponds to (y) 
in the correspondence (11), since it is involutorial. 

As (y) describes </, its corresponding line I describes a ruled 
surface R. The image of a cubic surface 2Uj<^, = in the involu- 
tion (12) is the plane St/^-j^^ = and a residual surface of order 
eight. As this residual surface is the locus of I, we conclude 
that the ruled surface B is of order eight. 

142. Some special bundles. While it would lead beyond the 
scope of this book to give a complete classification of bundles of 
quadrics, like that for pencils of quadrics as developed in 
Arts. 131-133, still it is desirable to mention a few particular 
cases. It was seen (Art. 138) that in the general bundle there 
are no composite quadrics. But bundles containing composite 
quadrics may be constructed ; for example, the bundle 

evidently contains the composite quadric iCiXz = 0. If a?i = inter- 
sects the curve of intersection of -4 = 0, J5 = in four points, and 
if 2:^ = intersects it in four points, so that no component of the 
curve lies in either plane a?! = 0, iCj = 0, then these two sets of four 
points constitute eight associated points. 
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Every point of the line a;i = 0, X2 = is a vertex of a com- 
posite cone of the bundle. The locus J consists of this line and 
of a residual curve of order five. The image curve ^(X) in the 
X-plane has a double point corresponding to the composite quadric, 
as may be seen as follows. The equation of C4(X)=sO now has 
the form 

V^(^1J ^)4-X8^3(Xii X^)'{- <^4(^l, A2) = 0, 

in which ^, <f>^y ^4 do not contain A3. Hence the point Xi = 0, 
Aj = is a double point on C4(A,) = ; it corresponds to the quadric 
QB^Qis^ = 0. The points of C4(X) are now in one to one correspond- 
ence with the curve of order five, forming one part of J", and the 
double point is associated with the whole line a^ = 0, ajg = 0. 

Similarly, bundles of quadrics may be constructed having eight 
associated double points lying on two, three, four, five, or six 
pairs of planes. In the last case the equation of the bundle may 
be written in the form 

\i(aH* - a?4^ -f- M«2* - a?4') + MaJs' - a?4*) = 0. 

The eight associated points are (±1, ±1, ±1, 1). The curve 
J consists of the six edges of a tetrahedron and C^(k) is composed 
of the four sides of a quadrilateral. Its equation is 

AiAjA^CXi + A^-f A«)=0. 

In this case the equations (12) of the involution (y), (y') have the 
simple form 

y, = ^, t = l,2,3,4, 

in which o- is constant. 

Bundles of quadrics exist having a common curve and one or 
more distinct common points. The spheres through two fixed 
points furnish an example. 

EXERCISES 

1. Show that (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (1, 1, 1, 1), 
(1, 1, —1, —1), (1, —1, 1, —1), (1, —1, -1, 1) are eight associated 
points. 
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2. Prove that if P is a given point and I a given line through it, there 
is one and only one quadric of the bundle to which I is tangent at P. 

3. Determine the characteristic of the pencil of quadrics in a general 
bundle corresponding to : 

(a) A tangent to C4(X). 

(6) A double tangent to (74(X). 

(c) An inflexional tangent to 04 (X). 

4. What is the general condition under which 04(X) may have a doable 
point ? 

5. Determine the nature of the bundle 

Xi(a;i9 - X2ftz) + M^i^ + a^ + xs^ - 4 aj4*) +X3(a;i2 - ocja) = 
and of the involution of corresponding points (y), (yf). 

6. If three quadrics have a common self-polar tetrahedron, the twenty-four 
tangent planes at their eight intersections all touch a quadric. 

7. Write the equation of a bundle of quadrics passing through two given 
skew lines and a given point. 

8. If four of the eight common tangent planes of three quadrics meet in a 
point, the other four all meet in a point. 

9. Show that the cubic curve, image of an arbitrary line, intersects the 
locus of vertices JinS points. 

10. Show that the surface B of Art. 141 contains J as a, threefold curve. 

143. Webs of quadrics. If u4 = 2a,;t^,a;|t = 0, B = 'ibnflSiXi,^Of 
(7= 2c,.jta?,.a?jfc = 0, D = ^dufiCiXj^ = are four quadrics not belonging 
to the same bundle, the linear system 

X^A -h AjB-h A«(7+ A4Z) = (14) 

is called a web of quadrics. Through any point in space pass all 
the quadrics of a bundle belonging to the web, through any two 
independent points a pencil, and through any three independent 
points, a single quadric of the web. 

144. The Jacobian surface of a web. The polar planes of a 
point (y) with regard to the quadrics of a web form a linear system 

K^nP^iVk + >^V)iiftiy^ -f K^i^iVk 4- K^itX^y^ = 0. (16) 

If the point (y) is chosen arbitrarily, this plane may, by giving Xi, 
An A|, A4 suitable values^ be made to coincide with any plane in 
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space, unless there are particular relations among the coefficients 
ttija biia Ci^ di^ Thus an arbitrary plane is the polar plane of (y) 
with regard to some quadric of the web. There exists a locus of 
points (y) whose polar planes with regard to all the quadrics of a 
web pass through a £xed point {y'). This locus is called the 
Jacobian of the web. Since the equations connecting (y) and (y') 
are symmetrical, it follows that (y') also lies on the Jacobian. A 
pair of points (y), {y') such that all the polar planes of each pass 
through the other are called conjugate points on the Jacobian. 

To determine the equation of the Jacobian, we impose the con- 
dition that the four polar planes of (y) 

pass through a point. The result is 



ir,= 



Sai,y.. 


Sa2,2^, 


^MVi 


^aVi 


^KVi 


26«y.- 


S^Si^i 


^KVi 


^uVi 


Sc2,y.- 


^Vi 


Sc«y» 


2(fi,y, 


M^iyi 


M^iVi 


^d^Vi 



= 0. (16) 



The condition that a point (y) is the vertex of a cone contained 
in the web is that its coordinates satisfy the equations 

XiSa,4y, + AaS^^y, -|- AaSc^^y, + A^Sd,*^, = 0, A; = 1, 2, 3, 4 (17) 

for some values of Xi, Aj, Xj, \|. 

By eliminating A^, A^, A«, A4 we obtain equation (16). This gives 
the theorem : 

Theorem. The Jacobian surface is the locus of the vertices of the 
cones contained in the web of quadrics. 

Now let (y) be a point whose polar planes not only pass through 
a point but have a line I in common. At such a point (y), not only 
is K^ = 0, but all the first minors of (16) are zero. Since equations 
(17) are in this case not independent conditions on Ai, As, A^, A4, 
there exists at least a pencil of quadrics in the web which have (y) 
for vertex. Three quadrics of this pencil are composite (Art. 131) 
and their lines of vertices all pass through (y). The polar planes 
of the points of the line of vertices of any composite quadric of 
the pencil have a point on I in common. Since the polar planes of 
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the points of I pass through {y)f the line I lies on K^ = 0. There 
are as many lines Z on ^4 = as there are sets of values of \i, A^, 
X^y ^4 that will make all the first minors of (16) vanish. In the 
general web there are ten such sets.* 

Three lines I pass through each point (y), and three points (y) 
lie on each line Z. 

145. Correspondence with the planes of space. The polar plane 
of a fixed poirifr {y) with regard to any quadric Q of the web will 
be called the associated plane of {y) as to Q. When Q describes 
a pencil, its associated plane will describe a pencil ; when Q de- 
scribes a bundle, its associated plane will describe a bundle. The 
quartic curve of intersection of two quadrics of the web corre- 
sponds to the 'line of intersection of their associated planes, and to 
every set of eight associated points of a bundle of quadrics in the 
web corresponds one point, the vertex of the bundle of associated 
planes. Through any two points a straight line can be drawn, 
hence through any two sets of eight associated points within the 
web can be passed a pencil of quadrics belonging to the web. Since 
through any three points a plane can be passed, it follows that a 
quadric of the web can be found which passes through any three 
sets of eight associated points in the web. 

146. Web with six basis points. The maximum number of dis- 
tinct basis points a web can have without having a basis curve is six. 
Let 1, 2, 3, 4, 5, 6 designate the six basis points of a web having 
six basis points. All the quadrics of the web through an arbitrary 
point P belong to a bundle, and hence have eight associated points 
(Art. 136) in common, the eighth point P' being fixed when 1, 2, 
3, 4, 5, 6 and P are given. Between P= ($) and P = (f') exists 
a non-linear correspondence. 

We shall now prove the following theorem : 

Theorem I. In the case of a web with six distinct basis points, 
the Jacobian surface K^^O is also the loais of points ($) such that 

(.0 = «')• 

* Salmon : Lessons Introductory to Modern Higher Algebra, Lesson XIX. 
The confignration of these lines on the Jacobian has been studied by Reye. See 
CreUe'B Journal, Vol. 86 (1880). 
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In order to prove this we shall prove the following theorems : 

Theorem II. The quadncs of a bundle of the web which pass 
through the vertex of a given cone of the web have^ at this vertex^ a 
common tangent line. 

Theorem III. Conversely, if all the quadrics of a bundle have 
a common tangent line at a given point, a cone belonging to the 
bundle has its vertex at the point. 

To prove Theorem II, let the vertex of the given cone be 
(1, 0, 0, 0), so that its equation (7=0 does not contain a?i. Let 
-4 = 0, 5 = be any two non-singular quadrics of the bundle 
passing through the point, so that an = 0, bn = 0. The equation 
of the tangent plane to the quadric XiA-{-\iB-\-\^C=0 at 
(1, 0, 0, 0) is 

But these planes all contain the line 

ai2«2 + <hz^ 4- ai4a?4 = 0, b^^ + by^pn^ -f- b^^x^ = 0, 

which proves the proposition. 

To prove Theorem III, let ajj = 0, ajj = be the equations of the 
line, and (0, 0, 0, 1) the common point. We may then take 

-4 = 2 a^^XiX^ + <^('aji, a?2, ajj) = 0, 
J5 = 2 624^»2«4 + ^(^'d ajj, x^)= 0, 
(7 = 2 c^^x^x^ -h 2 c^x^^ +/(aJi, x^ x^^ 0, 

wherein <\>, iff, f contain only ajj, x^, x^. 

In the bundle 

M4-A2S + A8C=0, 

the quadric corresponding to Xj = — C14624, Aj = — 014034, X3 = 0,4624 
is a cone with vertex at (0, 0, 0, 1) since the equation of the quadric 
does not contain 0^4. 

Since at the vertex of every cone two associated points coin- 
cide, and conversely, at every coincidence is the vertex of a cone, 
the proposition of Theorem I follows. 

The ten pairs of planes determined by the six basis points 
1, 2, 3, 4, 5, 6 taken in groups of three, as, for example, the pair 
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of planes (123), (456), are composite quadrics of the web. The 
line of vertices of each pair lies on K^ = 0. The surface -ffi = 
also contains the fifteen lines joining the basis points by twos, 
since through any point of such a line five lines can be drawn to 
the six basis points, and a quadric cone of the web is fixed by 
these five lines. 

If the basis points are taken for vertices of the tetrahedron of 
reference, the unit point, and the point (ai, Oj, a„ a^j the equation 
of -ffi = is found to be 



OiOD^^i a?i Oi 1 

a^x^x^ »2 «2 1 

0^x^1X2 a^ a, 1 

CL^X^X^X^ X^ (Z^ A. 



=:0. 



This surface is known as the Weddle surface.* 

If in (17) the values of ^i, ^j? Vsy Va are eliminated, the resulting 
equation A(X) = of degree four in the \. will define those values 
for which the equation Ai-4-(- A2B + Aa(74-\|Z> = is a cone of 
the web. The vertex of this cone is a point (i) = (f '). Let Ai, A2, 
As, A4 be considered as the tetrahedral coordinates of a plane. To 
each plane (A) corresponds a quadric of the web (14) and con- 
versely. A linear equation with given coefficients aAi -f- 6A4 -f 
cA8 4-dA4 = determines a point in the A-space (Art. 91). By 
making this equation and (14) simultaneous, we define a bundle 
whose basis points are the points {x) whose coordinates satisfy 
the equations 

:^ = ^ = ^=:?. 

a h c d 

Of the eight associated points so determined, the given points 
1, 2, 3, 4, 5, 6 are six. Either of the remaining points P= (f), 
P' = (f') will uniquely determine the other and also uniquely 
determine the point (a, 6, c, d) in the A-space. The equation 
aAi -t- 6A« -f cA« -f d\^ = thus defines a one to two correspondence 
between the points of the A-space and the points P and P*. For 

* First discussed in the Cambridge and Dublin Mathematical Journal, Vol. 6 
(1860), p. 69. 
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points of Kj P and P coincide. The locus of the corresponding 
point {a, by c, d) is called the Kummer surface.* 
We have thus proved the following theorem : 

Theorem IV. The points of the Weddle surface and the points 
of the Kummer surface are in 07ie to one correspondence. 



EXERCISES 

1. Show that all the quadrics having a common seU-polar tetrahedron 
form a web. 

2. Determine the Jacobian of the web of Ex. 1. 

3. Determine under what conditions the Jacobian of a web will have a 
plane as component. 

4. Find the Jacobian of the web defined by the spheres passing through 
the origin x = 0, y = 0, « = 0. 

5. Show that the Jacobian of a web having two basis lines is inde- 
terminate. 

6. Discuss the involution of conjugate points (y), (y') for the web of 
Ex. 4. 

7. Show that the spheres cutting a given sphere orthogonally define a 
web. 

8. Show that the equation of the quadric determined by the lines joining 
the points (1, 0, 0, 0), (ai, aj, a,, a*); (0, 1, 0, 0), (0, 0, 1, 0); (1, 1, 1, 1), 
(0, 0, 0, 1) is 

X4Xi(a2 — flfj) + (^8^ — Ojsca) 4- Xi(^a^z — 04X2) = 0. 

147. Linear systems of rank r. The linear system of quadrics 

Ai2?\ -h Aji^z + - + KK = 0, (19) 

i?;. = Sa,4<%,a:« ^' = 1, 2, .-r 

is said to be of rank r, if the matrix 

an<» a22<^> a38^^> • • • a,4<»^ 



wherein 



an^« a22<« a„(»...^(2) 



(20) 



aii^'^ a22^'^ a83^'^-«:w^'i 

* First discussed by E. £. Rummer in the Monatsberichte der k. prenssischen 
Akademie der Wissenschaften, Berlin, 1863. 
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is of rank r, that is, if there does not exist a set of values of X^, 
A2, •••, A^, not all zero, such that the expression 

XiFi -h XjFz + ••• + KF^ 

is identically zero. All the quadrics in space form a linear sys- 
tem of rank ten, since the equation of any quadric may be ex- 
pressed linearly in terms of the ten quadrics, x^^ x^, •••, x^^ for 
which the matrix (20) is of rank ten. 

All the quadrics in space whose coefficients satisfy 10 — r 
independent homogeneous linear equations form a linear system 
of rank r. For, if S6,4ir^a?t = is the equation of any quadric 
whose coefficients satisfy the given conditions, then all the co- 
efficients 6,4 can be expressed linearly in terms of the coefficients 
of r quadrics belonging to the system. Thus 

K = K^iu''' + A,a,,«^ H- ... + A,a,,<'>, h fe = 1, 2, 3, 4, (21) 

w erem Sa.-^CDaj.aj^ = 0, ..., 2a^;fc<'>a?,a?t = 

are fixed quadrics belonging to the system. 

Conversely, 10 — r independent homogeneous linear conditions 
may be found which are satisfied by the coefficients in the equa- 
tions of the quadrics F^ = 0, -Fj = ^> •••> -^r = 0, and consequently 
by the coefficients in the equations of all the quadrics of the 
linear system (19) of rank r. 

148. Linear systems of rank r in plane coordinates. The system 
of quadrics 

wherein $, = S^S.^^'^w^, is called a linear system of rank r in 
plane coordinates if there does not exist a set of values Xj, 
A2, ••., X, for which the given equation is satisfied identically. 
These systems may be discussed in the same manner as that 
considered in the preceding article. 

149. Apolarity. Let 2''= Sa,4fl?,a?t = be the equation of a 
quadric in point coordinates and * = ^p^^u^u^. = be the equation 
of a quadric in plane coordinates. If the equation 

^iifiik = an Ai + «22/522 4- 033)833 + a^^ + 2 a^^^^ + 2 OizPu H- 2 Oi^,^ 

'h2a,,p^ + 2a^P^ + 2a^^ = (22) 
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is satisfied by the coefficients in the equations of the two quadrics, 
i^= is said to be apolar to $=0, and $ = is said to be apolar 
to 1^=0. It should be noticed that in this definition the equa- 
tion F^O is given in point coordinates, and that of * = in 
plane coordinates. It should also be noticed that if 2^= and 
^ = are two given apolar quadrics, and if Sa,jb^,% = is the 
equation of F=0 in plane co5rdinates, and S&,t^<«* = is the 
equation of * = in point coordinates, then it does not necessarily 
follow that Sa, A* = ^ because ^afia = 0. 

In order to show the significance of the condition (22) of 
apolarity, we shall prove the following theorem: 

Theorem I. The expression a^fiij, is a relative invariant. 

Let the coordinates of space be subjected to the linear trans- 
formation 

Xi = anx\ + ai^^2 + a»s«'3 + «i4»'4> * = 1? 2, 3, 4 

of determinant T^^O. The coordinates of the planes of space 
undergo the transformation (Art. 97) 

Ui = AiHi\ 4- Ai2U^2 4- Aa'^'a + AaU^A) * == h % ^y 4- 

The equation F(x)=zO goes into l,a\ifc\x\^0, 
wherein (Art. 104) 

and * = is transformed in S)8',jfeW,w'A = 0, wherein 

The proof of the theorem consists in showing (Art. 104) that 

In the first member, replace a\t, p'^^ by their values from the 
above equations, and collect the coefficients of any term a,„ft„ in 
the result. We find 

hence 

which proves the proposition. 

The vanishing of this relative invariant may be interpreted 
geometrically by means of the following theorem : 
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Theorem II. If F=0,^ = are apolar quadricsy there exists 
a tetrahedron self-polar a« to * = and inscribed in F= 0. 

This theorem should be replaced by others in the following 
exceptional cases in which no such tetrahedron exists. 

(a) If i^ = is a plane counted twice. In this case (22) 
is the condition that the coordinates in this plane satisfy 
* = 0. 

(6) If * = is the equation of the tangent planes to a proper 
conic C and if 2^ = intersects the plane of O = in a line 
counted twice, (22) is the condition that this line touches (7. 

We shall consider first the special cases (a) and (6). 

Let F = (t^a?! + u^ -f u^ + ^4^4)'- 

Then a^^ :^ w^Wj^ and (22) reduces at once to * = 0. 

In case (6), let the plane of (7 be taken as 0:4 =s and the line 
of intersection of i^ = with 0:4 = be taken as o^ = 0^4 = 0. 
Then 

and F= a^x^ + 2 a^^x^ + 2 a^^c^^ -h 2 a^x^x^ -j- 2 a44a;4' = 0, 

where a^ =^ 0. Hence (22) reduces to p^ = 0, that is, to the con- 
dition that fl^ = 2^4 = touches (7. 

To prove Theorem II, excluding cases (a) and (6), we must 
consider various cases. First suppose $ = is non-singular. 
Choose a point P^ on -F = 0, not on the intersection i^ = 0, * = 0, 
and find its polar plane tti as to * = 0. In vi take a point Pj on 
P = 0, not on * = 0, and find its polar plane wj as to * = 0. On 
the line ttiw-j choose a point Pi on F= 0, not on * =r 0, and find 
its polar plane wj. If the point of intersection of vi, ^2, ir, is 
called P4, then PiPjPgPj = iriViiriv^ is taken for the tetrahedron 
of reference ; we may, by proper choice of the unit plane, reduce 
the equation of * = to Wj' -f- t^j' + ^3* + ^4* = 0. Equation (22) 
now has the form an -|- 022 + <*33 + ^44 = ^- Since three of the 
vertices Pj, Pj, Pj were chosen on P = 0, three coefficients a^ = 0, 
hence the fourth must also vanish, which proves the proposition 
for this case. 

It should be observed that if P = 0, ^ = define the same 
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quadric, equation (22) cannot be satisfied since tlieir equations 
may be reduced simultaneously to 

Now let * = be the equation of the tangent planes to a 
proper conic c. Take the plane of C7 as 0^4 == 0, so that 

If ^ = is composite and x^ is one component, equation (22) 
is identically satisfied. In this case we may take three vertices 
of a triangle in a?4 = self -polar as to the conic C and any point 
on -F sa not on a?4 = as vertices of a tetrahedron self-polar to 
^ = and inscribed in -F = 0. It F=0 consists of x^^O 
counted twice, (22) expresses the condition that the plane 
belongs to $ = 0, whether $ =s is singular or not. This is the 
exceptional case (a). 

If aj4 = is not a component of 2^ = 0, (22) has the form 

which is the condition that the section C of 2^ = by the plane 
a?4 = is apolar to C7. 

It follows by the theorem for apolar conies analogous to 
Theorem II that a triangle exists which is inscribed in C" and is 
self-polar to (7. A tetrahedron having the vertices of this tri- 
angle for three of its vertices and a fourth vertex on F= but 
not on aj4 = satisfies the condition of the theorem (dual of 
Th. I, Art. 121). 

If $ = is the equation of two distinct points, (22) expresses 
the condition that these points are conjugate as to F= 0. This 
is also the condition that a tetrahedron exists which is inscribed 
ID. F=0 and is self-polar to * = 0. If ^ = is the equation of 
a point counted twice, (22) expresses that the point lies on 
i^= 0. This is the dual of the exceptional case (a). 

In each of the above cases, the tetrahedron which satisfies the 
conditions of the theorem can be chosen in an infinite number of 
ways, hence we have the following theorem. 

Theorem III. If one tetrahedron exists which is inscribed in 
jP= and is self-polar as to ^=s 0, then an infinite number of such 
tetrahedra exist. 
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By duality we have the following theorems : 

Theorem IV. If F=0, * = are apolar qiuxdrics, there exists 
a tetrahedron self-polar as to F=0 and circumscribed to ^ = 0, 

Theorem V. If one tetrahedron exists tohich is circumscribed to 
^ = and is self-polar asto F= 0, th^en an infinite number of such 
tetrahedra exist. 

Moreover, both the exceptional cases of Theorem II have an 
immediate dual interpretation ; they will not be considered further. 

With the aid of these results we can now give an interpretation 
to the vanishing of the coefficients © and 0' of equation (3), Art. 
124, and of %(u)y %{u) of equation (7), Art. 135. If J5 = in (1) 
is non-singular, let its equation in plane coordinates be S^<jfctt,i*fc=0. 
Since p^j^ is the first minor of b^^ in the discriminant of .B = 0, it 
follows at once from equation (3) that 0' = ^a^jfiij,. Hence ©' = 
is the condition that ,4 = is apolar to J5 = 0. If 5 = is a cone, 
it is similarly seen that €/ = is the condition that the vertex of 
the cone J5 = lies on ^ = 0. If .B = is composite, & is iden- 
tically zero, independently of -4, since the discriminant of -B = 
is of rank two, hence all the coefficients jS.jj, vanish. An analogous 
discussion holds for = 0. 

The surface ^i(w) = (Art. 135) may be defined as the envelope 
of a plane which intersects -4 = in a conic which is apolar to 
the conic in which it intersects 5 = 0. For particular singular 
quadrics this definition will not always apply. 

Let an arbitrary plane of ^i(w) = be taken as ^^4 = 0. It fol- 
lows from equation (7) that 

I (hi^nK I + 1 ^nttja^sa | + | K^^sfhi \ — 0. (23) 

Let the sections of -4 = 0, 5 = by a?4 = be C, (7, respectively. 
If C is not composite, it is seen by writing the equation of U in 
line coordinates that (23) is the condition that G is apolar to (f. 
If (7 is a pair of distinct lines, (23) is the condition that their 
point of intersection lies on C. If (7 is a line counted twice, (23) 
is satisfied identically for all values of a^^, since all the first minors 
of the discriminant of C" vanish. 
An analogous discussion holds for ^2(^) == 0* 
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150. Linear systems of apolar quadrics. Since equation (22) is 
linear in the coefficients ofF=iO, from Art. 147 we may state the 
following theorem : 

Theorem I. All the quadrics apolar to a given qtuidric form a 
linear system of rank nine. 

Conversely, since the coefficients of the equations of all the 
quadrics of a linear system of rank nine satisfy a linear condition 
which may be written in the form of equation (27), we have the 
further theorem : 

Theorem II. AU the quadrics of any linear system of rank nine 
are apolar to a fixed quadric. 

From the condition that a plane counted twice is apolar to a 
quadric (Art. 149), it follows that this fixed quadric is the envelope 
of the double planes of the given linear system. 

If a quadric -P = is apolar to each of r quadrics 

*i = 2A,<i)w,w, = 0, <l»2 = ^fia^'>u,u, = 0, ..., 

the coefficients in its equation satisfy the r conditions 

Sa,j3./> = 0, 2a,,i8,,(«> = 0,..., .^. 

It follows that if a quadric is apolar to each of the given quadrics, 
it is apolar to all the quadrics of the linear system 

XA + A2*2 + - + \*r = 0. 

The conditions that this linear system is of rank r are equivalent 
to the conditions that the corresponding equations (24) are inde- 
dendent. Hence : 

Theorem III. All the quadrics apolar to the quadrics of a linear 
system of rank r in plane coordinates form a linear system of rank 
10 — r in point coordinates and dually. 

EXERCISES 

1. Find the equation of the quadric in plane codrdinates to which all the 
quadrics through a point are apolar. 



Art. 150] LINEAR SYSTEMS OP APOLAR QUADRICS 187 

2. How many double planes are there in a general linear system of rank 
seven in point coordinates ? 

3. Show that all the pairs of points in a linear system of rank six in plane 
coordinates lie on a quadric surface. 

4. Show that all the spheres in space form a linear system and find its 
rank. 

5. Find the system apolar to the system in Ex. 6. 

6. Show that a system of confocal quadrics (Art. 84) is a linear system of 
rank two in plane coordinates. Determine the characteristic and the singular 
quadrics of the system (Art. 133). 

7. Show that, if the matrix (20) is of rank r' < r, the system of quadrics 
(19) is a linear system of nuik r'. 



CHAPTER XII 

TRANSFORMATIONS OF SPACE 

151. Projectiye metric. In order to characterize a transfor- 
mation of motion, either translation, or rotation, or both, or a trans- 
formation involving motion and reflection, as a special case of a 
projective transformation, it will first be shown under what cir- 
cumstances orthogonality is preserved when a new system of 
coordinates is chosen. 

If the new axes can be obtained from the old ones by motion^ 
and reflection, the plane ^ = must evidently remain fixed, and 
the expression a^ -f y* H- z\ which defines the square of the dis- 
tance from the point (0, 0, 0, 1) to the point (a?, y, z, 1), must be 
transformed into itself or into (x — aty + (y — hty 4- (2 — ci)*, 
according as the point (0, 0, 0, 1) remains fixed or is transformed 
into the point (a, 6, c, 1). It will be shown that, conversely, any 
linear transformation having this property is a motion or a motion 
and a reflection. 

152. Pole and polar as to the absolute. We shall first point out 
the following relation between the direction cosines of a line and the 
coordinates of the point in which it pierces the plane at infinity. 

Theorem I. The homogeneous coordinates of the point in tohich 
a line meets the plane at infinity are proportional to the direction 
cosines of the line. 

The equations of a line through the given finite point {x^, yo, z^y Iq) 
and having the direction cosines (X, ft, v) are 

t^^xjt __ t^ — y^ _ t^ — Zfjt .^v 

The point (x, y, z, 0) in which the line pierces the plane at infinity is 
given by the equations 

t^ __lC^ *o^ 

\ fl V 

from which the theorem follows. 

188 
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We shall now establish the following theorems concerning poles 
and polars as to the absolute. 

Theorem II. Tlie necessary and sufficient condition that a plane 
and a line are perpendicular is that the line at infinity in the plane is 
the polar of the point at infinity on the line as to tJie absolute. 

The absolute was defined (Art. 49) as the imaginary circle in the 
plane at infinity defined by the equations"^ 

a^ + y^ + z^^Oy « = 0. (2) 

The polar line as to the absolute of the point (A, fn, v, 0) in which 
the line (1) intersects the plane at infinity is 

Xx + fjLy-\'vz = 0, t = 0. (3) 

The equation of any plane through this line is of the form 

Xx + fiy + vz + kt — 0. (4) 

These planes are all perpendicular to the line (1). Conversely, 
the equation of any plane perpendicular to the line (1) is of the 
form (4) ; the plane will therefore intersect the plane at infinity 
in the line (3). 

Theorem III. The necessary and sufficient condition that two 
lines are perpendicular is that their points at infinity are conjugate 
as to the absolute. 

The condition that two lines are perpendicular is that each lies 
in a plane perpendicular to the other, that is, that each intersects 
the polar line of the point at infinity on the other as to the absolute. 

Finally, since two planes are perpendicular if each contains a 
line perpendicular to the other, we have the following theorem : 

Theorem IV. ITie necessary and sufficient condition that two 
planes are perpendicular is that their lines at infinity are conjugate 
as to the absolute. 

A tangent plane to the absolute is conjugate to any plane pass- 
ing through the point of contact ; in particular, it is conjugate to 
itself. It should be observed that the equation of a tangent plane 
to the absolute cannot be reduced to the normal form, hence we 
cannot speak of the direction cosines of such a plane. 
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Consider the pencil of planes passing through any real line. 
We may choose two perpendicular planes of the pencil as a? = 0, 
y = 0, and write the equation of any other plane of the pencil in 
the form 

The equations of the two tangent planes to the absolute which 
pass through this line are y = ix and y = — ix. By using the 
usual formula to obtain the tangent of the angle ^ between y = ix 
and y = mx, we obtain 

. . 711 — i 7n — i 1 

tan <b = = = - = — t 

1 + im t(m — i) I 

independent of m. For this reason tangent planes to the absolute 
are called isotropic planes. The cone having its vertex at (a, 6, c) 
and passing through the absolute has an equation of the form 

(x-ay + {y-hy + (z^cy=^0. 

If we employ the formula of Art. 4 for the distance between 
two points, we see that the distance of any point of the cone from 
the vertex is equal to zero. For this reason the cone is called a 
minimal cone. Moreover, if Pj and P^ are any two points on the 
same generator, since 

VP,^VP,^P,P,, 

we conclude that the distance between any two points on any line 
that intersects the absolute is zero. For this reason these lines 
are called minimal lines. They have no direction cosines (Art. 3). 

163. Equations of motion. Let an arbitrary point P be referred 
to a rectangular system of coordinates cc, y, z, t and to a tetrahe- 
dral system Xi, x^^ ojg, x^ with the restriction that aj4 = is the equar 
tion of the plane at infinity ^ = 0. The equations connecting the 
two systems of coordinates are 

ora? = Aaji + X'ajj -h A."«3 + ^4> 

<rz =vXi-]- v% 4- v^\ + ^"»4> 
(ft = x^. 

Divide the first three equations of (5) by the last, member by 
member, and replace the non-homogeneous coordinates --,etc.,by 
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x\ y\ 2' and — , etc., by x\^ x\, x\. If P is any point not in the 

x^ 

plane at infinity, we shall prove the following theorem : 

Theorem I. The most general linear transformations of the form 
(5) that will transform ike expression 

are the rotations and reflections about the point x' = 0\ y^ = 0, 
2;' = 0. 

If we substitute the values of a?', y', z' in the expression 
aj'a 4- 2/'2 ^ 25^2^ ^e obtain 

(Aaj'i + X'aj'2 + V'aj'a + hy + (f^\ + fJ'-'x'^ + ft"aj'3 + h'y 

If this is equal to x\^ + x'2^ + a; 3* for all finite values of x\f x'2, 
X3, we have the following relations 

\^-\-fji^ + y^ = X!^^ ^'2 ^ ^^2 ^ ;^ff2 ^ ^rr2 ^ yff2 ^ 1^ 

XX' + fi/x' + w' = X'X" + ftV" + v'v" = X"X + /x'V + v'V = 0, (6) 
h\ + ^'ft + h% = 0, /iX' + h'fi' + ^'V = 0, U" 4- /^V" + ^"''"= ^• 

Since the determinant | X/xV" | is not zero, it follows that 
h = h' = h^' = 0, The formulas (6) which do not contain /i, h\ 
W are exactly the relations among the coefficients to define a 
rotation or a rotation and reflection about the origin (Art. 37). 
This proves the proposition. 

By similar reasoning we may prove the theorem : 

Theobem II. Transformations that will transform 

aj'2 + 2/'2 ^ 2j»2 i^iQ (ajf^ _ ^)2 ^ (aj'2 - by + (x\ - cy 

consist of motion or of motion and reflection, 

154. Classification of projective transformations. The equations 
of any projective transformation (Art. 98) are of the form 

kx\ = aiiXi + Oi^ + OiaiCs + ai^4a 

lcx\ = ajjiBi + 0222^2 + (hv'h + <hA^i} .„. 

Jcx'^ = a^iXi 4- ajaOJa + «8s^8 + «'34»4> 

kx\ = a^Xi -\- a^2 + a48a?8 + «44^4- 
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We shall now consider the problem of classifying the existing 
types of such transformations and of reducing their equations to 
the simplest form. 

The invariant points of the transformation (7) are determined 
by those values of k which satisfy the equation 

022 — A; 



D(k)=. 



«21 
«41 



a 



32 



a 



42 



«18 
«28 

Om — A; 

«4S 



«14 
«24 
«84 

a^ — k 



= 0. 



(8) 



The classification will depend fundamentally on the invariant 
factors (Art. 125) of this determinant. 

In equation (7), (x) and (a:') are regarded as different points, 
referred to the same system of coordinates. In order to simplify 
the equations, we shall refer both points to a new system of 
coordinates. To do this both (x) and (a?') are to be operated upon 
by the same transformation 

We shall use the symbols (x), (y) to indicate coordinates of the 
same point, referred to two different systems of coordinates, while 
equations between (x) and (aj') or between (y) and (y') will define 
a projective transformation between two different points, referred 
to the same system of coordinates. 

"Let ki be a root of D(k) = 0. The four equations 

(«11 — h)^l 4- ^12«2 + <hi<^ + CLl^A = 0, 
021^1 + (^22 — ^l)^2 + (hs^ + (hA^A = 0, 
C^zv^l "T 0823?! +(Os3 — ki)X^ -f" Clti^A ^^ ") 

a^x^ + a^2 + «43^3 +(044 — ^i)a?4 = 

are therefore consistent and determine at least one point invariant 
under the transformation. 



Let 



5A^, = (i = 2, 3, 4) 



ik=l 



be the equations of three planes passing through this invariant 
point but not belonging to the same pencil, and let 
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be the equation of any plane not passing through the invariant 
point. If now we put 

y, = SA*a?*, i = 1, 2, 3, 4, 

and solve the equations for the x^y 

4 

«• = Sy<fcy« and put also x\ = l,yi^\y 
k=i 

then substitute these values in the members of (7), the new equa- 
tions, when solved for y\, will be of the form 

y\ — M2 4- ^23^3 + h^i, 

y'z = b^2 + ^83^3 + b^i, 

y\= bi2y2 + b43yi + biiyi' 

Without changing the vertex (1, 0, 0, 0), the planes ^2 = 0, ys = ^> 
^4 = may be replaced by others by repeating this same process 
on the last three equations; in this way we may replace the 
coefficients 632, 642 by ; by a further application to the variables 
^3, ^4 we may replace h^ by 0. 

Referred to the system of coordinates just found, the equations 
of the projective transformation (7) are 

Xi = AJjAJj -\- Ci2^ -\- CJ3.T3 -|- Ci4^4, 

35 2 = ^22352 H" ^^ "I" C24*4> ,qv 

35 3 = p88*^3 "1" ^34*''4> 

X ^^ CpfC^ 

in which C22, C33, C44 are all roots of D{k)=0. 

Equations (9) represent the form to which the equations of any 
projective transformation may be reduced. The further simplifi- 
cation depends upon the values of the coefficients, that is, upon 
the characteristic (Art. 127) of D(k). 

If 634:^ and C33 1^ C44, make the further transformation 

aa = yi, «2 = y» ^ = yi+ ^^* , «4 = y4. 

On making this substitution we reduce the equations of (9) to a 
form in which the coefficient C34 is replaced by zero. 
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In any case, if i < A: and c<^ 4=- Cj^, we may always remove the 
term c,.^ by replacing x^ by x^ -f ^**^* in both members of the 

equation. If c,^ = c^^ and c.j :# 0, by a change of nnit point, c^j 
may be replaced by unity ; thus, if c^ = C44 and Pm =^ ^> 1^7 writing 
c^^ = y^ we obtain the equations 

These two types of transformations will reduce the equations to 
their simplest form in every case in which Z)(A;) = has no root 
of multiplicity greater than two. 

If D Qc) = has one simple root k^ and a triple root A;,, the pre- 
ceding method can be applied to reduce the equations of the 
transformation to r _ t. 

X J •— • /i/^«J>|, 

X\ = k^ -h OjgiCj -h 024^4, 

9/ 3 = I^TpHz "T" Ct j4a?4, 

x\ = A:2a?4. 

In case 034 = 0, the preceding method can be applied again ; thus, 
if 0,4 :^ 0, Oj, :^ 0, each may be replaced by unity ; if coefficients 
^> <hi9 ^ ^^ zero, the transformation is already expressed in its 
simplest form. If 034 = 0, either or both of the coefficients a^ 
and 034, if not zero, may be replaced by unity by a transformation 
of the type just discussed. 

If ^24 =^ 0, 0,4 :^ 0, replace x^ by the substitution 

«84 

In the transformed equation, the new o^a ^s zero. In the same 
way, if a^ =^0, a^ = 0, but a^ ^ 0, put 

«28 

and the same result will be accomplished. Finally, if 024=^^? 

but 0,4 = 0, 023 = ^> P^t 

iBi = yi, aj2 = y3, «3 = y2, ^A^Vi (10) 

in both members of the equation. Now 034 = 0, and the complete 
reduction can be made as before. 
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li D(k)=0 has a fourfold root ki, equations (9) reduce to 

kiX2 + o^z + (hv'^ii 






«',= 






By transformations analogous to those in the preceding case, the 
coefficients Ou, ai4, and 024 may be reduced to zero, and the coeffi- 
cients 0^29 ^23) ^^^ <hK ^o zero or to unity. 

This completes the problem of reduction. The determination 
of the locus of the invariant points and the characteristic of DQc) 
in the various cases is left as an exercise for the student. The re- 
sults are collected in the following table. 



[112] 

[11(11)] 
[13] 

[1(21)] 

[1(111)] 

[22] 



[2(11)] 



X 2 = K^pC2 



155. Standard forms of equations of 

Characteristic Equations 

[1111] a^i = kiX^y a/j = ^2^ 

* 1 = kiXiy 

3/3 = iC^X^ -p a?4, 3^4 = iCjPO^ 

Up I = l^\X\j X 2 ^ i^^X^ 

373 = IC^X^^ 

ar 1 = kiXi, 

3/ 3 = K^fC^ -|- a/4, af 4 ^ A/2*^4 

ar 1 = ^1*^9 "J^ 2 ^^ ^2^ 

a? 3 ^ A^3 -f- a?4, af 4 = ^^2*^4 

X J — *^']pv\y 

Xl =Z/C^y 

X I ^ fCiiCi -f- 3/2, 3/2 ^^ ^V^ 
3/3 ^ AC2*^ T* "^iJ * 4 ^^ ^2^4 
3/ J ^ fCiXi -|- 3?29 3/2 = /fci3J2 
* 3 = "^2^> 

[(11X11)] ofr = hx„ 
x^^kypD^ 

3/ J ^ r^iXi -f- 3J2J 3/2 = AJi3J2 -}- 
3/ 3 ^s KyX^ "f- 3/4, 3/ 4 -s K^X^ 



projective transformations. 

Locus or Inyariakt Points 

Four distinct points. 

Two distinct, two co- 
incident points. 

Two distinct points 
3/4 = fc33J4 and a line. 

3/2 = ^2^2 -F 3J3 One distinct, three 

coincident points. 



3/2 — "'2^ 
3/2 ^ fC^X^ 



3/4 ^ rC^X^ 

3/ 2 ~~ '''l**^2 
3/4 = 'C2^4 



w 



«8 



A point and a line. 

A point and a plane. 

Two pairs of coinci- 
dent points. 

Two coincident points 
and a line. 

Two lines. 

Four coincident points. 
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Chabaotxristig Equations Loofb of Inyabiamt Points 

[(22)] a?'i = kiXi -h iBj, 0^2 = kiX2 
[(13)] xfi = kiXi, a/j = k^x^ + x^ 

ar 3 ^ ACjdTj -f- 3/4, 3/ 4 ^ ACjS/4 



A line. 



A lina 



[(112)] aj'i = A:iiCi, 0/2 = ^i^i * ,,„^ 

, , , y 7 A plane, 

ar 8 = A;ia?3 + 014, ar 4 = A;ia;4 ^ 

Hiiii;j ^i~^i^i' V I^ t^e identical trans- 



formation. 



EXERCISES 



1. In type [1111] obtain the necessary and sufficient condition that the 
transformation obtained by applying the given transformation p times is the 
identity. 

2. In [1(111)] show that the line joining any point P to its image P' 
always passes through the invariant point. 

3. In Ex. 2, let be the invariant point, and let a line PP* intersect 
the invariant plane in M. Show that the cross ratio of OMPP* is constant. 
This transformation is called perspectivrty. If the points OMPP' are har- 
monic, it is called central involution. 

4. In[(ll)(ll)] show that the line joining any point P to its image P' 
meets both invariant lines, and that the cross ratio of P, P' and these points 
of intersection is constant. 

5. Discuss the duals of the types of transformations of Art. 155. 

156. Birational transformations. Besides the projective trans- 
formations, we have already met (Arts. 141, 146) with certain 
non-linear transformations in which corresponding to an arbitrary- 
point {x) is a definite point (a/) and conversely. These are all 
particular illustrations of a class of transformations which will 
now be considered. 

Let 

< = <^»(ai, a^, a?8, «4), * = 1, 2, 3, 4 (11) 

be four rational integral functions of aji, ajg, «3, a;4, all of the same 
degree. When a?i, ajg, ajj, a:4 are given, the values of a/^, a/g, aj'3, ^a 
are uniquely determined, hence corresponding to a point (x) is a 
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definite point (a;'). If the equations (11) can be solved rationally 
for a?!, ajjj ^> ^4 ^^ terms of a/j, a/j? ^z* ^4> 

»< = «Ai(«'i, »'2, aj'sj ^'4), * = 1, 2, 3, 4, (12) 

in which all the functions ^^- are of the same degree, then to a 
point (a/) also corresponds a definite point (x). In this case the 
transformation defined by (11) is called birational ; that defined by 
(12) is called the inverse of that defined by (11). 

When the point (x') describes the plane 'Su\x\ = 0, the corre- 
sponding point (x) describes the surface 

w'i*i(«) + A<h{^) + <<l>,{x) + u!,4,,(x) = 0. (13) 

This surface will be said to correspond to the plane (u'). If the 
u\ are thought of as parameters, we may say : corresponding to all 
the planes of space are the surfaces of a web defined by (13). 
In the same way it is seen that, corresponding to the planes 
Sw^a?, =0 of the system (a?), are the surfaces of the web 

Uiilfi(x') + thH^') + usil^zix^) 4- u^Hx") = 0. (14) 

Three planes (u') which do not belong to a pencil have one and 
only one point in common, hence three surfaces of the web (13), 
which do not belong to a pencil, determine a unique point (a?) 
common to them all, whose coordinates are functions of the coor- 
dinates of (%*). 

This fact shows that in the case of non-linear transformations 
the web defined by (13) cannot be a linear combination of arbi- 
trary surfaces of given degree. For if the <^,. are non-linear, any 
three of them intersect in more than one point, but it was just 
seen that of the points of intersection there is just one point 
whose coordinates depend upon the particular surfaces of the web 
chosen. The remaining intersections are common to all the sur- 
faces of the web. They are called the fundamental points of the 
system (a;) in the tranformation (11). When the coordinates of a 
fundamental point are substituted in (9), the coordinates of the 
corresponding point (a;') all vanish. For the fundamental points 
the correspondence is not one to one. The fundamental points of 
(a;') are the common basis points of the surfaces ^i(x') = 0. 
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157. Quadratic transformations. We have seen (Art. 98) that 
if the 4>i are linear functions, the transformation (11) is projective, 
and that no point is common to all four planes ^»(a;) =0. The 
simplest non-linear transformations are those in which the <^.. are 
quadratic. We shall consider the case in which all the quadrics 
of the web have a conic c in common. 

Let the equations of the given conic be 

Sw,aJi = 0, f(x) = 0. 
Any quadric of the system 

will pass through this conic. Among the quadrics of this system 
those passing through an arbitrary point P define a web. Any 
two quadrics J^i = 0, ITj = of this web intersect in a space 
curve consisting of the conic c and a second conic & which passes 
through P. The planes of c and of c' constitute a composite 
quadric belonging to the pencil determined by ITi = and ITj = ^> 
and the conies c, c' lie on every quadric of the pencil. Hence c, c' 
intersect in two points, as otherwise the line of intersection of the 
two planes would have at least three points on every quadric of 
the pencil, which is impossible. 

Any third quadric Hi = of the web but not of the pencil 
determined by -ffi = 0, ^2 = passes through c and P. The plane 
of c' intersects JBa = in a conic c" passing through P and the 
two points common to c, & and in just one other point. The posi- 
tion of this fourth point of intersection depends on the choice of 
the bundle Hi = 0, Jffg = 0, H^ = 0. We have thus proved that the 
web of quadrics defined by a conic and a point P has the neces- 
sary property mentioned in Art. 166 possessed by the web deter- 
mined by a birational transformation. 

Let the equations of the conic c be 

a?4 =0, CiXi^ -I- e^* -h CjCCj* = 0. 

If P is not on the plane x^ = 0, it may be chosen as vertex 
(0, 0, 0, 1) of the tetrahedron of reference. The equation of the 
web has the form 
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In analogy with equation (11) we may now put 

x\ = Ti^x^ x\ = ajjoj^, x\ = x^^ x\ = ^x^ -h e^ + e^. (15) 

The most general form of the transformation of this type may be 
obtained by replacing the x\ by any linear functions of them with 
non-vanishing determinant. 

In the derivation of equations (12) it makes no difference 
whether the conic c is proper or composite, hence three cases 
arise, according as e^ = Cj = «8 = 1 or ej = Cj = 1, €3 = or Cj = 1, 
e, = 63 = 0. The equations are 

aj'i = iCia;4, a?'2 = av»4> ^z'=^^i x\=: x^ -\- oc^ + x^. (a) 

35 J ^ XiX^ AT 2 1^ *'^V^49 X ^^ XfPS^ X ^^ Xi "T" ^Jj • yOj 

Xl J=s XiX^ flT 2 ^ X^^ X 3 ^ *^^jP^4 * 4 ^ •'^i • \p) 

Now let P approach a point -ZT on the conic c. If c is com- 
posite, suppose its factors are distinct and that K lies on only 
one of them. In the limit the line KP is tangent to all the quad- 
rics of the web determined by c and P, But the tangent to c at ^ 
is also tangent to all these quadrics at K. Hence the plane of 
these two lines is a common tangent plane to all the quadrics of 
the web at K= P. 

Let P be taken as (1, 0, 0, 0), the common tangent plane at P 
as a^ = 0, and let the equations of the conic be reduced to x^ = 0, 
^^2 + ex^ = 0. The equation of the web has the form 

XiX^^ 4- AaajjOJi + K^^ + X4(a?i«2 4- eoR^) = 0. 

The two cases, according as e = l or € = 0, give rise to the 
transformations 

Xi = 2^4, ar 2 ^ x^^ •03 ^ x^y 3/4 ^ XyC^ -v x^j (a) 

of this type. 

Finally, let c be composite and let the point K which P ap- 
proaches lie on both components of c. Since all the quadrics 
through c have in this case the plane of c for common tangent 
plane at JT, the point P must approach c in such a way that the 
line KP approaches the plane of c as a limiting position. The 
conies in which the quadrics of the web are intersected by any 
plane through P and JE'have two points in common at K and one 
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at P. Hence in the limit, all these conies must have three inter- 
sections coincident at ^= P. 

Let the equations of c be x^ = 0, ojj' 4- eoj,* = 0, and the coordi- 
nates of P be (1, 0, 0, 0). The equations of the system of rank 
five of quadrics through c is 

Aia?iiC4 -f- A4av»4 + ^^^^i + K^a + KQi^* + eiB«')= 0. 

The section of this system by any plane through P, different from 
x^ = 0, will consist of a system of conies touching each other at P. 
The required web belongs to this system and satisfies the condi- 
tion that its section by any plane through P other than 0^4 = is a 
system of conies having three intersections coincident at (1, 0, 0, 0). 
The equations of the section by the plane a;, = are 

XiXiX^ -I- A4av»4 + ^4^4' + AfiOJa' = 0, iCj = 0. 

All these conies touch each other at P. Let X\, X'2, X'4, X\ be the 
parameters of one conic, and Xi, A3, A4, A^ of another contained in 
this system. The equations of the lines from (1, 0, 0, 0) to the 
two remaining intersections of these two conic^are 

(Ai A'5 - AjA'Oajj* + (AiA'j - X^\\)x^, + (KX\ - A4A'0a:4' = 0. 

One of these remaining points is also at P if AiA's — AsA'i = 0. 
Hence all the quadrics of the web satisfy a relation of the form 
As-f fcAi = 0. It is no restriction to put k=sl. It can now be 
shown that the conies cut from the quadrics of the web A5 -h Ai = 
by any plane a^^ 4- a^ -f a^ = through P have three coinci- 
dent points in common at P. 
The equation of the web is 

The two birational transformations defined by webs of quadrics 
of this type are 

«'i = »2»4> a'2 = «3a?4> ^z = Xa, aj'4 = a^* + ajj« - a?ia?4. (/) 
af 1 = x^^ 3/2 ^ x^^ X ^ = a;^ y x ^ ^ a^ — XiX^, {j^j 

The inverse transformations of forms (a) ••• (g) are also quadratic. 
For this reason transformations of this type are called quadratic- 
quadratic. 
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158. Quadratic inversion. A geometric method of constructing 
some of the preceding types of birational transformations will 
now be considered. Given a quadric A and a point O. Let P be 
any point in space, and P' the point in which the polar plane of 
P as to -4 cuts the line OP. The transformation defined by hav- 
ing P* correspond to P is called quadratic inversion. If does 
not lie on the quadric -4 = 0, let = (0, 0, 0, 1) and let the equa- 
tion of -4 = be 

If P=(yi, ^2? y%^ Vi)) the coordinates of P' are 

which include forms (a), (6), (c). If lies on -4, we may take 

A = X2* + e^i^-XiX^ = 0, O = (0, 0, 0, 1). 

The coordinates of P' in this case are functions of yi, y^, y^, y^ 
defined by (/) and (g). The quadratic-quadratic transformations 
(a), (6), (c), (/), {g) can therefore be generated in this manner. 

150. Transformation by reciprocal radii. If, for the quadric 
-4 = (Art. 168) we take the sphere 

and for O the center of this sphere, the equations of the trans- 
formation assume the form 

On account of the relation 

OP'OP'==¥ (18) 

existing between the segments from to any pair of correspond- 
ing points P, P', it is called the transformation by reciprocal radii 
Any plane not passing through goes into a sphere passing 
through and the circle in which the given plane meets the 
sphere (16), which is called the sphere of inversion. 

The fundamental elements are the center 0, the plane at 
infinity, and the asymptotic cone of the sphere of inversion. 
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A plane ax + by-i-cz + dt^O not passing through the origin 
(d ^ 0) is transformed into a sphere 

passing through the origin. 

A plane passing through the origin is transformed into a com- 
posite sphere consisting of the given plane and the plane at in- 
finity. We shall say that planes through the origin are trans- 
formed into themselves. 

A sphere 

a{a? + f'^z^ + 2fxt + 2gyt + 2hzt + 7rU^ = (19) 

not passing through the origin (m^O) is transformed into the 

sphere 

m(x^+ y» + 2*) + 2fkhi + 2 gkh/t -h 2 hJch^ -f ak* = 0. (20) 

The factor a^ + y*4-2* can be removed from the transformed 
equation. A sphere passing through the origin (m = 0) is trans- 
formed into a composite sphere consisting of a plane and the 
plane at infinity. 

If any surface passes through the origin, its image is seen to be 
composite, one factor being the plane at infinity. The plane at 
infinity is the image of the center 0, which is a fundamental 
point. 

In particular, the sphere (19) will go into itself if m = ak^ ; 
but this is exactly the condition that the sphere (19) is orthogonal 
to the sphere of inversion, hence we may say : 

Theorem I. Tlie spheres which are orthogonal to the sphere of in- 
version go into themselves when transformed by reciprocal radii. 

We shall now prove the following theorem : 

Theorem II. Angles are preserved when transformed by reciprO' 
caZ radii. 

Let AiQs + Biy + CiZ + Dit = 0, A^ + Biy + C^'^Djt = 

be any two planes. The angle at which they intersect is de- 
fined by the formula (Art. 15) 

cos $ = A^2-fAA+Cig2 /2i) 
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These planes go into the spheres 

A(«' + 2/* + 2*) + AJchst + BJch/t + Cikht = 0, 
D^pi^ + y^ + z'^)+ AJc^-^- BJc^yt-\- C^ht = 0: 

Since the angle of intersection of two spheres is the same for 
every point of their curve of intersection (Art. 51) and both 
spheres pass through 0, we may determine the angle at which the 
spheres intersect by obtaining the angle between the tangent 
planes at 0. These tangent planes are 

A^x + Biy -{- CiZ =: Oy A^ + Biy+C^^Oy 

hence the angle between them is defined by (21). Since the angle 
of intersection of any two surfaces at a point lying on both is de- 
fined as the angle between their tangent planes at this common 
point, the proposition is proved. 

160. Cyclides. Since lines are transformed by reciprocal radii 
into circles passing through O, a ruled surface will be transformed 
into a surface containing an infinite number of circles. A quadric 
has two systems of lines, hence its transform will contain two sys- 
tems of circles, and every circle of each system will pass through 
0. Moreover, the quadric contains six systems of circular sections 
lying on the planes of six parallel pencils (Art. 82). Hence the 
transform will also contain six additional systems of circles, not 
passing through 0, but so situated that each system lies on a 
pencil of spheres passing through 0. 

By rotating the axes (Art. 37), we may reduce (Art. 70) the 
equation of any quadric not passing through to the form 

aa? + by^ + cz^-\-t*-\'2lxt-{-2myt + 2nzt = (22) 

without changing the form of the equation of the sphere of inver- 
sion. By transforming this surface by reciprocal radii, we obtain 

(aj« + yi + 2!«)* 4- 2 A:»(a^ 4- 2/* + 2^ (7a; + my + nz)t 

This surface is called the nodal cyclide ; it contains the absolute 
as a double curve and has a double point at the point 0.* 

*A point P on a sarface is caUed a double point or node when every line 
through P meets the surface in two coincident points at P. A curve on a surface 
is called a double curve when every point of the curve is a double point of the 
surface. 
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If the given quadric is a cone with vertex at P, its image will 
have a double point at and another at P'. The circles which 
are the images of the generators of the cone pass through 
and P'. 

The equation of the cone may be taken as 

«(aJ -fty+ b(y - gty + c(z - hty = (23) 

and the equation of the transform is 

{ap+b^-h ch%^ + 2/2 + 2j2)2 - 2 m(a? ^f -f-22)(a/a; + hgy -f chz) 
-f A:*(aaj* -h 6y* + C2^^ = 0. 

This surface has a node at the origin and at the transform 

(/j 9} K /*+ 9^ + ^*) o^ ^^^ vertex of the cone (23). It is called a 

binodal cyclide. 

If, in equation (22), 6 = c, so that the given quadric is a surface 
of revolution, the transformed equation may be written in the 
form 

[«*+ y^ + ^ + l(?(lx + my + nz)t + ^ Jd^t'^'y + (a - 6)A:*aj»^ 



— A:*/'te + m2/ 4- na; -f I Ar^A'i* = 0. 



It has a node at O and at the points in which the line a; = 0, 
2 Za? + 2 my 4- 2 712 + Wht = intersects the sphere oj^ 4- y* + «* -f 2 to 
4- 2 myi+ 2 ivxt 4- 6fc^<^ = 0. It is called the trinodal cyclide. 

Finally, if the cone (21) is one of revolution, the resulting 
cyclide has four nodes, and is called a cyclide of Dupin. If the 
center of inversion is within the cone, so that no real tangent 
planes can be drawn to the cone through the line OP, the surface 
is called a spindle cyclide ; if the center is outside the cone, the 
resulting surface is called a horn cyclide. 

The generating circles of a cone of revolution intersect the recti- 
linear generators at right angles. Since both the lines and the 
circles are transformed into circles and angles are preserved by 
the transformation, we have the following theorem : 

Theorem III. Through each point of a cydide of Dupin pass 
two circles lying entirely on the surface. These circles meet each 
other at right angles. 
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A particular case of the spindle cyclide is obtained by taking 
the axis of the cone through the center of inversion. The result- 
ing cyclide is in this case a surface of revolution. It may be 
generated by revolving a circle about one of its secants. If the 
points of intersection of the circle and the secant are imaginary, 
the cyclide is called the ring cyclide. It has the form of an 
anchor ring. In this case all the nodes of the cyclide are 
imaginary. 

EXERCISES 

1. If A consists of a pair of non-parallel planes and is taken on one of 
them, show that the quadratic inversion redaces to the linear transformation 
defined in Art. 166, Ex. 3 as central involution. 

2. Obtain the transform of the ellipsoid 

?? + l^ + £? = e« 

a^ h^ c^ 

with regard to the sphere x^ + y^ + z^= 1. How many systems of circles 
lie on the resulting surface ? Show that four minimal lines pass through 
and lie on the surface. 

3. Show that the transform of the paraboloid ax^ + bj/^ = 2zhy reciprocal 
radii is a cubic surface. How many systems of circles lie on this surface ? 
How many straight lines ? 

4. Discuss the transform of a quadric cone by reciprocal radii when the 
center of the sphere of inversion lies on the surface but is not at the vertex. 

5. Show that a surface of degree n passing k times through the center of 
inversion is transformed by reciprocal radii into a surface of degree 2(n — A;), 
having the absolute as an (n — il;)-fold curve. 

6. Show that the center of an arbitrary sphere is not transformed into 
the center of the transformed sphere by reciprocal radii. 

7. Given the transformation 

x'l = (xi — Xs)x2, x'2 =(xi — a^)«8i x'3 = (xi — a^)a;4, xU = x^xs. 

Find the equations of the inverse transformation and discuss the basis points 
in (05). 

8. Given the transformation 

X'i = XiX2, x'2 = X2Xz, x'8=XiXij X' 4 = X4(Xi -\- Xi + Xs) . 

Find the equations of the inverse transformation. Discuss the basis points 
in the web of quadrics Xi^io^ + \^iXz + Xs^sasi + X4aJ4(«i + «« + ««) = 0. 



CHAPTER XIII 

CURVSS AND SURFACES IN TETRAHSDRAL COORDINATES 

I. Algebraic Surfaces 

101. Number of constants in the equation of a surface. The 
locus of the equation 

wherein a, )8, y, S are positive integers (or zero) satisfying the 
equation a4-)8+y + 8 = n, is called an algebraic surface of 
degree n. 

If the equation is arranged in powers of one of the variables, 
as X4, thus 

W0JC4" + u^x;"-^ + ••• + w« = 0, (2) 

in which u^ is a homogeneous polynomial of degree i in Xi, a^, x^, 
the number of constants in the equation can be readily calculated. 
For we may write 

w.- = Ml* + <M8**"^ + — + 4>o 

^A being a homogeneous polynomial in Xi, a^, of degree A: and con- 
sequently containing k + 1 constants. The number of constants 
in Ui is therefore 

i+2+...+»+i = (i±M±2i=(ii^. 

2 i!2! 

This number of constants in u^ is now to be summed for all inte- 
gral values of i from to n. By induction the sum is readily 
found to be 

j^ 2.3 3.4 (n-H)(n + 2) ^ (n + 3)! 

^2^2^ ^ 2 7i!3! 

which is the number of homogeneous coefficients in the equation 
of the surface. The number of independent conditions which 
the surface can satisfy is one less than this or 

(n + 3)! _ ^ _ n» + 6n«-f lln 
n!3I 6 

206 
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> 

162. Notation. It will be convenient to introduce tlie follow- 
ing symbols : 

wherein 1 ^ r < n and a, 6, c, d are positive integers (or zero), 
satisfying the condition aH-6-|-c4-d = r. 

EXERCISES 

Let f(x) =a4oooKi*+Oo4ooa52*+aoo4oXs*+aooo4«4*+6a22oo«iW+6<io2aoa!2W 
+ 6 aoMaiKjW + 6 00022*8 W + 6 02020X1 W + 6 02002X1^*. 

1. Find V/(«) ^or »* = 1» 2, 3, 4» 

2. Show that A^ [Ay«/(x)] = Ay»/(«)- 

3. Show that i-A//(a;) = A,/(y). 

o I 

4. Show that Ay«/(x) = ^x^f{y). 

5. Show that A,/(x) =4/(x) ; A,«/W = 12/(«) ; A^'/W =24/(x). 

163. Intersection of a line and a surface. If {y)y (x) are any two 
points in space, the coordinates of any point (2;) on the line joining 
them are of the form Zi = Ay,. + /xaj< (Art. 95). If (z) lies on 
f(x) = 0, then f(Xy + /uuc) = 0. By Taylor's theorem for the 
expansion of a function of four variables, we have, since 
^«'''*'*/(y) = for all positive integral values of A:, 

/(Ay + ^) = \-f(y) + A--V^./(.y) + - 
4-^ A//(y) 4- ... +^A//(y) = 0. (4) 

This equation may also be written in the form 

/(Ay -^fijx)= liTfix) + fi*-^k^J(x) + ... 

+ ^ A//(aj) + - + ^ \-f{x) = 0, (5) 

rl nl 

which is equivalent to the preceding one. 
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If these equations are identically satisfied, the line joining (y) 
to (x) lies entirely on the surface. If they are not identically 
satisfied, they are homogeneous, of degree n in X, fi and conse- 
quently determine n intersections of the line and the surface. If 
we define the order of a surface as the number of points in which 
it is intersected by a line, we have the following theorem. 

Theorem. The order of a surface is the degree of its equation in 
point coordinates, 

164, Polar surfaces. In (4) let the point {y) be fixed but let 
(a?) vary in such a way that the equation 

V/(a') = (6) 

is satisfied. 

This equation defines a surface of order n — r called the ith polar 
surface of the fixed point (3^) with regard to the given surface 
f(x) = 0. When r = n — 1, the surface (6) is a plane. It is 
called the polar plane of the point {y) as to f(x) = ; when 
r = 71 — 2, the resulting quadric defined by (6) is called the 
polar quadric, etc. 

In the identities (4) and (5) the coefiicients of like powers of 
A, Ik are equal, that is. 

From this identity we have the following theorem : 

Theorem I. If (x) lies on the rth polar of (y), then (y) lies on 
the (n — r)th polar of (or). 

If in (4), the two points (y), (x) are coincident, then 
f(Xx + /^) = (A + t^Yfix) = \-f(x) + \-',iA,f{x) 4- - 

rl 

By expanding (X + /a)*» by the binomial theorem and equating 
coefficients of like powers of A, fi in the preceding identity, we 
obtain 
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which is called the generalized Euler theorem for homogeneous 
functions. From this identity we have the following theorem : 

Theorem II. The locus of a point which lies on any one and 
therefore on aU its own polar surfaces is the given surface f(x) = 0. 

From the definition of A//(a;) (Art. 162) it follows that if 

" < ^ < ^' A//(a.) = A/ [A/-/(a^)]. 

From this identity we have the theorem : 

Theorem III. The sth polar surjhce of the (r — s)th polar sur- 
face of (y) with respect to f(x) = coincides with the rth polar sur- 
face of {y). 

EXERCISES 

1. Determine the coordinates of the points in which the line joining 
(1, 0, 0, 0) to (0, 0, 0, 1) intersects the surface 

Xi» + 2 X2* — ass' — 4 a;4« + 4 xi^x^ — xix^^ + 5 a;2^«8 — 6 XiX^x^ = 0. 

2. Determine a so that two intersections of the line joining (0, 1, 0, 0) 
to (0, 0, 1, 0) with the surface 

aji* + 052* -h iBg* + ar** + aa;a% + 2 (a - 1)X2W + 4 X2Xs* + 6 Xia;2X3X4 = 
coincide. 

3. Show that any line through (1, 0, 0, 0) has two of its intersections 
with the surface 

8 x^i^ + jCi* + 6 XiW 4. 12 a;,aa;4« + 4 x^xz^ + 24 Xix^t;ic4 = 
coincident at (1, 0, 0, 0). 

4. Prove the theorems of Art. 164 for the surface of Ex. 3 by actual 
differentiation. 

165. Tangent lines and planes. A line is said to touch a sur- 
face at a point P on it if two of its intersections with the surface 
coincide at P. In equation (4) let (y) now be a fixed point on 
the given surface so that f{y) = 0. One root of (4) is now /a = 0, 
and one of the intersections (x) coincides with (y). 

The condition that a second intersection of the line (y)(x) coin- 
cides with (y) is that fi^ is a factor of (4), that iS; that (x) is a 
point in the plane 

AJ(y)^aH«+a,M+a.3» + a:,» = 0. (7) 
^Vi dy^ dy^ dy^ 

All the lines which touch f(x) = at (y) lie in the plane (7) and 
every line through (2^) in this plane is a tangent line. This plane 
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is called the tangent plane of (y). The plane (7) is also the polar 
plane of {y) ; hence we have the theorem : 

Theorem. The polar plane of a point P on the surface is the 
tangent plane to the surface at P, 

From Art. 164, Theorem III it also follows that the tangent 
plane to f[x) = at a point (y) on it is also the tangent plane at 
(y) to all the polar surfaces of (y) with regard tof{x) = 0. 

166. Inflexional tangents. A line is said to have contact of 
the second order with a surface at any point P on it if three of 
its intersections with the surface coincide at P. 

Let (y) be a given point on the surface, so that/(y)=sO. The 

condition that the line (y)(z) has contact of the second order at 

(if) is that ft? is a factor of (4), that is, that (z) lies on the tangent 

plane and on the polar quadric of (y). Hence (z) lies on the 

intersection of 

AJ(y)=0, VX2/) = 0. 

Since £ij'(y) = is the tangent plane of the quadric A,'/(y)=:0 
at (y), the conic of intersection of the tangent plane and polar 
quadric consists of two lines, each of which has contact of the 
second order with f(x) = at the point (y). These two lines are 
called the inflexional tangents to the surface at the point P. The 
section of the surface by an arbitrary plane through either of 
these lines has an inflexion at (y), the given line being the inflex- 
ional tangent. 

107. Double points. A point P is said to be a double point or 
node on a surface if every line through the point has two inter- 
sections with the surface coincident at P, If (y) is a double 
point on f{x) = 0,^ equation (4) has fj? as factor for all positions 
of (z), that is, ^J{y) = is an identity in Zi, ^j, 23, 24. It follows 
that if (2^) is a double point, its coordinates satisfy the four 
equations 

Myl=o, ^M=o, iM = o, iM=o. (8) 

^y^ ' dy, ' dy, 'By, ^ ' 

Conversely, if these conditions are satisfied, it follows, since 
nfiy) = ^J{y), that equation (4) has the double root /i' = and 
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(y) is a double point. Hence the necessary and sufficient condi- 
tion that /(a;) = has a double point at {y) is that the coordinates 
of (y) satisfy equations (8). Unless the contrary assumption is 
stated, it will be assumed that /(a;) =s has no double points. 

EXERCISES 

1. Impose the condition that the point (0, 0, 0, 1) lies on the surface 
f(x) = and find the equation of the tangent plane to the surface at that 
point. 

2. Determine the condition that the surface of Ex. 1 has a double point 
at (0, 0, 0, 1). 

3. Show that the point (1, 1, 1, 1) lies on the surface of Ex. 1, Art. 164, 
and determine the equation of the tangent plane at that point. 

4. Find the equations of the inflexional tangents of the surface of Ex. 1, 
Art. 164, at the point (1, 1, 1, 1). 

5. Show that the lines through a double point on a surface f{x) = which 
have three intersections with the surface coincident at the double i)oint form 
a quadric cone. 

6. Show that there are six lines through a double point on a surface 
f(x) = which have four points of intersection with the surface coincident 
at the double point. 

7. Prove that the curve of section of a surface by any tangent plane has a 
double point at the point of tangency, and the inflexional tangents are the 
tangents at the double point. 

108. The first polar surface and tangent cone. If in equation (7), 
the coordinates a^, o^, a^, x^ are regarded as fixed, and yi, y^, y^, y^ 
as variable, the locus of the equation is the first polar of the 
point (05). 

Theorem I. The first polar surface of any point in space passes 
through aU the dovble points of the given surface, 

Yoty if /(a5)=0 has one or more double points, the coordinates 
of each must satisfy the system of equations (8) and also (7). 

Theorem II. The points of tangency of the tangent planes to the 
surface from a point (x) lie on the curve of intersection of the. given 
surface and the first polar of{x). 

For, if (y) is the point of tangency of a tangent plane to 
/(aj)=0 which passes through the given point (a), the coordi- 
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nates of (y) satisfy /(y)=0 and A,/(y) = 0. Conversely, if (y) 
is a non-multiple point on this curve, it follows that the tangent 
plane at (y) passes through the given point (a?). 

Since the line joining (x) to any point (y) on the curve defined 
in Theorem II lies in the tangent plane at (y), it follows that it is 
a tangent line. The locus of these lines is a cone called the 
tangent cone from (x) to the surface f(x) = 0. To obtain the 
equation of this cone we think of (x) as fixed in (4) and impose 
the condition on (y) that two of the roots of the equation in A : /it 
shall be coincident. Hence we have the following theorem : 

Theorem III. 27ie equation of the tangent cone from any point 
(x) is obtained by equating the discriminant of (4) to zero, 

109. Class of a surface. Equation in plane coordinates. A point 
(x) lies on the surf ace /(a?) = if its coordinates satisfy the equa- 
tion of the surface. Similarly, a plane (u) touches the surface if 
its coordinates satisfy a certain relation, called the equation of 
the surface in plane coordinates. The class of a surface is the 
dual of its order ; it is defined as the number of tangent planes to 
the surface that pass through an arbitrary line and is equal to 
the degree of the equation of the surface in plane coordinates. 

Theorem. The class of an algebraic surface of order n, having 
8 double points and no other singtdaritieSf is n (n — 1)* — 2 8. 

Let f(x)=0 be of order ?i, and let Pi=(y), P2 = (z) be two 
points on an arbitrary line L The point of tangency of every 
tangent plane to f{x) = that passes through I lies on the surface 
f(x) = 0, on the polar of (y) and on the polar of (2), so that its 
coordinates satisfy the equations 

f{x)=0, A,/(x) = 0, A./(aj) = 0. 

These surfaces are of orders n, n — 1, n — 1, respectively, and 
have n (w — 1)* points in common ; if f(x) = has no double points, 
each of these points is a point of tangency of a plane through the 
line Z, tangent to the given surface. If f{x) = has a double 
point, A^/(aj)=0 and A,/(a?)=sO, both pass through it, hence the 
number of remaining sections is reduced by two. 

If the plane u^x^ -f- v^ 4- n^x^ + u^^ = is tangent to /(»)= 
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at (y)f then this plane and that defined by equation (7) must be 
identical, hence 

p«.=m P«.=^, '«^=^' ''«-^- (^) 

^^1 ^1/2 oy^ ^Vi 

Moreover, (y) lies in the given plane and also on the given sur- 
face, hence u,y, + u^, + uiy, + u^, = 0, /(2/)=0. (10) 

If between (9) and (10) the coordinates of (y) are eliminated, the 
resulting equation will be the equation of the given surface in 
plane coordinates. If f(x)=0 has double points, the resulting 
equation will be composite in such a way that the equation of 
each double point appears as a double factor. 

EXERCISES 

1. Determine the equation of the tangent cone to the surface 

from the point (1, 0, 0, 0). 

2. Write the equation of the surface of Ex. 1 in plane coordinates. 

3. Write the equation of the surface 

XiX^Kz + X\7^2lt\ + X1X2X4 + XaXg^i = 

in plane coordinates. 

4. Write the equation of the surface xi^s — ^2^x4 = in plane coordinates. 

170. The Hessian. The locus of the points of space whose 
polar quadrics are cones is called the Hessian of the given sur- 
face /(aj) = 0. The equation of the polar quadric of a point (a?) 
may be written in the form 

in which y^, yj) Vz} Va ^^e the current coordinates. This quadric 
will be a cone if its discriminate vanishes (Art. 103), hence if we 
put for brevity ^ 3^(3.) 

the equation of the Hessian may be written in the form 

^1 fl2 flZ f\A 

fviJnJnfu 

flAjufufu 



H^ 



= 0. (12) 



It is of order 4 (n — 2). 
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It will now be shown that the Hessian may also be defined as 
the locus of double points on first polar surfaces of the given 
surface. The equation of the first polar of (^) as to f{x) = is 



2». 



Ms)_o. 



If this surface has a double point, the coordinates of the double 
point make each of its first partial derivatives vanish, by (8), thus 

d^fjx) ay ay ay ^^ 

dx^ * dxidx2 * dxidx^ * aa^afl;4 

ay , ay ^ ^V . ^V a 

dXidoB^ dx^dx^ dx^ dx^dx^ 

do^dx^ doCidx^ dx^dx^ dx^ 

The condition that these equations in yi, y^, y^, y^ are consistent 
is that their determinant is equal to zero, that is, that (x) lies on 
the Hessian 

171. The parabolic curve. The curve of intersection of the 
given surface with its Hessian is called the parabolic curve on the 
surface. 

Theorem. At any point of the parabolic curve the two inflexional 
tangents to the surfa/x coincide. 

For, let {x) be a point on the parabolic curve. Since (a?) lies on 
the Hessian, its polar quadric is a cone. This cone passes through 
(x) (Art. 164). The inflexional tangents are the lines which the 
cone has in common with its tangent plane at {x) (Art. 166). 
These lines coincide (Art. 121). 

1 72. The Steinerian. It was just seen that the polar quadric of 
any point on the Hessian is a cone. Let (x) be a point on H, and 
{y) the vertex of its polar quadric cone. As (a?) describes Hy (y) 
also describes a surface, called the Steinerian of f{x) = 0. The 
polar quadric of (a?) is given by equation (11). If (y) is the ver- 
tex of the cone, its coordinates satisfy (13). The equation of the 
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Steinerian may be obtained by eliminating Xi, os^, x^, x^ from these 
four equations (13). As the equations (13) were obtained by im- 
posing the condition that the first polar of (x) has a double point, 
we may also define the Steinerian as the locus of a point whose 
first polar surface has a double point (lying on the Hessian). 

EXERCISES 

1. Prove that the Hessian and the Steinerian (pf a cubic surface coincide. 

2. Prove that if a point of the Hessian coincides with its corresponding 
point on the Steinerian, it is a double point of the given surface, and con- 
versely. 

3. Determine the equation of the Hessian of the surface 

flfiJCi* + a^ + asxz^ + 04X4^ + asCxi + ^2 + xg + X4)' = 0. 

4. .Determine the order of the Steinerian of a general surface of order n. 

II. Algebraic Space Curves 

173. Systems of equations defining a space curve. A curve 
which forms the complete or partial intersection of two algebraic 
surfaces is called an algebraic curve ; if the curve does not lie in 
a plane^ it is called a space curve. 

If a given curve C forms the complete intersection of two sur- 
faces Fi = 0, F2 = 0, so that the points of C, and no other points, 
lie on both surfaces, then the equations of these surfaces, consid- 
ered as simultaneous, will be called the equations of the given 
curve. 

If the intersection of the surfaces i^^ = and iJ^g = ^ is composite, 
and C is one component, the equations JF\ = 0, 2^2 = ^ ^'^e satisfied 
not only by the points of G but also by the points of the residual 
curve. If a surface F^ = through C can be found which has no 
points of intersection with the residual curve except those on (7, 
the simultaneous equations Fi = 0, -Fj = 0) -^3 = are satisfied only 
by the points of O and are called the equations of the curve. 

If the surfaces F^ = 0, F2 = 0, F^ = through O have one or 
more points in common which do not lie on (7, then a fourth sur- 
face F^ = can be found through O which does not contain these 
residual points, but may intersect the residual curve of i'\ = 0, 
1^2 =^ in other points not on 2^3 = ; in this case the simultaneous 
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equations Fi = 0, i^j = 0, Fi = 0, F^ = are called the equations of 
the curve. In this way a system of equations can be found which 
are simultaneously satisfied by points of G and by no others. 

As an illustration, consider the composite intersection of the 
quadric surfaces 

It consists of a space curve and the line a?2 = 0, a?, =0. The 
surface XiX^ — oc^^O also contains the space curve since it 
contains every point common to the quadrics except points 
on the line aj2 = 0, 053 = 0. These three surfaces are suflBcient 
to define the curve. The surface XiX^(xi — x^)—x^-{'X^^^=0 
also contains the given curve. It does not, however, with 
the two given surfaces constitute a system whose equations 
define the given curve. All three equations are satisfied, not 
only by the coordinates of the points of the curve, but by the 
coordinates of the point (1, 0, 0, 1) which does not lie on the 
curve, since it does not lie on the surface XiX^ — a^, = 0. The sur- 
face Xixjixi + x^ — x^ — ajj' = passes through the curve but not 
through the point (1, 0, 0, 1). The curve is therefore completely 
defined by regarding the four equations 

XiX^ — a?2 = V, ^^4 — 2Jj = U, 

QH^X^ix^ — X^ — Xz^ + «2»3«^4 = 0, aa«4(^ 4- 3:4) — 252* — Oil' = 

as simultaneous. 

174. Order of an algebraic curve. Let F^ = 0, jP^. = be two 
surfaces of orders fi, /ia', respectively, and let O be their (proper 
or composite) curve of intersection. Any plane that does not con- 
tain C (or a component of it) intersects C in /a/i' points. For, 
any such plane intersects -F'^ = in a curve of order ft, and inter- 
sects F^' in a curve of order fi\ These coplanar curves have 
precisely fifjJ points in common.* 

It can in fact be shown that every algebraic curve, whether 
defined as the complete intersection of two surfaces or not, is 
intersected by any two planes, neither of which contains the 
curve or a component of it, in the same number of points.t We 

* See, e.g., Fine: CoUege Algebra (1905), p. 519. 

t Halphen: Jour, de IMcole polytechnique, Vol. 52 (1882), p. 10. 
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shall assume, without proof, the truth of this statement. The 
number of points in which an arbitrary plane intersects an alge- 
braic curve is called the order of the curve (Art. 140). 

175. Projecting cones. If every point of a space curve is 
joined by a line to a fixed point P in space, a cone is defined, 
called the projecting cone of the curve from the point P. If the 
point P lies at infinity, the projecting cone from P is a cylinder 
(Art. 44). Except in metrical cases to be discussed later we 
shall make no distinction between cylinders and cones. 

For an arbitrary point P an arbitrary generator of the project- 
ing cone intersects the curve in only one point. It may happen, 
however, for particular positions of the point P, that every 
generator meets the curve in two or more points. If in 
this case P does not lie on the curve or if P lies on the 
curve and every generator through P intersects the curve in 
two or more points distinct from P, the curve is called a conical 
curve. 

Let P be a point not on the curve, such that an arbitrary 
generator of the projecting cone from P meets the curve in just 
one point. The order of the projecting cone is the number of 
generators in an arbitrary plane through its vertex. Each gener- 
ator contains one point on the curve, hence the order of the pro- 
jecting cone is equal to the order of the curve. If P is on the 
curve, the order of the projecting cone is one less than the order 
of the curve. 

Theorem. To find the eqiicUion of the projecting cone of the 
simple or composite curve defined by the complete intersection of two 
surfaces, from a vertex of the tetrahedron of reference, eliminate be- 
tween, the equations the variable which does not vanish at that 
vertex. 

Let the equations of the given surfaces be P^ = and F^^ = 
and let it be required to project the curve of intersection of these 
surfaces from the point (0, 0, 0, 1). 

Let (rf) be any point of space. The coordinates of any point 
(a?) on the line joining (0, 0, 0, 1) to (y) are of the form 

Xi = kyi, X2 = A2/2, x^ = Ays, a?4 = Xy^ + cr. 



218 CURVES AND SURFACES [Chap. XIII. 

The points in which this line intersects F^ = 0, F^,,* :a are de- 
fined by 

F^{x) = F^{\y^, \y^ Ay„ \y, + <r) 

^X^fJv,, y^ y„ ^4+7^) = ®' 

^ ^^ (14) 

2?;,(a?) = 2^^.(Xyi, \y^ Xy„ Xy^ + tr) 



= VJ^Jyi, y^y y„ y4+^j=0, 



respectively. The condition that the line intersects both surfaces 
in the same point is that these equations have a common root in 

-, hence the equation of the projecting cone is obtained by elimi- 

A 

nating ^ between these two equations (cf . Art. 44). If - is elimi- 

A A 

nated from (14), y^ is also eliminated and the resulting surface is 
identical with that obtained by eliminating x^ between the equa- 
tions of the given surfaces. 

If the curve of intersection is composite, the projecting cone is 
composite, one component belonging to each component curve. 

A method for determining the projecting cone from any point 
P in space may be deduced by similar reasoning, but the process 
is not quite so simple. 

EXERCISES 

1. Show that the intersection of the surfaces 

X1X2 — XaPOi + X4^ — XaXs = 0, XiX^^ — 051X20:4 + X2(X4^ — X2Xi) = 

is composite. 

2. Represent each component curve of Ex. 1 completely by two or more 
equations. 

3. Find the equation of the projecting cone of the curve 

X2^ + xz^ + X42 + 2 X1X4 = 0, X42 + 2 XaX4 - Xi^ + 2 Xs* = 
from the point (0, 0, 0, 1). 

4. Find the equation of the projecting cone of the curve 

Xi2 + 4X8* - X42 = 0, Xi^ - 2X22 + 2x8^ - 8x42 = 

from the point (0, 0, 0, 1). 

5. Find the equation of the projecting cone of the curve 

xi^ 4- X2^ + xs^ -h X42 = 0, aixi^ + aaxj2 + a^xz^ + a^ = 
from the point (0, 0, 0, 1). 
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6. Show by means of elimination that, if (0, 0, 0, 1) does not lie on the 
curve Fy,= 0, 1^^'=0, the order of the projectmg cone from (0, 0, 0, 1) is /am', 
provided the curve is not conical from (0, 0, 0, 1). 

7. Find the equation of the projecting cone of the curve 

from the point (1, 1, 1, 1). 

176« Monoidal representation. If a non-composite space curve 
C^ of order m is defined as the complete or partial intersection 
of two surfaces F^ = 0, F^. = 0, other surfaces on which the curve 
lies can be obtained from the given ones by algebraic processes. 
Among such surfaces we have already discussed the projecting 
cone from a given point P. We shall now show how to obtain 
the equation of a surface which contains C^ and has at P a point 
of multiplicity one less than the order of the surface. Such a 
surface is called a monoid. 

In determining the equation of a monoid through (7^, we shall 
assume that neither the complete intersection of P^ = and 
P^' = nor any component of it is a conical curve from P. We 
shall also assume that P does not lie on this curve of intersection. 

Let P be chosen as (0, 0, 0, 1) and let the equations P^ = 0, 
p^, = be arranged in powers of x^ (Art. 161). 

P^ = tv»/ 4- VnX^-^ + ... -f- w^ = 0, 
P^, = v^/ + Vioj/-* + ... + v^. = 0, 

wherein w^, v^ are homogeneous functions of a?i, x^, x^ of degree L 
Let the notation be so chosen that ^l' ^ /a. The equation 

contains x^ to at most the power /a' — 1. The surface represented 

by it passes through the curve C^ since the equation is satisfied 

by the coordinates of every point which satisfy P^ = and P^* = 0. 

The equation 

v ,p — tt P . = 

is divisible by x^. If this factor is removed, the resulting equation 
is of degree at most /ut' — 1 in a?4, and determines a surface which 
passes through C^. 
If either of these equations contains x^ to the first but to no 
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higher power, the surface determined by it is of the type required. 
If not, the two equations cannot both be independent of x^ nor 
can they coincide, since in that case the curve F^ = 0, J''^* = 
would be conical from (0, 0, 0, 1). 

By applying this same process to the two equations just ob- 
tained, we may obtain two new ones which contain x^ to at most 
the power /i' — 2. 

Continuing in this way with successive partial elimination, we 
obtain finally an equation of the form 

^= «4<t>n-ii^y «j, a,) - <^„(a?i, ajj, 35,) = 0, 

in which <^^_i and <^„ are homogeneous functions, not identically 
zero, of degree n — 1 andn, respectively, in a?i, ajjj ^- The surface 
Jf = is of order n and has an (n — l)-fold point at (0, 0, 0, 1). It 
is consequently a monoid. The surface <^, = is a cone ; it is 
called the superior cone of the monoid. If n > 1, <^^_i = is the 
equation of another cone, called the inferior cone of the monoid. 

1^6* /»(^) ^9 ^a) = be the equation of the projecting cone from 
(0, 0, 0, 1). The equations 

are said to constitute a monoidal representation of the curve C^. 
The advantage of this representation is that the residual inter- 
section, if any, of the two surfaces 3f = 0, /^ = consists of lines 
common to the three cones 

For, let P be a point common to f^ = Of M= 0, but not lying on 
C^ nor at the vertex (0, 0, 0, 1). The generator of /^ = passing 
through P intersects O^ in some point P'. Since this generator 
has P, P and n — 1 points at (0, 0, 0, 1) in common with M=0, 
it lies entirely on the monoid (Art. 164). For every point of this 
line, that is, independently of the value of aj4, the equation 
a?4<^„_i — <^„ = must be satisfied ; hence the given generator lies 
on the inferior cone and on the superior cone. 

It follows at once from the above discussion that if any genera- 
tor of /« = intersects O^ in two points P, Q, it lies entirely on 
the monoid and forms a part of the residual intersection. Such a 
line is called a double generator of the projecting cone, since, in 
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tracing the curve, the generator takes the position determined by 
Pon C^ and also the position, coincident with the first, determined 
by Q. Every such line counts for two intersections of Jf = 
and/^ = 0. 

Each of these bisecants of the curve is said to determine an 
apparent double point of C^ from (0, 0, 0, 1) ; the curve appears 
from (0, 0, 0, 1) to have a double point on each of these lines. 

It can be proved * and will here be assumed that the number 
of apparent double points of a given curve is the same for every 
point not lying on it, except the vertices of the cones, if any, on 
which G^ is a conical curve. This number will be denoted by h. 

We shall now show that if a point P which does not lie on (7^, 
nor on any line that intersects C^ in more than two points, nor at 
the vertex of a cone (if any) of bisecants to G^i is chosen for the 
vertex, then the order of the monoid from P is at least half the 
order of G^. 

The complete intersection of the projecting cone /„, = and the 
monoid a?4<^„_i — <^„ = is a curve of order mn. The curve (7„ is 
one component of order m, and the h bisecants of (7„ through 
(0, 0, 0, 1) together form a component of order 2h, If the num- 
ber of residual intersecting lines is denoted by k, then 

mn — m — 2fe = A;, A;^0. 

The h bisecants of G^ and the k residual lines are components of 
the intersection of <^„_i =0, <^„ = 0. Hence 

7i(n — 1)=^ + A; = A(n— 1)—^, 
from which 



m 
^m — w; ^n — i; = /I ^ 

and 



(m — n) (n — 1) = ^ ^ — (n — 1), 



which proves the proposition. 

177. Number of intersections of algebraic carves and surfaces. 

Theorem. Any surface of order /x which does not contain a given 
non-composite curve of order m intersects it in m/A points. 

* Noether : Znr Grundlegung der Theorie der algebraischen Raumkarven, Ab- 
handlungen der k. preussischen Akademie der Wissenschaften fiir 1882. 
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Let C^ be the given curve and -F^ = be the equation of the 
given surface. Choose (0, 0, 0, 1) not on i?'^ = 0, and let the 
monoidal equations of C^ be /^ = 0, a54<^„_i — <^^ = 0. The com- 
plete intersection of /^ = 0, aJ4<^^_i — ^, = consists of C^ and of 
m(n — 1) lines through (0, 0, 0, 1). As i?'^=0 does not pass 
through (0, 0, 0, 1), it cannot contain any of these lines. Hence 
Fy, = 0, /. = 0, M^ = have no common component. They con- 
sequently intersect in mn/Lt points. Of these, m/i {n — 1) points are 
where the residual lines intersect F^= 0. The remaining m/i points 
lie on (7^. If C^ has rufi -f 1 points on Ffj, = 0, it lies on the sur- 
face, for the three surfaces /„ = 0, Jfcf„ = 0, F^ = have now 
mnfi -f- 1 points in common, and therefore all contain a common 
curve. Since the lines do not lie on F^ = 0, and /„ = 0, M^ = 
have no other component curve except C^, it follows that C^ must 
lie on Ffj, = 0. 

EXERCISES 

1. Show that a plane or any proper quadric is a monoid. 

2. Write the equation of a monoid of order three. 

3. Show that the only curve of order one is a line. 

4. Show that the only irreducible curve of order two is a conic. 

5. Show that a composite curve of order two exists which does not lie in 
a plane. How many apparent double points has this curve ? 

6. Show that a bundle of quadrics pass through a proper space cubic curve. 

7. Write a monoidal representation of a space cubic curve. 

8. Show that every irreducible curve of order four lies on a quadric 
surface. 

9. Discuss the statements of Exs. 6 and 8 for the case of composite cubics 
and composite quartics. 

178. Parametric equations of rational curves. Since a space 
curve is defined as the complete or partial intersection of two 
surfaces, the coordinates of its points are functions of a single 
variable. The expressions for the coordinates of a point as func- 
tions of a single variable may not be rational. A curve which 
possesses the property that all its coordinates can be expressed 
as rational functions of a single variable is called a rational curve. 
By definition the equations of such a curve can be written para- 
metrically in the form 

^i =/i(0= «<o«" + a^t'^-i -f- ... + a,^, i = 1, 2, 3, 4. 
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Since the variables a?,, are homogeneous, it is no restriction to 
suppose that the polynomials /<(0 ^^-^e no common factor. To 
every value of t corresponds a unique point (x) on the curve, but 
it may happen that more than one value of t will define the same 
point (x) on the curve. If, for example, the functions /^{t) can 
be expressed in the form 

in which i'^ are homogeneous rational functions, of the same order, 
of the two polynomials <l>{t), ^(<), then/.(^) will define the same 
point for every value of t that satisfies the equation 

where s is given. In this case the coordinates of the points on 
the curve are rational functions of s. 

Conversely, it will now be shown that if to each point (x) of the curve 
correspond n values of t (n ^ 1), then t may be replaced by a new variable, 
in terms of which the correspondence between it and the point (x) on the 
curve is one to one. 

Let tut2i'-ttn S'U correspond to the same point {x). The expressions 

Mt)Mh)-Mti)Mt) I, A; = 1, 2, 3, 4 

vanish for t — ti, t2, •••« t^, hence they have a common factor of order n, 
whose coefficients contain ^i, 

If ti is replaced by ^2, the expression must have the same factor, hence the 
function 

has the same roots. Sunilarly for ^3, •••, e„. It follows that the ratios of the 
coefficients 

<f>o:<t>i: ••• 0„ 

have the same values for tu t2, ••*, tn* These ratios cannot be constant for 
every point (x) on the curve, since in that case «i, •••, ^» would be independent 
of (x) , contrary to hypothesis. If we now put 

M«l = s, f#A; = l,...n 

and eliminate t between this equation and Xi =fi(t), the resulting equations 
may be written in the form 

Xi = bio8P + ba8p-^ + — + &»„ 
in which np = m. 
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When the oorrespondence between (x) and t is one to one, the 
order of the curve x^ =fi(t) is m. For, to each point of intersection 
of the curve with an arbitrary plane Sm,.«, =: corresponds a root 
of the equation Stt</^(i) = 0, and conversely. 

179. Tangrent lines and developable surface of a curve. Let C be 
the intersection of two algebraic surfaces 2^=0, F' =0 and let P 
be an arbitrary point on 0. The line t of intersection of the 
tangent planes to 1''= and F' = at P has two points in common 
with each of the surfaces coincident at P (Art. 165), and hence 
with C. The line is called the tangent line to the curve C at the 
point P. The locus of the tangent lines to C is a ruled surface. 
This surface is called the developable surface of 0. Its equation 
may be found by eliminating the coordinates y^, yz, y^, y^ of P 
between the equations of C and of the tangent planes, thus : 

^ oyi ^ oy^ 

Example. The intersection of the surfaces 

is a quartic curve. The equation of the developable surface of this quartic 
is obtained by eliminating 2^1, y^^ ys, y^ between the equations 

yi^ + 2^2^ + y&^ + 2/4^ = 0, aiyi^ + 022/2* + a^y^ + a^i^ = 0, 

xiyi 4- X22/2 + «32/8 + X42/4 = 0, 

aixiyi 4- 02X22/2 + 03X32/8 + 04X42/4 = 0. 

If we write am for Oi — a^, the result may be written in the form 

4 Ol20l8042048(Ol8Xi2 + 023X2* + 043X4^) (021X1^ + O28X8* + 034a:4*)»2W 

— [0230l4*Xi'^42 + a240l8*Xi2x82 + 0340l2*Xi2X2* +022084*a:8*X4* + 03l024*5C2*«4* 

+ O28(Ol2O84 + ai8O24)X2*X8*]* = 0. 

The number of tangents to the curve G^ which meet an 
arbitrary line is called the rank of the curve. From this defini- 
tion it follows that the rank is equal to the order of the develop- 
able surface. It is the same number for every line not on the 
surface (Art. 163). 

180. Osculating planes. Equation of a curve in plane codrdi- 
nates. Every plane through the tangent line to (7 at P contains 
the line and has therefore two points in common with G at P. 
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Such- a plane is called a tangent plane. Among the tangent planes 
there is one having three intersections with at P, This plane 
is called the osculating plane to C at P. The number of osculating 
planes to G which pass through an arbitrary point in space is 
called the class of G. This number is the same for every point in 
space.* If G is the intersection of 2''= and F' = 0, we can 
obtain two equations which must be satisfied by the coordinates 
of the osculating planes of G by eliminating two of the variables, 
as a^, x^ between the equations ¥=^0, JF" = 0, and the equation of 
the plane Si^^a^. = 0, then imposing the condition that the resulting 
homogeneous equation in the other two variables has a triple root. 

Example. The two surfaces xt^ + 2 x^^ = 0, x^ + 2 xiXz = intersect 
in the line a;i = 0, X2 = and a space cubic curve. If between the first equa- 
tion and ZUtXj = we eliminate X4, we find 

U4p^^ — 2 ^1X1X2 — 2 M2X2^ — 2 ^3X2X3 = 0. 

Now if we eliminate X3 between this result and the second given equation, 
we obtain 

W4«i' — 2 w 1X1^x2 — 2 W2X1X2' + u^^ = 0. 

Finally, if this cubic has three equal roots, its first member must be a cube. 
Hence 

2 Mi2 + 3 W4W2 = 0, 2W22+3WiM8 = 0. 

A system of two or more equations in plane coordinates (Art. 173) 
which are satisfied by the coordinates of the osculating planes of 
(7, and by no others, is said to define the curve G in plane coor- 
dinates. To a curve G defined in this way may be applied a dis- 
cussion dual to that given in Arts. 174-179. 

EXERCISES 

1. Find a system of parametric equations of the rational curve 

X1X2 — X8X4 = 0, X2X8 = Xi^ — xa*. 

2. Write the equation of the developable surface of the cubic curve lying 

on the surfaces 

Xi2 -f 2 X2X4 = 0, X22 + 2 X1X3 = 0. 

3. Find two equations satisfied by the coordinates of the osculating planes 
of the curve 

X1X2 — X8X4 = 0, X2'^ = Xs* 4- «4^. 

* See reference in Art. 176. 
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4. Define the dual of the projecting cone of a curye and show how its 
equation may be obtained. 

5. Derive the dual of a monoidal representation of a curve. 

6. Define the dual of an apparent double point. 

7. What is the dual of the rank of a space curve ? 

181. Singular points, lines, and planes. A point P on a curve 
is called an actual double point if two of the points of intersection 
of C with any plane through P coincide at P, If the two tangent 
lines to C at P are distinct, the point is called a node. If the two 
tangents at P coincide, the point is called a cusp or stationary 
point. Curves may have higher point singularities, for example, 
a curve may pass through the same point three or more times, etc., 
but such singularities will not be considered here. 

A plane is said to be a double osculating plane if it is the oscu- 
lating plane at two points on the curve. A plane having four 
points of intersection with the curve coincident at P is called a 
stationary plane. 

A line is called a double tangent if it touches the curve in two 
distinct points. If a tangent line has three coincident points in 
common with the curve, it is called a stationary or an inflexional 
tangent. The point of contact is called a linear inflexion. 

182. The Cayley-Salmon formulas. We shall now collect, for 
the purpose of pointing out certain relations existing among them, 
the following numbers associated with a given space curve. We 
shall assume that these numbers are fixed when the curve is given, 
and are independent of the arbitrarily chosen plane^ line^ or point 
that may be used to determine them. 

Given a space curve C Let 
m = its order (Art. 140). 
n = its class (Art. 180). 
r=s its rank (Art. 179). 
H = the number of its nodes (Art. 181). 
h = the number of its apparent double points (Art. 176). 
g = the number of lines of intersection of two of its osculating 

planes which lie in a given plane (dual of h). 
O s= number of double osculating planes (Art. 181). 
a = the number of its stationary planes (Art. 181). 
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P = the number of its stationary points (Art. 181). 

V = the number of its linear inflexions (Art. 181). 

CO = the number of its actual double tangents (Art. 181). 

a5 = the number of points lying in a given plane, through 

which pass two distinct tangents to (7. 
y = the number of planes passing through a given point, which 

contain two distinct tangents to (7. 

These numbers are connected by certain equations called the 
Cayley-Salmon formulas; they are derived from the analogous 
equations, known as Plucker's formulas, connecting the character- 
istic numbers of plane curves. Let /a = order, v = class, 8 = num- 
ber of double points, t = number of double tangents, k = number 
of cusps, I = number of inflexions, of an algebraic plane curve. 
Plucker's formulas are * 

v = /i(ft-l)-2 8-3K; i=3/iOut-2)-6 8-8ic; 
^ = v(v — 1) — 2t — 3c; ic=3v(v— 2) — 6t — 8i. 

Those in the second line are the duals in the plane of those in the 
first line. 

Let the given space curve G be projected, from an arbitrary 
point F not lying on it, upon an arbitrary plane not passing 
through P. The plane curve then has the following characteristic 
numbers : 

By substituting in the PlUcker formulas, we obtain 

n-|-v = 3m(m-2)-6(5'+A)-8j8; ..^^ 

m = r(r— 1) — 2(2/-f-a>)--3(n-hv); ^ 

j8 = 3 r (r - 2) - 6 (y + 0)) - 8 (n -f- v). 

By duality in space, that is, by taking the section of the develop- 
able surface by an arbitrary plane, we have 

r = n(n-l)-2(G-|-9')-3a; 
m + v = 3n(n-2)-6(© + gf)-8a; 

n = r(r^ 1) -2(x + w) - 3(m -hv) ; ^ ^ 

a = 3 r(r - 2) -6(a? -h «) - 8 (m -f- v). 

• Salmon : Higher Plane Guryes, 3d edition (1S79). See p. 66. 
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Of these eight equations, six are independent. One relation 
exists among the first set of four, and one relation among the 
second set. 

The genus of a curve is the difference between the sum of its 
apparent and actual double and stationary points and the maxi- 
mum number of double points which a non-composite plane curve 
of the same order may have. If the genus of the space curve C 
is denoted by p, we have 

193. Curves on non-singular quadric surfaces. It has been seen 
(Art. 115) that the equation of any non-singular quadric surface 
may be reduced to the form 

aJiOJa — x^^ = 0, (17) 

and that through each point of the surface passes a generator of 
each regulus of the two systems 

a?i-Aaj4 = 0, ajj-Xaj2 = 0, (18) 

aj, — /la^i = 0, 0^ — ^4 = 0. (18') 

The coordinates of the point of intersection of the generator 
X = constant with the generator ^ = constant are (Art. 115) 

Consider the locus of the points whose parameters X, fi satisfy a 
given equation /(A, /a) = 0, algebraic, and of degree ki in A and of 
degree Zcj in /a. The curve /(A, /a)= meets an arbitrary generator 
fi = constant in ki points, and an arbitrary generator X = constant 
in fcj points. It will be designated by the symbol [ki, A:,]. The 
order of the curve is ki -f- Zcj, since the plane determined by any two 
generators of different reguli meets the curve in Aj^ + A:, points on 
these two lines, and nowhere else. 

By replacing A, /a in /(A, /a) = by their values, we see from (17), 
(18), (18') that the curve is the intersection of the two surfaces 



/a, ^) =0, x,x^ - x,x, = 0. 
\x^ xj 
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The second is a monoid of order two (Art. 176) and the first is a 
cone with vertex at (0,0, 1, 0), a(2— l)-fold point on the monoid. 
Thus, these equations constitute a particular monoidal representa- 
tion of the curve. The equations of the image (Art. 118) of the 
given cone on the plane a;, = are 



/I 



f5i,a')=0, a?. = 0. 



The two generators to the quadric through the vertex of the cone 
/= meet the plane in the points (1, 0, 0, 0), (0, 1, 0, 0). The 
former is a A^j-^old point on the plane curve, and the latter a 
A^i-fold point. 

Theorem I. Two curves of symbols [fc^, Ajj], [k\, fc'j] on the same 
non-singular quadric intersect in kjc^ + AjjA/i points. 

Let (7, (7 be the given curves of symbols [fei, k^, [A/j, fc'j], re- 
spectively, and let the equation of the quadric be reduced to the 
form (17) in such a way that the point (0, 0, 1, 0) does not lie on 
either curve, and that the generators ajj = 0, 0^4 = ; a^ = 0, 054 = 
through (0, 0, 1, 0) do not pass through a point of intersection of 
the given curves. Project the curves from (0, 0, 1, 0). Their 
images on oj^ = are of orders k^ -f- k^ k\ + k^^ respectively ; they 
intersect in (Atj + k^(k\ + A/,) points. Of these points, kjc\ coin- 
cide at (0, 1, 0, 0) and kjc\ at (1, 0, 0, 0). They are the projections 
of the points in which the curves meet the generators passing 
through (0, 0, 1, 0), the vertex of the projecting cone, and are 
therefore apparent, not actual, intersections of the space curves. 
The remaining 

intersections of the plane curves are projections of the actual in- 
tersections of the space curves, hence the theorem is proved. 

Theorem II. The number of apparent double points of a curve 
of symbol [ki, ki"] on a quadric is 

Through an arbitrary point on the surface pass only two lines 
which meet the curve in more than one point, namely, the two 
generators passing through 0. The generator fi = constant 
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through meets the curve in k^ points, consequently counts 

k 
for -^(A^i — 1) bisecants through 0. Similarly, the generator 

\ = constant, which passes through (0, 0, 1, 0), meets the curve 
in fcj points and counts for ^ (Ajj — 1) bisecants. The number of 

apparent double points is the sum of these two numbers. 

184. Space cubic curves.* 

Theorem I. Through any six given points in space, no four of 
which lie in a plane, can be parsed one and only one cubic curve. 

Let Pi, •••, Pfl be the given points. The five lines connecting Pi 
to each of the remaining points uniquely determine a quadric 
cone having Pi as vertex. Similarly, the lines joining Pj to each 
of the other points define a quadric cone having P, as vertex. 
These two cones intersect in a composite curve of order four, one 
component of which is the line P1P2, since it lies on both cones. 
The residual is a curve of order three. This curve cannot be com- 
posite, for if it were, at least one component would have to be a 
straight line common to both cones. But that would require that 
the cones touch each other along P1P2, which would count for two. 
The residual intersection would in that case be a conic passing 
through P„ •••, Pfl. But this is impossible as it was assumed that 
the points Ps, •••, Pe do not lie in a plane. No other cubic curve 
can be passed through the given points, for every such curve would 
have seven intersections with the two cones (the vertex counting 
for two). Hence it would lie on their curve of intersection, which 
is impossible, since the complete intersection is of order four. 

Theorem II. A space cubic curve lies on all the quadrics of a 
bundle. 

For, let Pi, •••, P7 be seven given points of the curve. Every 
quadric through these points has 2 • 3 4- 1 points iii common with 
the curve and consequently contains the curve (Art. 177). But 
through the given points pass all the quadrics of a bundle (Art. 
136), which proves the 'theorem. 

Not all the quadrics of this bundle can be singular, for if so, at 

* Unless otherwise stated, it will be assumed in the following discussion that 
the curve is non-composite. 
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least one of them would be composite (Art. 131) and still contain the 
curve. This is impossible, since the given curve is not a plane curve. 

The symbol (Art 183) of a space cubic curve on a non-singular 
quadric is [2, 1] or [1, 2], since such symbols as [0, 3] and [3, 0] 
simply define three generators belonging to the same regulus. 

The forms of /(A, fi) corresponding to these symbols are 

(aoX* + 2 ttiX + 02)^1 + (&oX« -h 2 &iX + &2) =0, (20) 

(a V -f 2 a V + a'2)A H- (6 V + 2 6 V + ^'2) = 0. (20') 

Conversely, every irreducible equation of this form will define 
a cubic curve on the quadric. 

Since these equations have six homogeneous coefficients, five in- 
dependent linear conditions are sufficient to determine a curve of 
either system. Hence through any five points on a given non- 
singular quadric can be drawn two cubics, one of each symbol. 
Some of these cubics may be composite. 

From the formula of Art. 183 it follows that on a given non- 
singular quadric two cubics having the same symbol intersect in 
four points, while two cubics having different symbols intersect 
in five points. 

Theores^ III. Every space cubic curve is rational. 

Let the parametric equations of a non-singular quadric through 
the given cubic be reduced to the form (19). The equations of 
the curve in X, /* are of the form (20) or (20'). In (20), let X=f, 
solve for fi in terms of ty and substitute the values of k and of /a 
in terms of t in (19). 

The resulting equations reduce to the form 

Xi = a,/ 4- aj^ -f- a^Jt -f- a^a, * = 1, 2, 3, 4. (21) 

These are the parametric equations of the curve (Art. 178). Since 
the curve is by hypothesis of order three, to each value of t cor- 
responds a definite point on the curve, and conversely. 

Since the cubic (21) does not lie in a plane, the determinant 
I a^t I =^ 0. The parametric equations, referred to the tetrahedron 
defined by 

Xi = a^o^'i 4- an«'2 + a<2«'i + (^i^'v * = % 2, 3, 4, 
are, after dropping the primes, 

Xi = f^y x^ = t\ «, = ty a?4 = 1. (22) 
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From (22), the intersections of the curve with the plane Sti,aJi=0 
are defined by the roots of the equation 

Wit» 4 Wj<* + w,< -h M4 = 0. (23) 

The condition that the plane is an osculating plane is that the 
roots of (23) are all equal (Art. 180). It follows that the coor- 
dinates of the osculating plane at the point whose parameter is t 
may be expressed in the form 

Wi = 1, t«2 = — 3 *, w, = 3 ^, W4 = — ^. 

These equations are called the parametric equations of the cubic 
curve in plane coordinates. 

The condition that the osculating plane at the point whose 
parameter is ^ passes through a given point (y) in space is that t 
is a root of the equation 

y/ -Sy,^-\-3y^^y,=0. (24) 

Since this equation is a cubic in t, it follows that the cubic curve 
is of class three. 

We shall now prove the following theorem: 

Theorem IV. The points of coiitctct of the three osculating planes 
to a cubic curve through an arbitrary point P lie in a plane passing 
through P. 

Let ^fXi = be the plane passing through the points of oscu- 
lation of the three planes passing through any given point 
P = (y). The parameters of the points of osculation of the three 
osculating planes through (y) are the roots of (24). The roots of 
(24) must also satisfy the equation 

«i^ 4- (h^ 4- dzt 4- a4 = 0, 
hence 

Oi Og a^ a^ 

3/4"'-3y,""3y2""-y, 

From these conditions it follows that Sa^^i = 0, so that (y) lies 
in the plane of the points of osculation. 

By the method of Art. 179 the equation of the developable sur- 
face of the cubic curve is found to be 
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This is also the condition that equation (24) has two equal roots. 
From this equation it follows that the rank of the cubic curve is 
four (Art. 179). 

It was stated without proof in Art. 133 that the basis curve of 
a pencil of quadrics of characteristic [22] is a cubic and a bi- 
secant ; it was also stated that the basis curve of a pencil of char- 
acteristic [4] is a cubic curve and a tangent to it. We shall now 
prove these statements. 

It was shown in Art. 132 that the [22'\ pencil of quadrics is 
defined by the two surfaces 

a?!^ + 2 x^^ = 0, ajj^ -f- 2 x^a^^ = 0. 

These quadrics intersect in the line aJi = 0, ajj = and the space 
cubic whose parametric equations can be found by putting x^ = 1, 
Xi = 2tm the equations of the surfaces, in the form 

Xi = 2tf oiS2 = — 2f, Xi = — f, a?4 = 1. 

It intersects the line a^i = 0, ajg = in the two points (0, 0, 0, 1), 
(0, 0, 1, 0). 

Similarly, it was seen that a pencil of characteristic [4] is 
defined by the surfaces 

0^052 + 0^0:4 = 0, 2 x^s + x^ = 0. 

The basis curve of this pencil consists of the cubic 

a?i = 1, X2 — 2^, ajj = — ^, x^ = 2^ 

and of the line ajj = 0, 3^4 = which touches it at (0, 1, 0, 0). 
If in the parametric equation (20) of a cubic we replace A by 

or a* 

— , and ft by — , we determine as the projecting cone from 
a;4 a/4 

(0, 0, 1, 0) a cubic cone with a double generator. It follows that 

the projecting cone of the cubic is intersected by a plane in a 

nodal or cuspidal plane cubic curve. We shall now prove the 

converse theorem. 

Theorem V. Any nodcU or cuspidal plane cubic curve is the 
projection of a space cubic. 

Let the plane of the cubic be taken as a^ = 0, and the node or 
cusp at (0, 1, 0, 0). The equation of the curve is of the form 

Qn^ia^ 4- 2 a^x^x^ -\- a^^) + b^ficfic^ + 2 biXiX^^ -j- b^} = 0. 
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By dividing this equation by x} and replacing x^ix^hj \x^ix^ 
by ft, we obtain equation (20) of a space cubic curve of which the 
given curve is the projection. 

Theorem VI. Any plane nodal cubic cut*ve has three points of 
inflexion lying on a line. 

If a space cubic is projected from any point (y) upon a plane, 
the osculating planes from (y) will be cut by the plane of projec- 
tion in the inflexional tangents of the image curve and the points 
of osculation will project into the points of inflexion. From the 
theorem that the points of osculation lie in a plane through (y) it 
follows that the points of inflexion of the plane cubic lie on a line. 

EXERCISES 

1. Show that any space cubic curve and a line which touches it or inter- 
sects it twice form the basis curve of a pencil of quadrics. 

2. Show that a composite cubic cuWe exists, through which only one 
quadric surface can pass. 

3. Prove that the osculating planes to a cubic curve at its three points of 
intersection with a given plane (u) intersect at a point in (u). 

4. Show that if a cubic curve has an actual double point or a trisecant it 
must lie in a plane. 

5. Obtain all the Cay ley-Salmon numbers for the proper space cubics. 

6. Where must the vertex of the projecting cone be taken, in order that 
the plane projection of a proper space cubic shall have a cusp ? 

7. Show that the projection of a space cubic upon a plane from a point 
on the curve is a conic. 

8. Show that the cubic curve through the six basis points of a web of 
quadrics determined by six basis points lies entirely on the Weddle surface 
(Art. 146). 

9. Show that a cubic through any six of eight associated points (Art. 
136) will have the line joining the other two for bisecant (or tangent) . 

185. Metric classification of space cubic curves. The space cubic 
curves are metrically classified according to the form of their 
intersection with the plane at infinity. If the three intersections 
are real and distinct, the curve is called a cubical hyperbola. It 
has three rectilinear asymptotes and lies on three cylinders all of 
which are hyperbolic. If the points at infinity are all real and 
two are coincident, the curve is called a cubical hyperbolic 
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parabola. It has one asymptote, and lies on one parabolic cylin- 
der and on one hyperbolic cylinder. If all three of the points of 
intersection are coincident, the plane at infinity is an osculating 
plane. The curve is called a cubical parabola. It has no recti- 
linear asymptote and lies on a parabolic cylinder. Finally, two 
of the points of intersection may be imaginary. The curve is 
now called a cubical ellipse. It has one rectilinear asymptote 
and lies on one elliptic cylinder. An interesting particular case 
of the cubical ellipse is the curve called the horopter curve on 
account of its part in the theory of physiological optics. If one 
looks with both eyes at a point P in space, the eyes are turned so 
that the two images fall on corresponding points of the retinae. 
The locus of the points in space whose images fall on correspond- 
ing points is a horopter curve through the point P. 

186. Classification of space quartic curves.* 

Theorem I. Every space quartic curve lies on aJt least one quad- 
ric SMrfojoe. 

For, through any nine points on the curve a quadric surface 
can be passed. This surface must contain the curve, since it has 
2 X 4 -f- 1 points in common with it (Art. 177). 

If a quartic curve lies on two different quadrics -4 = 0, 5= 0, 
it is called a quartic of the first kind. A quartic of the first kind 
is the basis curve of a pencil -4 — XB = of quadrics. Not all 
the quadrics of this pencil are singular, since in every singular 
pencil are some composite quadrics. Composite quadrics are im- 
possible in this case, since the curve does not lie in a plane. The 
symbol of the curve on any non-singular quadric on which it 
lies is [2, 2], since each generator of one quadric will intersect 
the other quadric defining the curve in two points. 

A quartic having the symbol [1, 3] cannot lie on two different 
quadrics, nor can it lie on a quadric cone, since every generator 
would have to cut the curve in the same number of points. The 
[1, 3] curve is called a quartic of the second kind. 

It follows from Arts. 132 and 184 that except in the cases of 
the characteristics [1111], [112], [13], the basis curve of a pencil 

* See footnote of Art. 184. 
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of quadrics is composite. It will now be shown that in these 
three cases the basis curv^e is not composite, that in the case 
[1111] the basis curve has no double point, that in the case [112] 
it has a node, and that in the case [13] it has a cusp or stationary 
point (Art. 181). That the basis curve is not composite may be 
seen as follows : If it were, one component would have to be a 
line or a conic. It cannot be a line, for the line would have to 
lie on every quadric of the pencil, hence pass through the vertex 
of every cone contained in the pencil. From the equations of the 
pencils having these characteristics (Art. 133) it is seen that in 
each case there is at least one cone whose vertex does not lie on 
the basis curve. Moreover, one component cannot be a conic, for 
the quadric of the pencil determined by an arbitrary point P in 
the plane of the conic would contain the plane of the conic, and 
hence be composite ; but pencils having these characteristics have 
no composite quadrics. It will now be shown that the basis curve 
of the pencil [1111] has no actual node or cusp. It will be called 
the non-singular quartic curve of the first kind. Suppose the 
basis curve had a node at 0. The projecting cone to the curve 
from is of order two. The quadric of the pencil through an 
arbitrary point P on the projecting cone contains the line OP, 
since it has three points in common with it. This quadric and the 
cone must coincide, since they have a quartic curve and a straight 
line in common. Hence the cone would belong to the pencil, but 
this is impossible, since no cone of the pencil [1111] has its ver- 
tex on the basis curve. 

From the equation of the pencil of characteristic [112] it 
follows that the vertex (0, 0, 0, 1) of the cone 

(Xi - \)X,^ + (A^ - K)X^^ + 258*= 

of the pencil lies on the basis curve. This point is an actual 
double point on the curve, since every plane through it has two 
points of intersection with the curve coincident at that point. 
All the quadrics of the pencil touch the plane a?8 = at (0, 0, 0, 1) ; 
every plane through either of the distinct lines (Xi — ><^oi^ + 
(As — X^x^ = 0, in which o^ = intersects the cone has three in- 
tersections with the curve coincident at (0, 0, 0, 1). These two 
lines are tangents at the node. 
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Finally, the vertex of the cone 

{\i-X,)x,^ + 2x^^ = 

of the [13] pencil is a double point on the basis curve. The tan- 
gent lines oji = 0, x^ = coincide. The double point is a cusp. 

The parametric equation of a quartic of symbol [2, 2] has the 
form 

The quartic defined by (26) is the intersection of the quadric 
iCiX2 — x^x^ = (Art. 183) and the quadric 

0^8* 4- 2 aia?2«3 + «2^* + 2 h^oc^ + 4 hiX^X2 + 2 h^c^^ + c^ + 2 c^x^x^ 

+ c^^^ = 0. (26') 

If the quartic of intersection has a double point or cusp, we 
may take the double point as (0, 0, 0, 1), and a cone with vertex 
at that point for one of the quadrics passing through it. The 
parametric equation (26) now has the form 

(2 a^\ -h 02)/^* + 2(6iA2 + 2 h^x)fj, + c^^ = 0. (26) 

If in (26) we put X=fdy solve for ^, and put the values of /x and 
X = /lA^ in equations (19), we obtain a set of parametric equations 
of the singular quartic curve of the first kind, of the form 

Xi = a</ + a^^l? + a^j^ + aijt + a,.4, i = 1, 2, 3, 4 ; (27) 

hence the nodal and cuspidal quartics are rational. 

A quartic of the second kind can be expressed parametrically 
in terms of the parameter which appears to the third degree in its 
parametric equation, hence the quartics of the second kind are also 
rational. Rational curves will be discussed later (Art. 188). 

Theorem II. Through a quartic curve of the second kind and 
any two of its trisecants can be passed a non-composite cubic sfurface. 

For, through nineteen points in space a cubic surface can be 
passed (Art. 161). Choose thirteen on the quartic curve, one on 
the trisecant gr, one on the trisecant gr', not on the curve, and four 
others in space, not in a plane nor on the quadric on which the 
quartic lies. The quartic curve and the lines g and ^ must lie on 
the non-composite cubic surface determined by these nineteen 
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points as well as on the quadric containing the regulus of tri- 
secantS; hence together they form the complete intersection of the 
cubic and the quadric. 

187. Non-singular quartic carves of tbe first kind. Two quartic 
curves of the first kind lying on the same quadric intersect in 
eight points (Art. 183) ; these points are eight associated points 
defining a bundle (Art. 136), since they lie on three distinct 
quadrics not having a curve in common. 

The number of apparent double points of a non-singular quartic 
d of the first kind is two. For each bisecant of C^ through an 
arbitrary point P is a generator of the quadric of the pencil hav- 
ing C4 for basis curve which passes through P. Conversely, each 
generator of every quadric through C4 is a bisecant. 

Of the Cay ley-Salmon numbers we now have m = 4, ^ = 2, 
/8 = 0, fi'=0. It also follows from the definition that 6? = v 
= (I) = 0, hence from the formulas of Art. 182 we have 

m = 4, ri = 12, r = 8, ^=0, h = 2, G-0, g = SS, a = 16, /8 = 0, 
V = 0, (0 = 0, 0? = 16, y = Sy p = l. 

Theorem I. Through any bisecant of a non-singular spa^ce 
quartic curve of the first kind can he drawn four tangent planes 
to the curve, besides those having their point of contact on the gi/ven 
bisecant. 

Let the given bisecant be taken as aui = 0, 0^4 = and the quadric 
of the pencil containing it as x^X2 — on^^ = 0. Let another quadric 
of the pencil be determined by (25'). Any plane of the pencil 
051 = *w-^4 intersects C4 in two points on oj, = 0, x^ = and in two 
other points determined by the roots of the quadratic equation in 

2 * 4 

x^(af{rri^ + 2 ajWi + 02) + 2 x^^ip^m^ -f 2 byrn + 6,) 

-f x^ (com* -f- 2 Civn 4- Cj) = 0. 

The planes determined by values of m which make the roots of 
this equation equal are tangent planes. The condition on m is 

4(60^2+2 &im4-&2)^-4(aom»+2aim4-a2)(com2+2cim+C2)=0. (28) 

Since this equation is of the fourth degree, the theorem is 
established. 
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Theorem II. An arbitrary tangent to a non-singular quartic of 
the first kind intersects four other tangents at points not on the curve. 

This is a particular case of Theorem I, since a tangent is a 
bisecant whose points of intersection with the curve coincide. 

Theorem III. The cross ratio of the four tangent planes through 
any bisecant is the same number for every bisecant of the curve. 

Two cases are to be considered, according as the two given 
bisecants intersect on Gj or not. Let gr, ^ be two bisecants 
through a point P on d, but not lying on the same quadric of 
the pencil. Let the equation of the quadric of the pencil through 
C4 which contains g be reduced to the form aJiajj — x^4, = in such 
a way that the equations of g are a?i = 0, 0:4 = and the points of 
intersection of ^ with 04 are (0, 0, 1, 0) (0, 0, 0, 1). In (25') we 
now have Oq = 0, Cg = 0, and also in (28). The points of inter- 
section not on g^ of a plane Xi = na^ and C4 are determined by the 
roots of the equation 

2{c^n^ -f b2n)x2^-\-{cQn^ + 4 ^jTi -|- 03)0^ 4- 2(6oW + ai)aJs* = 0. 

The parameters rij, Wj, n^, n^ of the four tangent planes are roots 
of the equation 

(CqW* 4- 4 &in + Og)' — 16 {bon + a^) (ciH* -f- ftj^) = 0. 

The cross ratio of the four roots of this equation is equal to the 
cross ratio of the roots of (28) (when ag = C2 = 0), since the two 
equations can be shown to have the same invariants.* 

To prove the theorem when g, ^ intersect at P on C4 and 
lie on the same quadric through C4, consider any third bisecant 
gf" of C4 through P. The cross ratios on g and on ^ are each 
equal to that on gr". 

This completes the proof of the first case. 

To prove the theorem when the two bisecants do not intersect 
on C4, consider a third bisecant connecting a point of intersection 
on the first with a point of intersection on the second. The 
cross ratio on each of the given lines is equal to that on the 
transversal. 

This cross ratio is called the modulus of the quartic curve. 

* Bumside and Panton : Theory of Equations, 3d edition, p. 148, Ex. 16. It 
will be found that I and J have the same values for each equation. 
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The projecting cone of C4 from a point on it is a cubic cone. 
The section of this cone made by a plane not passing through the 
vertex is a cubic curve. Conversely, any plane cubic curve is the 
projection of a space quartic curve of the first kind. Consider 
the cubic curve in the plane a^ = 0. It is no restriction to choose 
the triangle of reference with the two vertices (1, 0, 0, 0), (0, 1, 
0, 0) on the curve. The most general cubic equation in x^y x^ x^, 
but lacking the terms Xi\ ajj', may be written in the form 

2 a^Xi^Xi 4- a^2^^i H- 2 b^pi^^Xi -f 4 biX^x^^ -|- 2 b^x^i^ + c^Ph^A 
+ 2 CiXiX^ + c^^ = 0. 

But this is exactly the result of projecting (Art. 175) from the 
point (0, 0, 1, 0) the curve (25) for the case Uq = 0, that is, when 
the quartic curve passes through (0, 0, 1, 0). 

From Theorem III it now follows that the cross ratio of the 
four tangents to any non-singular cubic curve from a point on it, 
not counting the tangent at the point, is constant. 

It was seen that every non-singular quartic lies on four quadric 
cones whose vertices (Art. 133) are the vertices of the tetrahedron 
self-polar as to the pencil of quadric surfaces on which the curve 
lies (Art. 112). Let t, t^ be two distinct tangents of C4 which 
intersect in a point P. The plane ir determined by t, V touches C4 
in the points of contact T, T of i, t\ respectively. The following 
properties will now be proved : 

(1) The line I = TT is a generator of a quadric cone on which 
d lies. 

(2) The plane ir is a tangent plane to this cone along L 

(3) The point P lies in the face of the self-polar tetrahedron 
opposite to the vertex through which I passes. 

The plane ir cuts the pencil of quadric surfaces on which C4 lies 
in a pencil of conies touching each other at T and T, One conic 
of this pencil consists of the line I counted twice, hence Z is a 
generator of a cone of the pencil and ir is its tangent plane. More- 
over, I is the polar line of P as to the pencil of conies, hence the 
vertex of the cone and the point P are conjugate points. Thus 
P lies in that face of the self-polar tetrahedron which is opposite 
the vertex of the cone. 

If IT approaches a stationary plane (Art 181), then T, T, P 
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approach coincidence, and the tangents t, if both approach I. This 
occurs at every point in which C4 intersects the faces of the self- 
polar tetrahedron. We have thus the following theorem : 

Theorem V. The points of contact of tlie sixteen stationary 
planes (a = 16) of a non-singvlar quartic curve of the first kind lie 
in the faces of the common self-polar tetrahedron. The planes be- 
longing to the points in each face pass through the opposite vertex. 

Referred to the self-polar tetrahedron, the equations of the 
quartic are (Art. 133) 

Xi^ + X2^ + ix^^ + x^ = 0, aiOJi* -f- a^ + a^x^^ -f a^^^ = 0. 

The equation of the developable was derived in Art. 179. 

The section of the developable surface by the plane x^ = is 
the quartic curve (a^^ = a< — a^), 

counted twice. It is a double curve on the developable. It is 
the locus in the plane a?4 = of the points of intersection of tan- 
gents to C^, A similar locus lies in each of the other faces of the 
self-polar tetrahedron. Since the Cayley-Salmon number x is 16, 
the entire locus of intersecting tangents to d is these four curves. 
Since the points of intersection of d with the faces of the 
self-polar tetrahedron are the points of contact of the sixteen 
stationary planes, the coordinates of these points are 

(±Va^, ±Va^, ±Va^2y 0), (±Va^, ±Va4i, 0, ±^/a^), 

(±V^ 0, ±Va^y ±Va.i3), (0, ±Va^ ±Va^ ±Va^). 

EXERCISES 

1. Find the locus of a point P such that the two bisecants to d from P 
coincide. 

2. How many generators of each quadric through C^ are tangent to the 
curve ? 

3. By the method of Art. 180 find the equations of the stationary planes. 

4. Show that any plane containing three points of contact of stationary 
planes will pass through a fourth. How many distinct planes of this kind 
are there ? 

5. Find the locus of a point P such that the plane projection of d from 
P will be a quartic curve with one double point and one cusp ; two cusps. 
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188. Rational quartics. The parametric eqaations of any 
rational quartic may be written in the form 

^i = «<(/* 4- 4aa<* + 6a,.j<* + 4 a<,i -f- a<4> * = 1, % 3, 4. 

The parameters of the points of intersection of the curve with 
any plane Su.a;^ s are the roots of the equation 

f^SM^a^o 4- 4 i^^u^a^x + 6 ^'Sw^a^ 4- 4 ^Stt.a^, -f- Stt,a,4 = 0. 

Let *i, ^2, <8) ^4 be the roots of this equation. From the formulas 
expressing the coefficients in terms of the roots we have at once 

ft 4-^2 + ^1 + ^4) Sa^ot*. + 4 Sa^iM.. = 0, 
ft<2 + hh + V4 + U% + V4 + V4) Sa<o^. — 6 Sa<2W» = 0, 

fty, + «i«2«4 + fif,«4 4- ^A^) Sa,oW, + 4 Sa,3W, = 0, ^"^^^ 

t444'^i'^^i — Sa<4W^ = 0. 

If we eliminate Ui : i/^ ' ^ * '*4 from these four equation s^ we obtain 
as the condition that <i, • • -, ^4 are the parameters of four coplanar 
points, the equation 

12 Ai44,^U + 3 A^{f44^ + ^«2«4 + kkU + W4) 

4- 2 AJ^t^t^ 4- «i«3 + ^«4 + «2^8 + ^4 + V4) (30) 
4- 3 Jli ft + «2 + ^ + ^4) + 1 2 ^ = 0, 

in which A^ = | 011022033044 1, -4, = | 01002203,044 1, etc. If ^^ = ^ 
= f 3 = f 4 in (29), the corresponding point will be a point of con- 
tact of a stationary plane. Hence there are four points of con- 
tact of stationary planes. These four points are defined by the 
equation 

Ap + A^^ 4- A^ 4- A^t + A = 0. (31) 

Theorem. If a quartic curve has a double pointy the parameters 
of the points of contact of the stationary planes are harmonic. 

Let P be the double point and let ^i, ^ be the values of the para- 
meter at P. Since P is coplanar with any other two points on 
the curve, equation (30) is satisfied independently of the values 
of ^3 and ^4. Thus *i, t^, must satisfy the conditions 

12 AU2 + 3^3(^1 4- ^2) + 24j = 0, 

3 ^8«i«2 + 2 ^2ft + «2) + 3 Ji = 0, (32) 

2^2V2 + 3-4ift 4- <2) + 12^ = 0. 
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These equations are compatible only when the determinant 
vanishes, thus 12^, 3^, 2 A, 

3^j 2u4j 3Ai =0. 

2-4, 3A 124) 

But this is the condition that the roots of (31) are harmonic* 

The condition that the double point is a cusp is ti = ^2- In this 
case equations (32) are replaced by the quadratic equations 

6^«« -h SAjt -h 4 = 0, SA^^ + 4: A4, -f- 3 A = 0, 

u42«* + 3A« + 64, = 0. 

But these are the q)nditions that (31) has a triple root. Hence, 
on a cuspidal ^iSS^jHhree of the points of contact of stationary 
planes coincide at the cusp. There is in this case only one proper 
stationary plane. 

Three points on G^ are collinear if their parameters t^y hy t^ 
satisfy (30) for all values of t^. The necessary conditions are 

124^i«,«3 + 34(V, + V, + Vi) + 24(^i-h^2 + ^8) + 34 = 0, ,33V 
3 A444^ + 2 A^(t^h -f- y, 4- Vi) 4- 3 4(«i + «2 + ^3) + 12 ^0 = 0. ^ ^ 
If the curve has a double point, the parameters <i, ^ of the double 
point satisfy these conditions for every value of <j. If it does 
not have a double point, the equations (33) are satisfied, for any 
given value of ^s, by the parameters of the other points on the 
trisecant through t. 

If the equations resulting from (33) by putting ^^ = f j = t^ have 
a common solution ty the curve has a linear inflexion at the point 
whose parameter is ^. The condition that these equations in i! 
have a common solution is exactly the condition that (31) has a 
double root. In particular, if (31) is a square, the curve has two 
distinct linear inflexions. 

EXERCISES 

1. Obtain the Cayley-Salmon numbers for : 
(a) the nodal quartic. 
(6) the cuspidal quartic. 

(c) the general quartic of the second kind. 

(d) the quartic having a linear inflexion. 

(e) the quartic having two linear inflexions. 

* When the roots of a quartic equation are harmonic, the invariant J vanishes. 
See Bumside and Panton : Theory of Equations, 4th edition, Vol. 1, p. 150. 
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2. Show that every [1, Jk] curve on a quadric is rational and can have no 
actual double point. 

3. Show that every rational quartic is nodal, cuspidal, or a quartic of the 
second kind. 

4. Show that if a rational quartic does not have a cusp or a linear in- 
flexion, its parametric equations can be written in the form 

xi = (t -\- 1)*, Xi = (t + a)*, Xz = t*, X4 = 1. 

Find the values of a for which the curve is nodal. 

5. Prove that if a quartic has a single linear inflexion, its equations can 
be written in the form 

xi = ^, X2 = t^, Xa = {« 4- 1)*, Xi = 1, 
and if it has two distinct linear inflexions, in the form 

Xi = «*, X2 = t^, Xz = t, X4= 1. 

6. Show that the equations of a cuspidal quartic can be written in the form 

Xi = ^, X2 = <", Xz = t^, X4 = 1. 

7. Show that the tangents at the points of contact of the stationary planes 
of a rational quartic are in hyperbolic position (Art. 120). 

8. Show that through any point P on a rational quartic curve pass three 
osculating planes to the curve besides the one at P, and that the plane of the 
points of contact passes through P. 

9. Determine the number of generators of a quadric surface which are 
tangent to a [1, 3] curve lying on it. 

10. Determine the number of generators of a quadric surface which are 
tangent to a nodal quartic curve lying on it. 

11. Find the parametric equations in plane coordinates of the curves of 
Ex.6. 



CHAPTER XIV 

DIFFERENTIAL GEOMETRY 

In this chapter we shall consider some of the properties of 
curves and surfaces which depend on the form of the locus in the 
immediate neighborhood of a point on it. Since the properties 
to be determined involve distances and angles, we shall use rec- 
tangular coordinates. 

I. Analytic Curves 

189. Length of arc of a space curve. The locus of a point whose 
coordinates are functions, not all constant, of a parameter u 

«=/i(«), y=/2W, «=/aW (1) 

is a space curve. The length of arc of such a curve is defined as 
the limit (when it exists) of the perimeter of an inscribed poly- 
gon as the lengths of the sides uniformly approach zero. Curves 
for which no such limit exists will be excluded from our discus- 
sion. 

By reasoning similar to that in plane geometry it is seen that 
the length of arc s from the point whose parameter is t^ to the 
point whose parameter is u is 

This equation defines 3 as a function of u. If the function so 
defined is not a constant, equation (2) also defines i« as a function 
of s. In this case we may write (1) in the form 

aj = aj(s), y = y(«), « = «(s), (3) 

in which 8 is the parameter. 

Unless the contrary is stated, we shall suppose that 8 is the 
parameter in each case, and that x, y, z are analytic functions of 

245 
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8 in the interval under consideration. In the neighborhood of 
(x(8)y y(8), z(8)), to which we shall refer as the point s, we have 

aJi = a + a/A«-|-^'(A«)«+..., 

a^ = 3^ + y'A5-f^(Aa)«+..., (4) 

2i = « 4- 2'As + ^'(A«)» + ... , 

in which «' = ^, aj" = ^, etc. 

da cUr 

It follows from equation (2) that 

a;'* -f- y« + «'*=: 1. (5) 

By differentiating equation (5) we obtain 

aj'a?" + y'y" + z'z" = 0. (6) 

We have thus far supposed that the second member of (2) was 
not a constant. If the second member of (2) is a constant; we 
have 



(: 



STH^'HI)'-"- <^ 



Curves for which this condition (7) is satisfied are called minimal 
curves. They will be discussed presently. It will be supposed, 
except when the contrary is stated, that the curve under consider- 
ation is not a minimal curve. 

190. The moving trihedraL The tangent line to the curve at 
the point P = (x, y, z) on it may be defined as the limiting posi- 
tion of a secant as two intersections of the line with the curve 
approach P. 

From (4) the equations of the tangent at P are 

X—x T—y Z—z /Qv 

Let X, /i, V be the direction cosines of the tangent, the direction 
in which « increases being positive. From (8) and (6) we have 

\ = x\ /a = y', i. = 2'. (9) 
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The plane through P = (a?, y, z) perpendicular to the tangent line 
is called the normal plane. Its equation is 

a/(X-a?) + y(F-y)+2;'(Z-2)=0. (10) 

The osculating plane at P is the limiting position of a plane 
through the tangent line at P and a point P on the curve, as P 
approaches P. We shall now determine the equation of the 
osculating plane. 

The equation of any plane through P is 

^(X-iB) + 5(F-y)-f <7(Z-») = 0. 
It contains the tangent (8) if 

Ax' + By' + Cz'^Oy 
and will be satisfied for powers of As up to the third (Eqs. (4)) if 

Aaf' + By'' + G?" = 0. 

By eliminating Ay By Cy we obtain^ as equation of the osculating 

plane at P, 

X-x Y-y Z-z 

-0. (11) 

The line of intersection of the osculating plane and the normal 
plane is called the principal normal. From (10) and (11) its 
equations are found to be 

X-x _ Y-y ^ Z-z .-ov 

a/' y'' y' • ^ ^ 

^ Kf fhf^ <^^ ^^6 direction cosines of the principal normal, and 
if we put 

i = VS^^*TFM=^, (13) 

we have 

X^^paf'y fj^^p^y yi=^'. (14) 

The plane through P perpendicular to the principal normal is 
called the rectifying plane. From (12) its equation is 

af\X -x)+ y"( F- y) + zf\Z - «) = 0. (16) 



X-x 


r-y 


Z-z 


as' 


y' 


z' 


as" 


y" 


z" 



= 1. (18) 
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The intersection of the rectifying plane and the normal plane is 
called the binormaL From equations (10) and (15) its equations 
are 

If Xi, /A29 V2 are the direction cosines of the binormal, we have the 
relations 

A, = p(y'z"-y'V), ;i, = p(2'ar"-z'V), v, = p«y"-a!'y). (17) 

The trirectangular trihedral whose edges extend in the positive 
directions from P along the tangent, principal normal, and bi- 
normal is called the moving trihedral to the curve at P=(Xy y, z). 

From (9), (14), and (17), we have 

\ fJL V 

Aa /I, vj 

It follows at once (Arts. 37, 38) that the positive directions of 
the coordinate axes can be brought into coincidence with the 
positive directions of the moving trihedral at the point P by 
motion alone, without reflexion. Moreover, we have (Art- 37) 

A. = fhfh — Vlfh /A = V1X2 — A1V2, V = X1/A2 — Afl/Ai, 

Xi = fjL2v — V2/X, fly = V2X — A2V, vi = Xa/i — Af4, (19) 
A2 = VifJL — fj^v /12 = Aiv — ViX, V2 = Afii — Xi/A. 

101. Curvature. The curvature of a space curve is defined, 
like that of a plane curve, as the limit, if it exists, of the ratio 
of the measure of the angle between two tangents to the length 
of arc of the curve between their points of contact, as the'points 
approach coincidencCr 

Let be the angle between the tangents to the curve at P and 
P\ The direction cosines of the tangent at P are a/, y', / (9), 
those at P are 

a/ -h a/' As 4- •••, 2/' H- ^'As + •••, 2' 4- j?"As -|- ••*. 

From Art. 5, we have 

sin« Ad = { (2/^/' - 2^V)2 + (/of' - a//')* + W - ^VYl (^«)'+ -> 
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the remaining terms all containing higher powers of Aa. Prom 
(5) and (6) the coefficient of (A«)« reduces to aj"« + y"* + a''*. 
Since 



11 


^ 


sin Ad 
A0 


= 1, 


.3 


'■). 


dO 
ds 


^1 
P 



we have^ on account of (13), 

(20) 

as the expression for the curvature at P. The reciprocal of the 
curvature is called the radius of curvature. 

If - =s at a point P on the curve, the tangent at P has three 
P 
points of intersection with the curve coincident at P; hence P is 

a linear inflexion. 

102. Torsion. The torsion of a space curve is defined as the 
limit, if it exists, of the ratio of the angle between two osculating 
planes to the length of arc between their points of osculation, as 
the points approach coincidence. The reciprocal of the torsion 
is called the radius of torsion and is denoted by o-. 

In order to find the value of o-, let Ar be the angle between the 
osculating planes at the points whose parameters are s and a + As. 
By a process similar to that of Art. 191 we obtain 



sm« Ar = { (/liai/j - V2/ii'0' + (v2A'2 - Vy' + ( Vs - M'2)M (M' + 



.••. 



the remaining terms all containing higher powers of Aa. By dif- 
ferentiating (17) we have 

V,=£lA, + p(y'/"-2;y"), /2 = ^ft2 + p(?'aj'"-aj'0, 
P P 

p 

It follows that 

^ 'if zT 

a/" y" 2"' 
with similar expressions for y^\ — K^v^ and for X^'^ — ftjXV 
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11 we substitute these values in the aboye expression for sin Ar, 
pass to the limit, take the square root, and assign opposite signs to 
the two members, we obtain the result 



^ 1 ^ Tf ^ 

oi" ^" »"'' 



cfo o- ^ 



(22) 



which is the formula required. Expand the determinant of equa- 
tion (22) in terms of the elements of the second row, replace 
as", y", «" by their values from (14), and the cofaotors of these 
numbers by their ralnes from (21), and put X1A2 + fiif4 + viv, equal 
to zero, since the principal normal and binormal are orthogonal. 
By performing these operations we simplify (22) to the form 

i = X|X', + /*,!»'» + »'ivV (23) 



103. The Frenet-Serret formnlas. The nine equati<His 



' \' = (^ ..' = lh. ' — Yi 



<r o" cr 

are called the Fx^net-Serret formulas. 

The first three follow at once by replacing A, /ti, v and Ai, fii, vi 
by their values from (9) and (14). 

To derive the last three, differentiate the identities 

with respect to s and substitute for X', /, y' their values from (24) 
which we have just established. The results are 

AjX'j + ^1 + V21/2 = ^> AX'2 + /^/A'2 + w'2 = 0. 
From these equations we obtain, after simplifying by means of (19), 

A'2 = 8Ai, /x'2 = S/Ai, v'2 = Skd 
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8 being a factor of proportionality. To determine its value, sub- 
stitute these values of X'j, /j, v\ in (23). Since \^ + fii' + v^ = 1, 

we find S = -. The last three equations of (24) are thus established. 
0- 

To find the values X'l, differentiate the identity X^ = /ijv — v^ 

(19) and substitute for ft', v', /ia'j, v\ their values from (24). By 

(19) the result reduces to the form X'i = — (-4-^). The values 
of /a'i, y\ are found in the same way. 

194. The osculating sphere. The sphere which has contact of 
the third order with a curve at a point P is called the osculating 
sphere of the curve at P. To determine the center and radius of 
the osculating sphere at P=(a;, y, 2;), denote the coordinates of 
the center by (a?2, y^y z^) and the radius by JR. 

The equation of the sphere is 

This equation must be satisfied by the coordinates defined by (4) 
to terms in (As)' inclusive. From these conditions we obtain the 
following equations 

(a? - a;^)' H- (2^ - y,)» + (2 -212)2 = i2«, 
(x-X2)xf-h{y - y,)y +(z - 2^2)2;' = 0, . 

(x-x,)af'+(y-y,)y^'+{z^z,X + l = 0/ ^^^^ 

(X - 0^2)0/" + (y - yOy" + (^ - ^y = 0. 

By solving the last three equations for x — X2yy--y29Z — Z2 and 
simplifying by means of (21), (22), and (24) we find 

a^ = a? + pXi — p'o-Aj, yi = y + p/H — p'<''th9 ^2 = 2 -|- pvi — p'ovj. (26) 

If we substitute these values of X2, y^ z^ in the first of equations 
(25) and simplify, we obtain 

i2« = p« + cr«p^ (27) 

Theorem. The condition that a space curve lies on a sphere is 

p + <r{</p'+<rp")^0. 

If a given curve lies on a sphere, the sphere is the osculating 
sphere at all points of the curve so that x^ y^ z^ and R are con- 
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stants. Gonyersely, if these quantities are constants, the curve 
lies on a sphere. 

To determine the condition that the coordinates of the center 
are constant, differentiate equations (26) and simplify by means 
of (24). Since Kt, fh, vt are not all zero, the condition is 

p + <r(<rV + <rp")=0. 

By differentiating (27) we see that B is also constant if this equa- 
tion is satisfied. This proves the proposition. 

105. Minimal cunres. We have thus far excluded from discus- 
sion those curves (Art 189) 

a=/i(w), y=/2(t*), ^=fi{y)f 
for which 

Such curves we called minimal coryes. A few of their properties 
will now be derived. 
From (28) we may write 



and t 



dx , •^_._#^ 
du du du 

fdx .dy\ dz 
\du du) du 



in terms o^a parameter U From these equations we deduce 

dx dy dz 

du __^ du __du 

1^^ - 1(1 + """^' 
2 2 

If we denote the value of these fractions by <^(w), solve for 

T-> —i — w^d integrate, assuming that ih(u) is integrable, we 
du du du 

find that the equations of a minimal curve may be written in the form 
« = i r(l - t«)<^(t*)du, y = ^ C{1 -h t*)^{u)du, z = Ct4^(u)du^ 

in which Hs a constant or a function of u. If t is constant, the 
locus (29) is a line. For, let k be defined by A; = | if>(u)du. 
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lu terms of k we obtain 

aJ = ^^'Aj-h»i, y = |(1 4- <')fc 4- yi, 2 = iA; + «i, 

wherein x^j y^, z^ are constants of integration. The locus of the 
point (Xj y, z) is the minimal line through the point (a^, yi, Zi) 

x-Xi ^ y^y^ _ z-Zi 
1-t^ t(l + <») " t 
2 2 

The equation of the locus of the minimal lines through any point 
(^9 Vu ^) is found by squaring the terms of these equations and 
adding numerators and denominators, respectively, to be the cone 

(x-x,y-\-(y-y,y-\-(z--z,y = 0, 

having its vertex at (a^, yi, z^ and passing through the absolute. 
This is identical with the equation of the point sphere (Art. 48). 
If t is not constant, but a function of u, we may take t as the 
parameter. Let u = tl/(t), and let <l>(u)du^<t>(ip(t))\l/'(t)dt be re- 
placed by F(t)dt. Equations (29) have the form 

x=riy(l-t')F(t)cU, y=^if(l + (^)F(t)dt, z^JtF{t)dt. (30) 

Let f{t) be defined by — ^ = F{t), By integrating equations (30) 
by parts we have 

2 dp dt J^'^'^ 



d^f(t) df(t) 



dt* dt 

^f Vif ^ being constants. The equations of any non-rectilinear 
minimal curve may be expressed in this form. 

EXERCISES 
1. The curve 

ae = aco60, y = a8in0, z = a^ 

is called a circular helix. Find the parametric equations of the curve in 
terms of the length of arc. 
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2. At an arbitrary point of the helix of Ex. 1 find the direction cosines 
of the tangent, principal normal, and binormal. Also find the yalues of /> 
and 9, 

3. Find the radius of the osculating sphere at an arbitrary point of the 
QMbce cubic x = t,y = fi, z^^, 

4. Show that the equations of a curve, referred to the moving trihedral of 
a point P on it, may be written in the form 

op* 2p \d8jQf^ Qpff 

8 being the length of arc from P. 

5. Discuss the equations (31) of a minimum curve in each of the follow- 
ing cases: 

(a) /(O ^ quadratic function of t. 
(P) /(O ^ cubic function of t, 

II. Analytic Surfaces 

106. Parametric equations of a surface. The locus of a point 
(x, y, z) whose codrdinates are analytic real functions of two in- 
dependent real variables u, v 

«=/i(w, v), y=f2{u,v), 2=/,(tt, v), (32) 

such that not every determinant of order two in the matrix 



55 ^ Vz 

du du du 

M ^ M 

dv dv dv 



(33) 



is identically zero, is called an analytic surface. The locus de- 
fined by those values of u, v for which the matrix (33) is of rank 
less than two is called the Jacobian of the surface. Points on 
the Jacobian will be excluded in the following discussion. 

The reason for the restriction (33) is illustrated by the follow- 
ing example. 

ExAMPLB. Consider the locus 

x = u + v^ y=(u + v)^t «=(« + »)•• 
For any given value t, any pair of values u, v which satisfy the equation 
« + 9^ =r t define the point (t, fi^ ^). The locus of the equations is a space 
cubic curve. In this example the matrix (83) is of rank one. 
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The necessary and sufficient condition that u, v enter y^,^y^ in 
such a way that x, y, z can be expressed as functions of one vari- 
able is that the matrix is of rank less than two. 

107. Systems of carves on a surface. If in (32) u is given a 
constant value, the resulting equations define a curve on the sur- 
face. If u is given different values, the corresponding curve 
describes a system of curves on the surface. Similarly, we may 
determine a system of curves v = const. The two systems of 
curves u = const., v = const, are called the parametric curves for 
the given equations of the surface ; the variables u, v are called 
the curvilinear coordinates on the surface. 

Any equation of the form 

*(tt,t;) = c (34) 

determines, for a given value of c, a curve on the surface. The 
parametric equations of the curve may be obtained by solving 
(34) for one of the variables and substituting its value in terms of 
the other in (32). If we now give to c different values, equation 
(34) determines a system of curves on the surface. 

If <^(tt, v) = c, ^(tt, V) = c' are two distinct systems of curves on 
the surface, such that 

du dv dv du 

by putting <^(w, v) = w', ^(w, v)' = v and solving for u, v we may 
express x, y, z in terms of u', v\ This process is called the trans- 
formation of curvilinear coordinates. 

108. Tangent plane. Normal line. The tangent plane to a sur- 
face at a point P on it is the plane determined by the tangents 
at P to the curves on the surface through P. 

The equations of the tangent lines to the curves u = const, 
and V = const, at P = (a?, y, z) = (m, v) are (Art 190) 

X-x _ T—y _ Z-z 
dx ~' dy "^ dz ' 
dv dv dv 

X-a? _ T-y ^ Z-z 
dx ^ By " dz 
du du du 
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The plane of these two lines is 






X-x 


r-y 


Z-z 




dx 
du 


By 

du 


dz 
du 




dx 
dv 


dv 


dz 
dv 



= 0. 



(36) 



Let V a <^(u) be the equation of any other curve on the surface 
through (uy v). The equations of its tangent lines are 

X-x _ T^y _ Z-z 
dx .dxdili'^dy dy d^i " dz , dz d<^ ' 
du dvdu du dvdu du dvdu 

This line lies in the plane (35) independently of the form of 
<^(u), hence (35) is the equation of the tangent plane. 

The normal is the line perpendicular to the tangent plane at 
the point of tangency. Its equations are 



X-x 



y-y 



z-z 



djldz^_dz_d^ dz^dx^dxdz dx dy dy dx 
du dv du dv du dv du dv du dv du dv 

We shall denote the direction cosines of the normal by X, /Z, v. 
Their values are 



T _ 1 ^dy dz _ dz^ dy\ 
D\dudv du dv/ 

D\dudv dudvj 

- _ 1 fdx dy dy dx\ 
D\dudv dudvj 



(36) 



wherein 

\du dv du dv) \du dv du dv) \du dv du dv) 

If D = 0, the tangent plane (35) is isotropic (Art. 152), and the 
formula for determining the direction cosines of the normal fails. 
We shall limit our discussion to the case in which Z> =^ 0. 
The equation of the tangent plane may be written in the form 

A(X- aj)-f /!( r- 2/) -h v(Z- »)= 0. 



Art. 199] DIFFERENTIAL OF ARC 257 

109. Differential of arc. Let <l>(u, i;)= be the equation of a 
curve on the surface (32). The differential of the length of arc of 
this curve is given by the formula (Art. 189) 

in which 

dx = --- du + -— dVf dy = -^ du + -^ dv, d« = -- dw + —- dv, 
au av ou av ou av 

and the differentials du, dv satisfy the equation 

^Adu^^dv=0. 
ou av 

If we substitute these values for dx, dy, dz in the expression for 

d8 we obtain 

ds^ = Edu^ + 2 Fdudv -}- Gdv^, (38) 

in which 



H^Hti-m'' 



du dv du dv du dv 



HW<tK£)'- 



Since the expression <f>(u, v) does not enter explicitly in the equa- 
tion (39), the expression for ds has the same form and the coeffi- 
cients jE?, F, G have the same values for all the curves passing 
through P, but the value of dv : du depends upon the curve chosen. 
The coefiB.cients E, F, O are called the fundamental quantities of 
the first Older. From (37) and (39) it follows that 

D'^EG-FK 

Let C7 be a curve on the^ surface through (u, v) and let ds be the 
element of arc on C. The direction cosines X, fiy v of the tangent 
to (7 are 

. "^dx ^dx du .dx dv ^d/y__dydu.dy dv 

da duda dv da da du da dv da 

_dz_dzdu . dzdv 
da duda ^da 
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If we replace ds by its value from (38), divide numerator and 

denominator of each equation by du, and replace dvidu by k, 

we have 

3fl5 , , dx 

_ du dv 

^- ^^ (40) 



VET2Fk+laic^' 

^ du dv 
^ ~ VWV2Fk^fGJc^' 



It follows from these equations that at a given point on the sur- 
face the tangent line to a curve passing through the point is 
uniquely determined when the value of the ratio dv:du=sk is 

known, since -r-j ^, etc., are fixed when the point (u, v) is given. 

du dv 

200, Minimal curves. Each factor of the expression 

Edu* 4- 2 Fdudv + Odt^, 

when equated to zero, determines a system of curves on the sur- 
face. Let ^ (w, v) dtt 4- ^ (tt, v) dv be such a factor. By equating to 
zero and integrating we obtain an equation of the form /(w, v,)= c, 
in which c is a constant of integration, which determines a system 
of curves on the surface. 

The two systems of curves determined in this way are minimal 
curves (Art. 195), since the differential of arc of every curve of 
each system satisfies the condition 

ds^ = Edu^ + 2 Fdudv + Gdv^ = 0. 

This equation determines, at (u, v), two values of the ratio 
dv idusssk which define two imaginary tangents to minimal 
curves. The two tangents coincide at points for which 2) = 0. 

In the succeeding discussion we shall assume that minimal 
curves are excluded. 
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201 • Angle between cunres. Differential of surface. The angle 
between the tangents to the curves u = const, v = const, is deter- 
mined from Art. 198 by the formula (Art. 5) 



cos <i) = — y from which sin co = 



-s/EQ VEQ VEG 

The curvilinear quadrilateral whose vertices are determined by 
(u, v)f (u + Au, v), (Uy V + Ai?), (u + Au, v + Av) is approximately 
a parallelogram such that the lengths of the adjacent sides are, 
from (38), -y/EdUy -y/Gdv, and the included angle is w. 
Hence we have in the limit for the differential of surface 



dS = sin wVEGdvdv = Ddudv. 

Let O, (7' be two given curves on the surface through a point P. 
We shall denote the differentials of w, v, « on (7 by du, dv, da and 
the differentials of w, v, « on (7 by 8w, 8v, hs. The direction co- 
sines A, /u, V of the tangent to C are determined by replacing k in 
(40) by dv:du\ similarly the direction cosines X', /n', v' of the 
tangent to G' are determined by replacing k by hv : 8m. 

If 9 is the angle between the tangents to G and O at (t^, v), 

costf = XX'4-ft/+v/ = ^ ^^g; (41) 

From (41) we have at once the following theorem : 

Theorem. The condition that two directions determined by the 
ratios dv : du, Sv : Su are orthogonal is 

Edu»u -h F(du&v + dv&u) + Gdv&v = 0. (42) 

202. Radius of normal curvature. Meusnier's theorem. Let iff 
be the angle which the principal normal to G makes with the 
normal to the surface. Let Xi, fi^, vi denote the direction cosines 
of the principal normal and ds the differential of arc along G. 
We have, from (14) 

cos^ = X,A + ^,,. + nv = p(^X — + ,x^+v-j, 
p being the radius of curvature of G at (u, v). 



(43) 
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But 

dhs^^xfduS} ^ dhi du dv . B^fdv^ , dx cPu dx dh) 
df? du^dsj dudv ds da dv^ydsj du ds^ dv ds^ ' 

with similar expressions for -^, — Substitute these values 

dsr dar 

for the second derivatives in the equation for cos ^. Since the 

normal to the surface is perpendicular to the tangents to the 

curves u = const., v = const., we have the relations 

du du du dv dv dv 

If we replace ds by its value from (38), the equation for cos ^ may 

be reduced to 

cos ^ __ I/du^ -f 2 M d udv -h Nd v^ 

p "" Edu^ + 2 Fdudv -f Gdv^' 
wherein 

~ du^ du^ du^' 

ottoy duav dttov 

The quantities L, M, N are called the fundamental quantities of the 

second order for the given surface. 

The second member of equation (43) depends only on (u, v) and 

the ratio dv:du=s k. Consider the plane section of the surface 

determined by the normal to the surface and the tangent to C. 

Such a section is called a normal section. Let the radius of 

curvature of this normal section at (m, v) be denoted by R. From 

(43) we have 

1 _ Ldu* 4- 2 Mdudv + Ndi^ ,^ 

M^Edu^-\-2Fdudv + Gdv^' ^ ^ 

and hence 

R cos iff = p. (46) 

The result expressed in equation (46) may be stated in the follow- 
ing form, known as Meusnier's theorem : 
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Theorem. The center of curvature of any point of a curve on a 
surface is the projection on its osculating plane of the center of curvor 
ture of the normal section tangent to the curve at the point. 

203. Asymptotic tangents. A83rmptotic carves. The two tan- 
gents to the given surface at (u, v) defined by the equation 

Ldu^ + 2 Mdudv + Ndv^ = (47) 

are called the asymptotic tangents at P. 
From (45) we have at once the following theorem : 

Theorem I. If the curve C on the surface is tangent to an asymp- 
totic tangent at {u, v), then either the osculating plane to C coincides 
with the tangent plane to the surface or G has a linear inflexion at 
(u, v). 

The two systems of curves defined by the factors of (47) are 
called the asymptotic curves of the surface. They have the prop- 
erty that their tangents are the asymptotic tangents to the sur* 
face. We have the further theorems : 

Theorem II. If a straight line lies on a surface, it coincides 
with an asymptotic tangent at each of its points, hence tJie line is an 
asymptotic curve. 

Theorem III. The osculating plane at each point of a red 
asymptotic curve, not a straight line, coincides with the tangent plane 
to the surface at that point 

204. Conjugate tangents. The equations of the tangent planes 
at P= {x, y, z) and at P' ={x -f-Aa?, y + Ay, z + Aa;) on the surface 
are (Art. 198) 

X(X-aj)4-^(r-y)-hv(Z-2)=0, 
(X + AA)(X-a?-Aic) + (;i + A^)(F-y-Ay) 

+ 0^ + Av)(Z-«-A2;)=0. (48) 

Let P' approach P along a curve whose tangent at P is deter- 
mined hy k = dv: du. We shall now determine the limiting posi- 
tion of the line of intersection of the planes. If we subtract the 
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first of equations (48) from the second, member by member, and 
pass to the limit, we have 

dX(X- aj) + d/I( F- y) + dv (Z - a?) + Xdir 4- /Idy + vd« = 0. 

But Adas + ]idy + vd2; = 0, since the normal to the surface at P is 
perpendicular to every tangent at P. Hence the limiting position 
of the line of intersection passes through P, since it lies in the 
tangent plane at P and in the plane dA(X— aj)-Hd/i(F— y) 
+ dv(Z— 2) =0 through P. Let the point (X, T, Z) on the line 

of intersection be denoted byX=a5 + 8a5 = a5 + -— 8u + -i-Sw, etc. 

ou ov 

(Art 199). We have 

\du ov ) \ott ov / \pu dv ) 

If we replace A, /x, v by their values from (36) and simplify, this 
equation reduces to 

lAuhi + Midxih) -h dvStt) + Ndvh^ = 0, (49) 

which determines hv : Su linearly in terms of dv : du. 

Since equation (49) is symmetric in dv : du and ^ : 8u, it follows 
that if a point P" approaches P in the direction determined by 
$v : 8u, the limiting position of the line of intersection of the tan- 
gent planes at Pand P' is determined by dv\ du. 

Two tangents determined by dv : du, Sv: &u which satisfy (49) 
are called conjugate tangents. 

Theorem. The necessary and sufficient condition that a tangent 
coincides with its conjugate is that it is an asymptotic tangent. 

For, if in (49) we put Sv : Su = dv : dw, we obtain (47). Con- 
versely, if dv : du satisfies (47) and Sv : 8u is conjugate to it, then 
dv : du = Sv : hu. 

205. Principal radii of normal curvature. In order to determine 
the maximum and minimum values of R in equation (45) at a 
given point (u, v) put dv:du=k and differentiate i^ as a function 
of k. The derivative vanishes for values of k determined by the 
equation 

(FN'''GM)k''-(GL''EN)k+(EM'-FL)=zO. (60) 
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If this equation is not identically satisfied^ the two roots ki, kf are 
real and distinct, since the part under the radical may be expressed 
as the sum of two squares. 

(GL - EN)* - 4(iW- GM)iEM- FL) 

= 4 ^(EM-FLfJtiEN^ GL ^^{EM- FL)']\ 
Er E 

One root will determine the tangent dv : du such that the normal 
section through it will have a maximum radius of curvature R^ 3^<^ 
the other will determine the normal section having the minimum 
radius of curvature £2* 

The tangents at (u, v) determined by the roots of (50) are called 
the tangents of principal curvature, and the corresponding radii 
R^ B2 are called the principal radii of curvature. To determine 
the values of Bi and B2 we have from (45) and (50) 

L±kM^ M±kN^ 1^^ 
E + kF F-\-kG b' 

By eliminating k between these equations, we obtain the quad- 
ratic equation 

{LN- 3P)B? - {EN- 2FM + GL)B -^EG-F* = 0, (61) 

whose roots are Bi and Bf. 

The expression— - + — is called the mean curvature of the sur- 

Bi B2 

face at (u, v) ; the expression -^ - -^ is called the total carvAttire 

Bi XVj 

of the surface at (u, v). From (51) we have 

± 1^^EN-2FM±GL .^^ 

B, Bt EG-F* ' ^ ^ 

1 ^ LN- M* 
B,B^ EG-F*' 

206. Lines of curvature. If in (50) we put k = dv: du, we obtain 
(EM- FL)du* - {GL - EN)dudv -h {FN - GM)dv' = 0. (53) 

The two factors of this equation determine two systems of curves 
called lines of curvature of the surface. If the two directions at 
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(u, v) of the lines of curvature are denoted by dv : du and ^ : 8u, 
then^ from (53) 

dvSu + Svdu OL — EN dv^ _ EM—FL 

ditStt ^FN-GM* duBu FN-GM' 

from which 

Edti&u -h F{dv^ 4- duBv) + GdvSv = 0, (64) 

LduSu + MidvBu-^- du^v) + JViivSi; = 0. 

From the first of these equations we have, by (41), the following 
theorem : 

Theorem L The two lines of curvcUure at a point on the sur- 
face are orthogonal. 

From the second equation we have, by (49), the further theorem t 

Theorem II. Tlie tangents to the lines of curvature at a point 
on the surface are conjugate directions. 

Conversely, if two systems of curves on the surface are orthog- 
onal and conjugate, their equations satisfy (53) and (54), hence 
they are lines of curvature. 

The normals to the surface at the points of a given curve C on 
it generate a lailed surface. The ruled surface is said to be de- 
velopable if the limit of the ratio of the distance between the 
normals to two points P, P* on O to the arc PP* approaches zero 
as P approaches P. 

It should be noticed that in particular a cone satisfies the con- 
dition of being a developable surface. A cylinder is regarded as 
a limiting case of a cone, and is included among developable 
surfaces. 

Theorem III. The condition that the normals to a surface at the 
points of a curve on it describe a developable is that the curve is a 
line of curvature. 

Let P = (a?, y, z) and P = (x-{- Aa:, y + Ay, z 4- A«) be two 
points on the given curve C. The equations of the normals at 
P and P are (Art. 20) 

X=X'\'\r, T=y-\-'flr, Z.= Z'\-vr, 
X=aj-|-Aa;-f-(X + AXy, F = y H- Ay +(J]L + jliA)r', 

Z = a; -h A? +(v 4- Av)r'. 
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The ratio of the distance A? to the arc As is (Art. 23) 

AZ Aaj(/ZAv — vAft) -f A2/(vAX — AAv) -f Az(XA]l— /IA\) 

^* ~ ^« VqxAv _ pA/Z)* + (vAX - AAv)2 + (XAji - jiiAX)'' 

Divide numerator and denominator of the second member of this 
equation by As", and pass to the limit as As = 0. Using the dif- 
ferential notation to indicate lim Aa : A«, etc., we have 

lim ~ — dxQidv — vdji) + dy(yd\ — \dv) 4- dz(\dji — fidX) 

"^^^ ^(Jid^ - vd]lY + (vdX - XdiO* + (XdjIZ - ^X)« 

Both numerator and denominator of the second member of this 
equation vanish for those values of X, ji, v which satisfy the 
equations 

A ft V 

and the limiting value of the ratio — - is indeterminate. The de- 

As 

nominator cannot vanish for any other values of A, ji, v. 

Since A?' + ?H-i^ = l, 

we have, by differentiating, 

MX + fixZ/A -I- i;dv =s 0, 

which reduces, under the condition that dX = feA, etc., to 

Since A; = 0, we have dX = c?/* = dv = 0. Hence the normal to 
the surface has a constant direction for all points of the curve C 
The surface generated by the normal is in this case a cylinder. 

If the denominator of {6b) is not zero, the condition that the 
surface generated by normals to the surface along (7 is a develop- 
able is that the numerator of the second member of {p6) is zero, 
that is, that 

dxQJidv — vdJi) + dy(ydX — Xdv) + dz(XdJl — JidX) = 0. 

If we substitute for a, /I, v their values from (36) and for dx, dy, 

dz their values -r-du -{- --- dv. etc., we can reduce this equation to 

(53), which proves the theorem. 
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207. The indicatriz. Let the lines of curvature be chosen for 
parametric curves. In (54), dv=sO and ^u ss 0, but du^ 0,^:^0, 
hence jP=0, -If =0. 

Let Cf be a curve making an angle $ with u ss cons, and let R 
be the radius of normal curvature in the direction of (7. Along 
u ss cons., d8 = -x/GdVy hence from (41), 

C08« = V^^, Bme=VE^. 
ds ds 

From (46) and (52) we now have the formula 

1^ ^ cos'g . sin'tf 

a Ml R% 

This equation is known as Euler's formula for the radius of 
curvature of normal sections. It is intimately connected with the 
shape of the surface about P. 

Let the surface be referred to the tangents of principal curva- 
ture and normal at P as X, Yj Z axes. 

Let Xy y be taken as parameters. The equation in a;, y, z has 
the form 



Since 2; = is the equation of the tangent plane at the origin, 

( -^ 1 = and 1^1= 0. Since the X and Faxes are the tangents 
W \dyj 



' ' Ri \dxdyj ^' W) r; 



of principal curvature at the origin, 

\oXrJ j.1,1 \vMvtf/ s^uif J j.%,2 

hence, neglecting powers of x and y higher than the second, the 
approximate equation of the surface for points near (0, 0, 0) is 

If — and — are both different from zero, the surface defined by 
Ri R2 

(56) is a paraboloid. If one of them is zero and the other finite, 
the surface is a parabolic cylinder. If both are zero, the surface 
is the tangent plane to the given surface. This last case will not 
be considered further. 
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The section of the quadric (66) by a plane z = cons, is called the 
indicatrix of the given surface at a point P. 

If Ri and i^ have the same sign, the section is an ellipse for a 
plane on one side of the tangent plane, and is imaginary for a 
plane on the other side. In the neighborhood of P the surface 
lies entirely on one side of the tangent plane. Such a point P is 
called an elliptic point on the surface. 

If Bi and iJj have opposite signs, the paraboloid {bO) is hyper- 
bolic and the section by any plane z = cons, on either side of the 
tangent plane is a real hyperbola. The point P is in this case 
called a hyperbolic point on the surface. 

1 1 
If — or — is zero, the section z = cons, consists of two paral- 

Ri Mi 

lei lines for a plane on one side of the tangent plane, and is im- 
aginary for a plane on the other side. It follows from (52) that at 
such points LN—M^ = Oy and from (47) that the two asymptotic 
tangents coincide. The point P is in this case called a parabolic 
point on the surface. 

In all three cases, the directions of the asymptotic tangents to 
the surface at a point P are the directions of the asymptotes of 
the indicatrix. At an elliptic point the asymptotic tangents are 
imaginary ; at a hyperbolic point they are real and distinct ; at a 
parabolic point they are coincident. Moreover, conjugate tangents 
on the surface are parallel to conjugate diameters on the indica- 
trix. The asymptotic tangents are self-conjugate. 

EXERCISES 

1. Find the equation of the tangent plane and the direction cosines of the 
normal to the surface x = u cos v, y = u sin v, «; = u^ at the point (u, v). 

2. Determine the differential equation of the asymptotic lines on the sur- 
face defined in Ex 1. 

3. Show that the parametric curves in Ex. 1 are orthogonal. 

4. Find the lines of curvature on the surface x = a(u + v), y=z b(u — v), 
z = uv, 

5. Prove that if E: F: G = L:M: N for every point of a surface, the 
surface is either a sphere or a plane. 
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Page 3. Art. 1 

8. The rZ-plane. 8. The Z-axis. 

4. A line parallel to the Z-axis through (a, &, 0). 

5. (*, I, - m), (*, - I, m), (*, - ?, - m), (-*, I, -w), (-*, -J, -m). 

Page 5. Art. 2 

8. (-1,1,9). 4. 13. 5. Vo2 + 62 + cK 

e 1 2 0. 1 1 1 . ^-7 _6^ ^_^ 

"• — !^» — ^» ^> — m* — ~^ — r^» 



V6 V6 V3 V§ V3 ^M V89 V89 

1 2.1 -4 2 



\/6' v^* V^' V2l' V^' 

X y z 



Vx^ + y2 + «^ Vx3 + y2 + «3 Vas* + y^ + «^ 

Page 7. Art. 4 
1. V89. 4. V(x-l)a+(y-l)2+(«-l)^=V(«-2)«+(y-3)2H-(«-4)2. 

e. (a) 4,, 4,, -A,. (6) 1 1 1 



\/38 V38 V38 y/3 VS y/S 

fr^ 3 4-4 

V41 V41 \/41 
7. (a) Parallel to the FZ-plane. (5) Parallel to the Z-azis. 

(c) Parallel to the X-axis. 9. — , — , — • 

VS VS y/S 

Page 9. Art. 6 
J 2^. 2. 1, 0, 0; 0, 1, 0; 0, 0, 1. 8. -4r, -^t 



V26 V26 \/26 

4. ~^^ ' 8. (f, }, 2). 10. Two. ±VV3-1. 11. (2, 2,-2). 

V1436 2 

Page 11. Art. 9 

1. Sphere of radius 1, center at origin. 

2. Cone of revolution, with X-axis for axis. 

269 
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8. Plane through Z-axis, making angle of 30^ with X-Axis. 

4. Cone of revolution, with Z-axis for axis. 

5. (a)p=2; (&)p = 2; (c)p« + «2 = 4. 6. = 46%pa = ««. 

7. Vpi* + pi* — 2 />i/>3(co6 ai cos (X2 + COS /3i cos /3j + cos 71 cos 72). 

Page 14. Art. 12 

1. 3 X + 4 y + 2 2; = 17. 2. X — y = 0. X- and T- intercepts zero. 

8. — 4 X + 8 y + « = 6. 4. * = 2. 6. (- 8, 4, 6). 

Page 18. Art. 16 
1- A«~Hy-A« = 2. 2. x + 2y = 0. 
8. -4=^. 4. -4^. 5. (4, 8, 1); (1, -4, 8). 

7. 26«+39y + 8« — 43=0. 8. 5x — y — 2«-6=0. 

10. 14(x« + !^ + «^) = (8x+y-22i-ll)a. 

11. 2 X — y - « + 8 + 8V6 = 0. 18. x - 2 y - « + 2 = ; - 2, 1,»2. 
14. 21x-9y-22« + 63 = 0. 15. 8x + 2 y + 3«- 16 = 0. 

17. 11 X - y + 16 « - 68 = and 17 X - 18 y + 12 « - 68 = 0. 

18. ni = ±6. 19. X;=-). 

Page 21. Art. 20 

.. (.) (., !i. I), (ji. «. ^y. (f. i. »)■ 

<'>(«'T'i>(s-»'^)^(rT'°> 

'•) («■ !• ?)■ (•■ »■ ^y (?• !• »)• 

A x~8 _ y~7 _ g~8 . 4 2-3 . -r^9«j.9-ft 

4. — - — = 2-— — = -— ; , , — -—- . 0. x + 2y + ^ = U. 

4 2 -3 v^ V29 V29 

6. k = i. 7. Tes. B. kz=-^2. 9. No. 11. Tes. 

Page 23. Art. 21 

1. -=J- -1- ^ 

' 3V3' 3v^' 3\/S 

2. 2x + y-8« + 6=0, x + y + »-18 = 0. 

8. arcsin — 4. «+ lOy + 7« + 18 = 0. 

V29v^ 
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8. 3«-y + 3«-7 = 0. 

10. 3a;-7y — 4« = 0. 
12. A; = 2 and A; = 3. 



6. A;=-l. 7. x + 2« 

35 — a y — 6 « — c 
9. ^1 tTii til ^^ 0* 

11. ik = f. 

18. 2x--« = 0, y = 8. 



= 6. 



1.^11. 




21 



Page 25. Art. 23 
2. VS. 8. 0. 4. — ^, 0, "® 



Vila ViiS 

5. V2; -1-, — , 0. 6. — . 7. 16x + 48 = 0, 12y = 62 + 13. 

V2 V2 V5 



8. V^. 



9. 



Xl — Xj • ?1 ?2 

yi — y2 wi m2 

2^1 — Zi til tli 



= 0. 



Page 28. Art. 24 

1. 61 X - 52 y + 36 « - 98 =^ 0. 8. x + 6 y — 3 « - 44 = 0. 

2. 12x-17y-f 8* + 4 = 0. 4. Yes. 

6. 7x + 12y — 13« + 8 = 0, x — 3y + 42J — 7 = 0. 

Page 29. Art. 25 

1. 7y-10« — 3 = 0, 7x-« — 22 = 0, lOx — y — 31=0. 

2. y — « + 2 = 0, x + « = l, x + y = l. 
8. y — i!; = 0, x + 2« = 4, x + 2y = 4. 

4. (AiBi - AiB{)y + {A1C2 - A2C{)z + {AiDt - A<iDi) = 0. 
{B1A2 - B2Ai)x + (B1C2 — B2Ci)z + (B1D2 - B2lh) = 0. 
((7i^2 - C2^i)x + ( C1B2 - C2-Bi)y + ( C1D2 - C2i>i) = 0. 

Page 33. Art. 28 
1. x + 2y + | + l=0; 3x-|-|+l=0; -.x + |-| + l=0. 



2. 6. 



4. arc cos 



3VI0 



«. (7,5.-1); (l,^,H);(|, 0,0) 



V299 



6. w + t? + w = l, 6u-3r-fw + 3 = 0, 6w — 2« + w + l = 0. 



e. (2,-1,-3); (^,0.:|?); (o, 0, =ll) 
8. A plane. 9. 4(u3 + f|3 + ti^)= 1. A sphere. 



^111 

*• — ;z» — ;=» —71' 
V3 V8 V8 
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Page 35. Art. 34 

2. (-10,16,-2,0). 4. 7a; + 9y + 64«-60« = 0. 

Page 37. Art. 35 

1. (a) Parallel bundle. Rank 8. (b) Rank 4. (c) Rank 4. 

(d) Parallel bundle. Rank 3. 

-I e b 
a — 1 c 
6 a -1 

- 19 



8. The determinant 
-69 6 



is of rank 3; of rank 2; of rank 1, 



4. 



V3867 V3867 V3867 



Page 43. Art. 40 

1. x« — 3y« + y2-4x — 8y + 4« + 4 = 0. 

V2T y/6 Vl4 

\^ Ve Vii 

2x' , y' 32?' 
V^ V6 \/l4 
4. New equation is a;^ - 2 ^ + 6 a?* = 49. 

Translation is x = x' + 8, y = y' — 1, « = a' -|- 2. 
6. 3xa + 6ya + 18«^ = 12. 

Page 45. Art. 41 

^ /28±6i -6j:8i 6^24t*\ , f V! -4i 6 -f 8 1 

*• l~i3~' "l3~' ~i3~j" V~6~' ~6"' 

0. (13 + 9 i)x + (8 + 4 i)y + (16 - 7 1> = 23 + 64 i. 

6. (liiVS, 0, 0). 

Page 46. Art. 42 

1. aj8+ya = 4 253. 8. x^ + y' + «2- 7x + y + 30 = 0. 
4. 8(x? + y2 + ;p2)_6ga.^48y-66« + 276=:0. 



-4ty 
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6. 2f = 6, (a;-8)2H-(y-7)» + («-l)9 = 9. 

6. 2x-14y-2«+l = 0,4a;-18« + 38 = 0. 7. (-4, ±4i,2). 

Page 49. Art. 46 

8. Center at (0, 0, 4); radius 6. 4. x« - y« = 1. 5. r, — . 

a 

Page 51. Art. 47 

1. «» + y« + «« = 26. 2. 9(y» + z^) = (16 - 2 x)«. Vertex (V, 0, 0) ; 

a; = 0, 9(ya + ««) = 226 ; 4(xa + z'^) = 9(6 - y)«. 
4. ya -f «* = a^ ; y = a. 

^^499 ' 494 

^ a2 &2 6» ' a2 6'^ a^ 
(c) y2+ «a = 8x; y* = 64(a;a + «2). 
id) (a;2 + y2 + 2f2 - 6)2 = 16 - 4aJ5«; a;2 + (y - 1)2 + «« = 4. 

(e) y2 + «* = sin^jc; y = sin Va?» + «*. 

(/) y2 + «2 = c*» ; y = e^s^^. 

Page 54. Art. 49 

1. (a) x2 + y« + «' = *^. (6) ac2 + ya + «a^.2a5-8y-42 = 16. 
(c) a52 + y3 + «2-.4x-2y-10« + 14=0. 

8. (a) Center (-|, -1, -|); radius :^. 
(6) Center (- 1, — 2, 8) ; radius 0. 

(c) Center fi, 1, =-^]; radius t^. 
^ ^ V4 2 4/ 4 

(d) Center ^— i^, 0, 0^ ; radius ^. 

8. (-4±8i, 2±6i, 6, 0). 

^ / 2di2<V2 lT2iV2 - 2 i: V2 A ^ ^ 

\ 8 ' 3 ' 8 / 

Page 56. Art. 52 
1. y=:l. 

8. Arc cos . The spheres have no real point in common. 

8. a;« + y2 + «2-2x-6y-6«H-10 = and x^ + y2 + «^- 2aj- 6y 
— 6z — 6=0. 
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6. 2x — dsf + 2; + 6 = 0. The sphere is oomposlte. 

6. 10(x« + y« + «2) + 71x-68y-89«-186 = 0. 

7. 4232(«a + y« + «2) - 276 x + 276 y + 1982 « + 226 = 0. 

Page 69. Art. 59 

1. Center (1, 1, -2); semi-axes ^, ^, ^. 

2 S 2 

8 A _^....-V206 



2. Sphere; center [2, -, —6]; radius 



2 

8. y = 0, 2 x3 = 3 2;3 -j. 6 2r + 7. Rotated about the Z-axia. 
4. x = l, y = «; x = l, y=— «; x = -l, y = «; x=— 1, ^=—2?. 

6. (a) Ellipsoid. (&) Hyperboloid of two sheets, (c) Hyperboloid of 
one sheet, (d) Hyperboloid of revolution of one sheet, (e) Ellipsoid. 
(/) Imaginary ellipsoid. 

Page 73. Art. 64 

1. Hyperboloid of one sheet. 2. Imaginary cylinder. 

8. Elliptic paraboloid. 4. Real cone. 6. Hyperboloid of two sheets. 

6. Hyperbolic paraboloid. 7. ^ ^. ?_iL?! z= 1. 

8. (a) (l-fa)xa + y2 + «2_2ax + a3 = 0. 

(6) (1 - r2)xa + (1 - r*)y2 + «*- 2 ox + o« = 0. 



Page 76. Art. 66 



'•( 



-S±y/W9 6TV109 -17±Vl09\ ^ .^ ^ ^. 

3 8 6 / V » » y 



8. (-}, i -A)- *• (-!» 2, -1). 6. (i, 1, 0). 

6. Vertex (0, — 1, 0). 7. Plane of centers 2(x - y + «) — 1 = 0. 

8. Non-central. 

Page 89. Art. 75 

1. Hyperboloid of two sheets. Center (0, 0, 0). Direction cosines of axes 

2. Hyperboloid of one sheet. Center (1, }, — }) . Direction cosines of axes 
2 + 2\/6 V6~l 5-f V5 . 2~2\/5 -\/6-l 

2V15 + 4V5 2V16 + 4V6 2V16 + 4V5 2Vl5--4v^ 2V16-4V6 

6-V6 .-3 4 2 6 + V^a:24.5W6j^2_35j2==12. 



2V15-4V6 >/29 V29 V29 



2 2' 3 
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8. Parabolio cylinder. New origin on is=:0, x + y + l = 0. Direction 

cosines of axes -i^ , — , 0; 0, 0, 1; -l;, ^, 0. j^+V2x = 0. 

V2 \/2 V2 \/2 

4. Two imaginary planes. Line of vertices is2ac + 3y:=0, y4-2;? + 2 = 0. 

T^. *• *^lft-83 5 1 3-2 

Direction cosines of axes —:=zy ^i —;=Zi — =:» —=i — =:i — =r» — =» 

VlO ViO V35 \/86 V36 \/l4 Vl4 

-i-. 2«2 + 7y« = 0. 

Vli ' . 

5. Hyperbolic paraboloid. New origin (^, ^„ }). Direction cosines of 
1 1 V6 - 2 1 1 



axes f ~~ y ~ y ~ ) f 

2 V3 - Ve 2V3->/6 2V3-V6 2V3+V6 2V3+\/6 

"" > ^-^ ; I^, _i-, 0. \/6a;a->/6y2 + V2^ = 0. 

6. Ellipsoid of revolution. Center (- 1» --^» «)• Direction cosines 

of axis of revolution 0, — , — . 3 aJ^ + 3 j/« + «« = ^ . 

V2 V^ 6 

7. Hyperbolic cylinder. Line of centers x = 0, y + 3« + 7 = 0. Direc- 
tion cosines of axes 

ViO 1 3 . -VTO 1 _3_.Qjz^ _1_ 

V20' V20' V20' V20 ' V20' V20* ' Vio' vTo' 

Vl0x2-Vi0y« + 1=0. 

8. Real cone of revolution. Vertex (0, 0, 0). Direction cosines of axis 

of revolution — , — , i. ^2^-^2^^sfl=z0. 

VB VS y/S 

9. Two parallel planes. Plane of centers 2a; — 2^ + 62; — 1 = 0. Direc- 

1—13 1 

tion cosines of new X-axis — :^, , • lla;2 = -. 

Vll Vn Vn 4 

10. Parabolic cylinder. Origin on 3a; — 2y=:|}f, x — 6« = |j|. Direc- 
tion cosines of axes 

28 -17 -16-1 1 -3 6 9 1 

Vi2^' vl2w' Vi2^' \/il' vn vTi' Viis' VTis' vHs 



11. Real cone. Vertex (0, 2, —2). Direction cosines of axes, .67, — .66, 
- .48 ; .71, .67, .23 ; .19, - .60, - 86. 3.72 x^ + 2.68 y^ - 1.40 «« = 0. 
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— , —, "to")* Direction cosines 

ofaxe. ^ ■ ^^-^ . ^^-« •■ -— =^=, 

V28-IOV7 V28-IOV7 V28-10\/7 V28 + lOV? 

V7-f 2 V7 + 3 1 -1 1 

V28 + 10>/7 V28+IOV7 V3 v^ >/3 
f _ 1 4. V7)x2 - (1 + V7)y2 = J V3 «. 

18. Hyperboloid of one sheet. Center [-, — , -5- j. Direction cosines 

of axes .21, -.66, .69; .91, .41, .10; .36, -.64, - .68. . 

8.09 x2 + 1.69 y2 - 8.67 z^ = fj- 

(2 8 — 26\ 
— , -, ■ J. Direction coanes 
16 6 16 / 

of axes -.77, .66, .28; .14, -.31, .94; .68, .76, .13. 6.17a;« + .71y« 
-6.88«2=Jjy». 

15. Ellipsoid. Center (0, 1, 1). Direction cosines of axes 

2 1+VE Q. -2 -l-fV5 00 1 



Vl0+2\/6 V1O + 2V6 V1O-2V6 \/lO-.2V6 

3W6^, 3-V6^ 2;.2 = 4. 
2 2 ^ 

16. Ellipsoid. Center I ^^, ^=-^, — 6j. Direction cosines of axes .83, 

- .38, - .44 ; .26, .96, - .22 ; .49, .07, .87. 4.20 a« + .69 y9 + ^0 «2 = aji, 

17. },6±2i. 18. ^. 

Page 92. Art. 78 
1. xH.10y^8«+22 = 0, ^ = }L±^ = ^. 

Page 96. Art. 80 
1. y=|, « = {a5; 05 = 1^, « = i7y. 

Page 97. Art. 81 
1. V6, ^. 8. « + « -f 1 = 0, y + ar - 1 = 0. 8. a, 6, c. 
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Page 103. Art. 83 
1. x + y — z — d and x — y + 2z = p. 2. x — (2± \/6)y = d. 

8. JL. 4. y +3±V2(« — 2)=0. 5. a = 6, ^^=0. 
V3 

6. aa; + flr« -f ^ = 0, ay +/« + »» = 0. 7. 2gx + 2fy + (c — a)« = d. 

(c - Jfc)J52 4-(6 - jfc)(7a - 2/J5(7 = 0, 
(a-*)(7a+(c-jfc)^a-2flr(7^ = 0, 
X; being a root of the discriminating cubic. 



9. (-1,0,-3). 



2 

Page 108. Art. 87 



8. ki = cons, i = 1, 2, 8, 4. For parametric equations, substitute this value 
of ki, m£qs. (27). 

Page 111. Art. 89 

1. (-6a5 + 6y-12f, x + 2y-2z + t, 6x + 6y + 4« + 4«, -jc + Sy 
-«-20, (-12, 1, 4, -2), (12, -.2,-20, 1), (18, -6, -16, 1), 
(12,-3,-28,1), (3,2,1,2). 

2. (-373, 179, 92, 283), (-600, 181, 146, 344), (-163, 61, 38, 107), 
( — 37 xi — 96 «2 — 9 ajs + 166 iC4, 1 1 aji + 24 X2 - 3 Xa - ^ «4, 8 xi + 48 sca 

— 6x3-36x4, 31x1+60x2 + 3x8 — 108x4). 

8. 16x + 6y + ll«+ 16« = 0. 

A. 197X1+468X2 + 67X8 — 792X4=0. 

5. 6 x2 - 16 y2 + 2 «2 + 3 ya? - 2JX - 3 xy + 17 x« + 9 y< - 6 «< + 10 «2 = 0. 

6. (22x-22y +44;, 12x + 24y- 242; + 12^, 33x + 33y +222; + 22t, 
66x-198y+66«+132«), (22, 6, 11, 66), (22, 12, 66, 33), (33, 36, 44, 33), 
(22, 18, 77, 83), (22, -48, -11, 264), (-97121, 36427, 22804, 66861), 
(296167, - 116487, - 64346, - 206981), (- 186626, 71181, 42670, 128403), 
(814 xi - 6912 X2 — 297 xa - 61776 X4, - 242 Xi + 1728 X2 - 99 X8 + 23760 X4, 

- 176 xi + 3466 X2 - 198 X8 + 14266 X4, -682 Xi+4820 X2+99 X8+42768 X4). 

Page 113. Art. 92 

1. Vertices: tii = 0, (1, 0, 0, 0); «2 = 0, (0, 1, 0, 0); 

W8 = 0, (0, 0, 1, 0); W4 = 0, (0, 0, 0, 1). 

Faces : xi = 0, (1, 0, 0, 0); X2 = 0, (0, 1, 0, 0); 

X8 = 0, (0, 0, 1, 0) ; X4 = 0, (0, 0, 0, 1). 

2. Xi = 0, X2 = ; tt8 = 0, tt4 = 0. 
Xi = 0, X8 = ; Ui = 0, «4 = 0. 
Xi = 0, X4 = ; U2 = 0, V8 = 0. 
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xj = 0, ajs = 0; t«i = 0, M4 = 0. 
X2 = 0, X4 = ; Ml = 0, Ma = 0. 
JTs = 0, X4 = ; Ml = 0, M2 = 0. 

8. Ml + M2 + Mj + M4 = 0, 3 Ml - 6 M2 + 7 Mj - M4 = 0, 

- Ml + 6 M2 — 4 Ms + 2 M4 = 0, 7 Ml + 2 M2 + 4 Ms + 6 M4 = 0. 

4. (1, 1, 1, I), (7, -1.-3, 1), (1, 9, - 6, 2). 

6. Ml - M2 = 0, 7 Ms + W4 = 0. 6. (- 9, 1, 1, 0). 

Page 117. Art. 95 

pa;2 = 7 ?i + 6 Zj - ^8, (176, - 176, 40, 808). 

pxz = — Zi + 4 ^2 — 8 Zst 
px4 = Sli + h— biz. 

8. i)Mi=-6/i + 7?2 + 6i8, 

1>M2 = 3 Zi - 5 ?2 - 4 h, (21, 32, 1, 5). 

pus = 4 ?i + 3 ^2 — 3 Zs, 

j?M4 = 2l + 2 ^2 + ^8- 

6. pMi = li + 7 h, pu2 = — 6 Zi + 2 ^2, puz = Sli — h, pu^ = — ?i — h. 
e. pxi=:li+Sh, px2=2h — 2l2, pxz=—Sli-}-6l2, pxA^—h-^h. 
?i(mi + 2 M2 - 8 Ms - M4) + ^2(3 mi - 2 M2 + 6 M3 - 2 M4) = 0. 

Page 120. Art. 97 

8. (an + ai2 + ai8 + ai4, "21 + a22 + a2s + a24, ctzi + a82 + ass + "84, 

a41 + «42 + "48 + a44). (/^U + i821 + Psi + PaU /3i2 + fe + fts + ^42, 

/3lS H- i328 + /338 + i348, /3l4 + /324 + i384 + M' 

4. xi = kixi'j X2 = A;2X2', Xz = A^s^s'* «4 = ^41^'' 

Page 122. Art. 100 

1. (a) «i = aci' - 3:4', a>2 = a;2' - asi', aJs = ^s' - «4', aJ4 =- JB4'. 
I>(p) = (l+l>)(l -p)*. Invariant points are (1, 1, 1, 2) and all the 
points of X4 = 0. 

(6) Xi = X2', X2 = Xi', Xz = 04', X4 = xs'. I>(p) s (!)« - 1)«. 
Every point on each of the lines 

xi + 052 = 0, as + «4 = 0; a;i — a;2 = 0, ojs - «4 = 0. 

(c) xi = xs', 02 = a;i', Xs = a^', a;4 = a;4'. -D(l>) = (1 - P)Kl^ + P + !)• 
The points (1, w, «», 0), (1, w^, w, 0), «» = 1, and every point of the line 

jci = aj2 = xs. 

(d) aji =— a;4', ^2 = sci' — aj4'» »8 = 02' - 3:4', «4 = «8' — ^4'. 

D(p) =p* +!?« +i>« +1) + 1. (^, 1 + tf, - ^ (1 + 0), - (?8), ^ = 1, ^ :ifc 1. 

8. ^ = cons, f, * = 1, 2, 3, 4. 
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4. In case. Xz = xs', the point (0, 0, 0, 1) and all the points of the plane 

054=0. 

In case oss = — xs'* every point of each of the lines xi = 0, 0:2 = ; scs ^ 0, 

X4=:0. 

6. (1, 1, 1, 1), (1, - 1, 1, - 1), (1, <,-!,- 0. (1. -<» - 1, i)' 

7. All the points in the plane at infinity'. 

Page 125. Art. 102 

8. (2 ±2iVM, - 3 =F t'Vm, 8, 4). 

Page 131. Art. 106 
8. A=-l. 

abed 

6. bcui^ + caM2* + 2 abUiUi = 0. 

7. A = J. *(m) = «2^ ~ W1W2 + VlWs — U2U3 — ttiM4 + W2«4 — 2 UzU^ = 0. 

8. A{x) = 0. 

9. ai = 0, as — 5C4 = and xi = 0, xj + 054 = 0. 
10. an =0. I = 1, 2, 3, 4. 

12. a.-jb^ = at, • au f i, A; = 1, 2, 8, 4. 

18. A conic ; two distinct points ; two coincident points. 

Page 134. Art. Ill 

1. «l + 5B2 + Xs + «4 = 0. 9. Xs = 0, X4 = 0. 

4. (2 Xi + X2 - 8 Xj — XiY + 4(XlX2 — XsX4) =s 0. 

7. xiZUiXi — xiSv.Xi = 0. Three. 

8. aisXiXs + 0(14X1X4 + 023X2X3 + 024X^X4 = 0. 

Page 141. Art. 118 

8. aiiXi^ + 022X2* + 033X8* + 2 012X1X2 + 2 023X2X3 + 2 013X1X3 = 0. 
4. oiixi^ + 022X2* + 2 012X1X2 4 2 023X2X3 + 2 013X1X3 = 0. 
Xi = 0, X2 = 0. 

Page 143. Art. 120 

1. 8 xi« + X2" - 6 X8*-2 X4* + X1X2+6 X1X3 + 18 X1X4 + 13 X2X4 —7 X8X4=0. 
8. f(xi + xs)- (X2 + X4) = 0, <(xi + X4) -(X2 - X3) = 0, and 

i(Xl + X3) + {X2 + X4) = 0, i(Xi + X4) + (X2 — Xg) = 0. 

6. Equations of faces 2a,jb^jb = 0» i = 1, 2, 8, 4. 
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Paga 146. Art. 122 

1. (0,0,2,-3). 2. * = ±4. 

8. 72wi« + 36w22 + 23«a«-64ttitt2=0; 2tt8-8w4 

6. (a) A qoartic curve with doable point at 0. 
(&) A cubic curve passing through 0. 
(c) A plane section of JT, not passing through 0. 



= 0. 



Page 150. Art. 126 



1. 2 



Oik — \hit Oil — \bii 

2. (a) X - 1, X« X, [1(21)]. 
(h) X* [4]. 





a»i 


«i8 




a*i 


«*» 




"ml 


"mS 




aj2 


«« 



(c) X2, x« 

(d) X«, X - 1 



Page 156. Art. 131 

2. [111]. Four distinct lines. 

[21]. Two distinct and two coincident lines. 

[1(11)]. Two pairs of coincident lines. 

[3]. Three coincident lines and one distinct line. 

[(21)]. Four coincident lines. 

[(111)]. A quadric cone. 

{3}. A plane and a line. 

8. (a) X-1, X-}, X-J [111]. 

(6) X + ^, X-i, X-i. [1(11)]. 

(c) (X-l)3, X-i. [21]. 

(d) (X-l)». [3]. 

4. (a) Four distinct lines. 

(6) Two pairs of coincident lines. 

(c) Two distinct and two coincident lines. 

(d) Three coincident lines and one distinct line. 

5. (a) xi^ + ^ +^- X (xi2 + X2» + as^) = 0. 

(6) =L|1? + (^ + "'') - X(*i« + «,» + X^) = 0. 
41 6 

(c) ^ + 2x2aJ8 + a^-X(xi9 + 2a;2a;3)=0. 

(d) 2 a;iiC2 + «8* + 2 «aX8 — X(2 «ia2 + ics^) = 0. 



[(22)]. 
[31]. 



2. [11(11)]. 

[1(21)]. 
[1(111)]. 



Page 164. Art. 133 

V Xi - \iX i ± VXg - X2a:2 = 0, xi^ + X2^ + «8^ + ^4^ 

VM — XiOJi ± iCs = 0, SCi* + 2 02X8 + «4* = 0. 
Xl= 0, X^ + Xz^ + 254* = 0. 



= 0. 
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[22]. xi = 0, Xi = 0, 

[2(11)]. a;i+to8=0, X4=0; a;i-i3C2=0, X4=0; a;8=0, xi^-^x^-^Xi^^O. 

[(11)(U)]. Xi-^iX2 = 0,Xz + iXi = 0; Xi + 1x2 = 0, Xa - ia^i = ; 
051 — ixj = 0, Xg + 1x4 = ; a;i — 1352 = 0, «8 — <iC4 = 0. 

[4]. 2:2 = 0, X4 = 0. 

[(22)]. «2 = 0, xj = ; xi = 0, iC4 = ; xa = 0, aj4 = 0; the last one 

counted twice. 

[(31)]. iCi4-te4=0, X3=0; Xi— 1x4=0, X8=0; X4=0, Xi2+2X2X8=0. 

[(211)]. xi = 0, xg = ; xi = 0, X4 = 0. 

[{3}1]. X2 = Xa = ; xi — ax4 = 0, 2 X2X4 + Xa* = 0. 

8. (a) (X - J)5 (X - 1)2. Xi-X2 = 0,xa + 2X4 = 0; 

Xi - X2 - V3(xa + 2 X4)= 0, V3(xi + X2) + 2 Xa + X4 = ; 
xi - X2 + V3(a;a + 2x4) = 0. VS{xi + X2)— 2 xa — X4 = 0. 
xiXa + X2X4 + 2 XaX4 — X(2 xiXa + 2 X2X4) = 0. 

(6) X — 1, X — 1, (X + l)2. xi+xa = 0, xi — X2 + ix;4 = 0; xi + Xa = 0, 
xi — X2 — iX4 = ; 

xi + Xa + 4x2 = 0, 3534 +(xi - X2)2 -24x2^-16 X2Xa = 0. 
xi^ + X2* + X4« — 2 XaX4 — X(xi2 + x^ -f- X42 -f- 2 xaX4) = 0. 

(c) X-f-3, X-1, X-1, X-1. Xi + 2xa + X4=0, 6 xi^ - X22 + 6 Xa« 
+ 4 xiXa + 2 X1X2 = 0. 

- 3x1^+ X22 + xa^ 4- X42- X(xia + X2« + Xz^ +X4*)=0. 

(d) X — 1, X — 1, X3. xi + X2 = 0, xi + Xa + X4 = ; xi + X2 = 0, 
xi — Xa — X4 = ; 052 4- 3C4 = 0, Sxi^ + x^ — Xz^ + i X\Xt + 2 X2Xa = 0. 

Xl2 4- X22 + 354^ - X(Xi2 + a;2" + aJ4» 4. 2 XaX4)= 0. 

4. [1(111)]. [2(11)]. 

Page 167. Art. 135 

1. (X» 4- 2 X2 4- 4 X 4- l)Mi2 4-(3 X^ 4- 7 X - 10)U22 4- (X^ 4- 2 X2 4- 9 X 4-6)tta2 
4- (Xa - 1)(X - l)ti4a - 6(xa - X)t«iM2 4- 12(X 4- l^umz 4- 6(xa - l)uii«4 
4- 4(xa - X)u2Wa 4- 2 X(X - l)3ti2i«4 - 4(Xa - 1) Uat«4 = 0. 

2. 2 X22 — 3 X42 4- 6 X1X4 4- 2 X2X4 — 4 xaX4 = 0, twice. 
2 xi2 4- 2 Xa» 4- 8x4" — 6x1X4 4- 2 X2X4 4- 4x3X4 =0. 

8. 2(uiU2 4- ttati4)X> 4- {u^ — 6 auiu^ — 6 auaU4)X2 

4- (6 a^ttitta 4- 6 a^u^u^ - 2 a}Ji^)\ 4- a^^ — 2 cfimui - 2 a^utUi = 0. 

Page 174. Art. 142 

8. (a) [211]. (6) [22]. (c) [31]. 

4. All the quadrics of the bundle touch a fixed line at a fixed point. 

' 6. The quadrics touch xg = 0, X2 -^ 2 X4 = at (0, 2, 0, 1), and xa = 0, 
Xa 4-2x4 = 0at (0, 2, 0, —1); they have four basis points in the plane 
Xs — Xa = 0, at the points 
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(2, 2^2, V3), (2, 2, 2, - VS), (- 2, 2, 2, VS), (-2, 2, 2, - VS). 
y'l = 4 y|2y4, y', = 4 y^y^ (2 y. - yi), 
y't = 4 yiyiy*, y'4 = yi (2 yt^ + 2 ysys - yi"). 

8. Xi(ttx)(iixO[(tt'"x)(u"x")-(tt"x)(ti'"x')] 

+ X,(tt"x) (tt"xO [(«'«)(««')-(««)(»'«') ] 

+ X,[(tt'x)(tt'"x)(ttx')(tt"«')-(««;)(w"x)(tt'x')(«*"'«')]= 0. 
(For notation, see Art 119.) 

Page 180. Art. 146 
2. yiyiyzVi = 0. 8. The plane counted twice is a quadric of the web. 
4. (x2+y2 + ««)^ = 0. 
6. Any point on3fl-^^ + afl = 0\B conjugate to any point on t =: 0. 

Page 187. Art. 150 

1. (Zti.x'03 = 0. 8. 8. 4. 5. 

6. Xi(tt2 - tt^) + X|(«a — ti^) + Xtw + X4IW + X«tott = 0. 

8. [1111]. (a« - c«)tt« + (6« - C«)t?2 = »« ; 
(a« - 62)u« - (62 - (^)v« = «3 ; 
(a« - 6«)tt« +(a« - <J«)i>2 + «• = ; 

Page 196. Art. 135 

Page 205. Art. 160 

8. (^' + t^ + «')'=(5l + p + S)«'- Eight. 

8. 2 «(«» + y« + ««) = (ox* + 6!^)^ Eight. Fifteen. 

7. Xl = X8'(Xi' + X4')(«2' +X4')> X2 = Xi'X4'(Xl' + X4')» 

Xj = Xa'X4'(X2' + X4'), X4 = Xi'Xi'(X2' + Xi'). 

(1, 0, 0, 0), (0,1,0,0) ; the line xi = 0, X2 » 0. Touch at (0, 0, 0, 1). 
8. Xi =3 Xi'X|'(xi'x2' + xj'xa' + xa'xi'), xj = xi'x«'(xi'X2' + Xa'xi' + Xi'xi'), 

Xs = X2'Xj'(Xl'X2' + X2'Xz' + Xa'Xi'), X4 = Xi'X2'Xz*X4'. 

(1, 0, 0, 0), (0, 1, 0, 0), (1, 0, 0, 0). Four coincident at (0, 0, 0, 1). 

Page 207. Art. 162 

1. Ay/(x) = 4 yi(a4ooo«i' + 8 02200X1X2* + 3 a202oXiXj* + 8 02002X1X4*) 
+ 4 y2(8 a22ooXi*a58 + 00400X2* + 8 0^220X2^8* + 3 O0S02X2X4*) 
+ 4 y,(3 a2020Xi*Xt + 3 00220X2^X3 + aoo4ox»> + 3 aootiii;aX4*) 
+ 4 y4(3 02ooaXi*X4 + 8 00202X2^X4 + 8 ooo»Xt^ + 00004X4*)* 
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+ 12 y2^( 02200*1^ + 00400^2^ + 00220*8^ + «0202«4*) 

+ 12 y8^(a202oa;i^ + ao22o«2* + aooioas^ + 00022X4^) 

+ 12 y^^(a7x^^i^ + 00202X2^ + 00022X3^ + 00004X4*) 

+ 48 yiy2«22ooSCiX2 + 48 ^1^302020X1X8 + 48 ^1^402002X1X4 

+ 48 ^2^300220X2X8 + 48 2^2^400202X2X4 + 48 ^3^400022X3X4. 

Ay"/ (x) = 24(yiSa400oXi + 3/2*00400X2 + ^3*00040X3 + 2/4*00004X4 

+ 8 yi2y2O2200X2 + 8 ^12/2*02200X1 + 3 ^1*2/302020X8 

+ 3 2/1^3*02020X1 + 8 2/1*2/402002X4 + 3 yi2/4*O2002Xi 

+ 3 ^2*^300220X3 + 3 2/22/8*00220X2 + 3 2/2*2/400202X4 

+ 3 ^2^4*00202X2 + 3 2/3*^400022X4 + 3 ^3^4*00022X8). 

A//(x) = 24/(2/). 

Page 209. Art. 164 

1. (1, 0, 0, 1), (1, 0, 0, - 1), (4, 0, 0, - 1). 

« . 2369 + 131 Vl7 2359- 131 Vl7 
' 376 ' 376 

Page 211. Art. 167 

1. O000n = 0, Oi00n-lXl + aoiOn-lX2 + O001n-lX8 = 0. 

2. O000n = 0, Oi00n-l = 0, OoiOn-1 = 0, OoWn-l = 0. 

8. 2(a:i'— Xs) + 6(X2 - X4) = 0. 

4. 2(a;i - Xa) + 5(X2 - X4) =0, 4 xi + 32 X2 - 36 x^ ± >/i042(a;2 -X4) = 0. 

Page 213. Art. 169 

1. (X2» + X8» + X4»)* = 0. 8 uii + W24 + tiji + tl4* = 0. 

3. ttii + 1*2^ + M8* + ua^ = 0. 4. UiHz + t*2*t«4 = 0. 

Page 215. Art. 172 

8. J_-|._l_ + J_ + I1- + 1 =0. 4. 4(n-2)«. 

aiXi O2X2 O3X3 O4X4 06(Xi + X2 + X8 + X4) 

Page 218. Art. 175 

5. 051 = 0, X4* - X2X8 = ; X2 - X8 = 0, X2 — X4 = ; 

X1X2 - X1X8 + X4* — X2X8 = 0, X8* - X2X4 - X2* + X2X3 = 0, 
«2*+ X2X8 + 2X2X4 +X8X4—XiX2 = 0. 

8. (Xi^ + X2* - X8*)* - 4(Xl - Xj) (Xi» + X«8 + X2X8* - 2 X1X8*) = 0. 

4. Xia + X2* + 5X8* = 0. 

6. (01 - 04)Xi2 + (02 - 04)X2* + (08 - a4)X3* = 0. 

7. (Xi2-2X2*+X8* + 2X4*-2X2X8)* 

- 2(xi - 3 X2 + 2 X4)[(xia + X42 - X2X8)(2xi + 4x2-2x8) 

-(Xl* + 2X2* - X8*)(2Xi - X2 - X8 + 2 X4)]= 0. 
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Page 225. Art. 180 

I. Xi = «(«a - 1), X2= «2 - 1, X, =(«2 - 1)2, X4 = L 

2. (4 a;8X4 - xix^y - 4(x«« + 2 XiXs^Xi^ + 2 X2X4) = 0. 

8. 12(M2^ - tts") W - «4') - 12(UlM2 - UzUi)^ 

+ (Mi^ + 2 tta^ - Mj« - U4^)^ = 0. 

36(tt22 - Uz^) (U^ - M4^) (Ui» + 2 tt2^ - Ma2 _ ,4^2) 
+ 18(tti2 - 4 M2» + 2 tts^ + 2 tt4^) (M1M2 - UzUi)^ 
-(Mi2 + 2 Mz^ - tl8* - «4^)' = 0. 

Page 234. Art. 184 
6. m = 8, n = 8, r = 4, IT = 0, A = 1, fit = 0, flr = 1, a = 0, /3 = 0, 

V = 0, « = 0, X = 0, y = 0, p = 0. 
6. On the developable of the giyen curve. 

Page 241. Art. 187 

1. The four quadric cones on which d lies. 
8. Eight. Four of each regains. 

4. 16 stationary planes. 

24 planes tangent to C4 at each of two stationary points. 

96 planes tangent at one and passing through two other stationary points. 

116 planes through four distinct stationary points. 

5. The developable surface of (74. The four quartic curves in which the 
faces of the self -polar tetrahedron intersect the developable surface. 

Page 243. Art. 188 

1. (a) w = 4, n = 6^ r = 6, H=l^ h = 2, 6? = 0, ^ = 6, a = 4, /3 = 0, 
v = 0, w = 0, X = 6, y = 4, p = 0. 
(6) m = 4, n = 4, r = 5, H= 0, h = 2, G = 0, g = 2, a = 1, /3 = 1, 
« = 0, « = 0, X = 2, y = 2, p = 0. 

(c) m = 4, n = 6, r = 6, jH'=0, A=3, G = 0, sr = 6, a = 4, /3 = 0, 
t> = 0, w = 0, X = 6, y = 4, p = 0. 

(d) m = 4, w = 6, r = 6, ^=0, A = 3, 0^ = 0, ^ = 4, a = 2, /3 = 0, 
V = 1, « = 0, X = 5, y = 4, p = 0. 

(e) m = 4, TO = 4, r = 6, H= 0, h=:Z, = 0, g = S, a = 0, /3 = 0, 
t> = 2, « = 0, X = 4, y = 4, p = 0. 

4. — 1, 2, J. 9. Four. 10. Four. Two of each regulus. 

II. Mi = t8-3t2-2, W2=4«(<+1)^ «8=-«', W4 = «^(«+l)*. 

wi = 1, U2 =— 2 e, tta = 2 1", W4 =— f*. 
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Page 253. Art. 195 



1. aj = aco8— ^, y = asin— ^, z = -^ 

2. Tangent sin — ^, — cos 



V^ aV2 V2 ay/% V2 

Principal normal — cos — ^ , — sin -^ , 0. 

aV2 av^ 

la 1 « 1 

Binormal — sin , cos 



p^2a, <r= — 2a. 

4. (a) No curve. (6) A cubic curve. 

Page 267. Art. 207 

1. 2 tt cos X + 2 u sinv yzsz + u^^ 
2 u cos V 2 M sin « — 1 



■» — zi 



vTTTP VH- 4 w3 vT+Tt? 

M + Vtt2"+"^T&^ = c'(«2 + V^ToH^). 
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Absolute, 63 
Angle, 3 

between two lines, 3, 22 

between two planes, 22 
Apolar, 182 
Axis, radical, 47 

of revolution, 50 

major, mean, minor, 63 

Binormal, 248 

Bundle of planes, 31, 115 

of quadrics, 167 

parallel, 31 
Bumside and Panton, 239 

Center, 76 

of ellipsoid, 63 

radical, 59 
Characteristic, 160 
Class of a curve, 225 

of a surface, 210 
Cone, 49 

asymptotic, 96 

minimum, 190 

projecting, 217 

quadric, 72 

tangent, 212 
Conjugate points, 132 

planes, 132 

point and line, 165 
Contragredient, 119 
Coordinates, 1 

curvilinear, 255 

cylindrical, 10 

eUiptic, 106 

homogeneous, 33 

hyperbolic, 139 

plane, 31 

polar, 10 

spherical, 11 

tetrahedral, 109 
Correspondence, 120 

involutorial, 172 



Cross ratio, 121 
Curvature, 248 

mean, 263 

total, 263 
Curve, 46 

algebraic, 215 

asymptotic, 261 

minimum, 252 

parametric, 255 

space, 215, 245 
Cusp, 226 
Cydide, 203 

binodal, 204 

Dupin, 204 

horn, 204 

nodal, 203 

ring, 204 

spindle, 204 
Cylinder, 49 

elliptic, 72 

hyperbolic, 72 

imaginary, 72 

parabolic, 72 

projecting, 47 

Direction, 3 
cosines, 5 

Discriminant, 78, 126 

Discriminating cubic, 79 

Distance, 4, 7 

between two lines, 24 
between a point and line, 23 
from a plane jto a point, IZ^ 

Double point of a curve, 226 
apparent, 221 
of a surface, 203, 210 

DuaUty, 113 

Ellipse, cubical, 235 
Ellipsoid, 63 

imaginary, 68 
Equation of plane, 12 
^ of point, 32 
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Equations of a line, 10 

parametric, 138 
Euler, 42 

Factors, invariant, 149 
Field, plane, 115 
Fine, 216 

Formulas, Euler's, 42 
Frenet-Serret, 250 

Generator, 94 
Genus, 228 

Halphen, 216 
Harmonic, 122 
Hessian, 212 
Horopter, 235 
Hyperbola, cubical, 234 
Hyperboloid of one sheet, 65 
of two sheets, 67 

Image, 139 

Independent planes, 36 
Indicatrix, 267 
Inflexion, linear, 226 
Intercepts, 13 
Invariant 

points, 121 

relative, 127 

under motion, 82 
Inversion, quadratic, 201 
Involution, 122 
Isotropic planes, 54 

Jacobian of a net, 170 
of a web, 176 

Kummer, 180 
surface, 180 

Law of inertia, 136 
Lines, conjugate, 134 

minimum. 190 

normal, 255 

of centers, 76 

of curvature, 263 

of vertices, 76 

Matrix, 37 
Meusnier, 260 
Monoid, 219 

Node, 226 
Noether, 221 
Normal, 92 



Normal form, 13 
principal, 247 

Octant, 2 

Order of curve, 170 

of suriace, 208 
Origin, 1 

Parabola, cubical, 235 
Paraboloidf elliptic, 69 

hyperbolic, 70 
Parameter, 21 
Parametric equations, 21 
Pencil of planes, 26, 115 

of quadrics, 147 
Perspectivity, 196 
Plane, 13 

at infinity, 76 

diametral, 75 

double osculating, 226 

fundamental, 73 

normal, 132, 208 

of centers, 76 

principal, 78 

radical, 57 

rectifying, 247 

self-conjugate, 133 

stationary, 226 

tangent, 210 
Planes, coordinate, 1 

isotropic, 190 

projecting, 26 
Point, at infinity, 21 

stationary, 226 
Points, associated, 168 

circular, 53 

conjugate, 132, 153 

elliptic, 267 

fundamental, 197 

hyperbolic, 267 

imaginary, 44 

parabolic, 267 

self-conjugate, 133 
Polar reciprocal figures, 135 

tetrahedra, 135 
Position, hyperbolic, 143 
Projection, orthogonal, 3 

quadric on a plane, 139 

quadric cone on a plane, 149 

stereographic, 59 

Quadric cone, 72 
non-singular, 78 
singular, 78 
surface, 63, 124 
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Quadrics, confocal, 104 
Quartic curve, 235 

first kind, 242 

non-singular, 238 
Quartic curve, rational, 240 

second kind, 237 

Radii, reciprocal, 201 
Radius of curvature, 249 

of torsion, 249 
Range of points, 115 
Rank of curves, 224 

of determinants, 37 

of a matrix, 37 
Reflection, 41 
Regulus, 94, 138 
Reye, 77 
Rotation, 38 

Salmon, 167, 177, 227 
Section, circular, 98 
Semi-axis, 63 
Sphere, 52 

director, 93 

imaginary, 52 

osculating, 251 

point, 52 
Spheroid, oblate, 64 

prolate, 65 
Steinerian, 214 
Surface, 46 

algebraic, 206 



Surface, developable, 225 
of revolution, 50 
polar, 208 
quadric, 63 

Tangent, 209 

double, 226 

inflexional, 226 

stationary, 226 
Tangents, asymptotic, 261 

conjugate, 262 

inflexional, 210 
Tetrahedron, codrdinate, 35 

self-polar, 135 
Torsion, 248 
Transformation, birational, 197 

of coordinates, 38 

projective, 120 
Translation, 38 

Umbflic, 101 
Unit plane, 110 
point, 110 

Vertex of bundle, 31 

of quadric, 76 
Vertices of ellipsoid, 63 

Web, 17f 
Weddle, 179 
surface, 179 



